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Abstract

To rapidly track the dynamic evolution of the Pareto-optimal front (PF) in dynamic

multiobjective optimization problems (DMOPs), this paper proposes a dividing-line–

hyperplane-intersection-based and associated subpopulation prediction strategy (ISPP).

The strategy infers the changes in the Pareto-optimal set (PS) in the decision space from

the dynamic characteristics of the PF in the objective space. First, hyperplane fitting and

dividing-line setting strategy are used to locate and segment the PF, and to characterize
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ABSTRACT To address the challenge of rapidly tracking the new pareto optimal set (PS) after envi-
ronmental changes in dynamic multi-objective optimization problems (DMOPs), this paper proposes a
dynamic multi-objective evolutionary algorithm (DMOEA) based on spectral clustering prediction (SCP).
The algorithm first applies spectral clustering to the PS from historical moments to automatically identify
multiple subclasses of the PS. When environmental changes occur, the algorithm uses historical information
to predict the centroids and shapes of each subclass, thereby constructing a new initial population. Experi-
mental results on 14 standard dynamic test problems indicate that the proposed SCP-DMOEA outperforms
four typical algorithms—PPS, MDP, KTM, and RNN—in handling various change characteristics in most
test functions. These characteristics include translation or rotation changes of the PS, correlations between
decision variables, and time-varying mixed pareto optimal fronts (PFs), including variations in convexity
and concavity. In particular, SCP-DMOEA also shows superior performance when handling optimization
problems with more complex PF changes, such as the position of the PF continuously changes over time,
the objective vector oscillates among several modes, and the PFs are discontinuous.

INDEX TERMS Dynamic multi-objective optimization, evolutionary algorithm, prediction, spectral clus-
tering.

I. INTRODUCTION
In many practical application fields, the optimization prob-
lems are dynamic multi-objective optimization problems
(DMOPs), such as scheduling [1], [2], [3], [4], [5], man-
agement [6], [7], planning [8], [9], [10], design [11], [12],
[13], control [14], and machine learning [15], [16]. The
multiple objectives often conflict with each other, and the
objective functions, constraint functions, and related param-
eters may change over time. Tracking the new optimal
solution set after such changes is a major challenge in
solving dynamic multi-objective optimization problems. Fur-
thermore, as research on these types of problems deepens,
greater challenges are posed to dynamic multi-objective opti-
mization algorithms (DMOEAs).

The associate editor coordinating the review of this manuscript and

approving it for publication was Harikrishnan Ramiah .

According to the uncertainty characteristics of DMOPs,
there can be various different forms of description [17], [18].
The mathematical description of the DMOPs studied in this
paper is shown in Equation 1:

min F(x, t) = (f1(x, t), . . . , fm(x, t))T

s.t. x ∈

n∏
i=1

[ai, bi] (1)

where t ∈ T = {1, 2, . . .} denotes the time instants.

where
n∏
i=1

[ai, bi] ⊂ Rn refers to the decision space. x =

(x1, . . . , xn)T defines the decision variable. F(x, t) : Rn
×

R → Rm consists of m objective functions, Rm refers to the
objective space.

For two decision vectors x1, x2 ∈

n∏
i=1

[ai, bi] of

DMOPs at time t , x1 is said to Pareto dominate x2, when
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fi(x1, t) ≤ fi(x2, t) for ∀ i = 1, 2, · · · ,m and fj(x1, t) <

fj(x2, t) for ∃ j = 1, 2, · · · ,m. If there does not exist any

solution x ∈

n∏
i=1

[ai, bi] which can dominate x∗ at time t ,

x∗ is called a Pareto optimal solution and a set including all
Pareto-optimal solutions is called Pareto optimal set (PS).
Moreover, the corresponding objective vectors of PS are
called Pareto optimal front (PF).

In the DMOPs outlined in (1), the Pareto optimal front (PF)
and/or the Pareto optimal set (PS) change over time [19], [20].
Typically, the aim of dynamic multi-objective optimization
algorithms is to swiftly track the changing PF (PS) when the
environment changes.

Evolutionary Algorithms (EAs) possess characteristics of
multi-point search, as well as adaptability and self-learning,
making them highly suitable for solving complex, nonlin-
ear problems. Since multi-objective optimization problems
are often complex and nonlinear, evolutionary algorithms
are particularly well-suited for solving such problems [21],
[22], [23].

Currently, many dynamic response strategies for re-
searching the PS have been proposed, among which pre-
dictive strategies have garnered particular attention. This
strategy identifies patterns of change between historical envi-
ronments by mining useful information from the decision
space and objective space in historical environments and con-
structing predictive models. Therefore, predictive strategies
can quickly forecast high-quality solutions in new envi-
ronments and have become a research hotspot in recent
years [24], [25], [26], [27], [28], [29], [30], [31], [32], [33],
[34], [35], [36], [37], [38], [39], [40], [41], [42], [43], which
will be reviewed in detail in Section II. Based on the current
research status, this paper focuses on investigating predictive
strategies.

For decision variables that exhibit correlations in DMOPs,
Zhou et al. [24] proposed a population-based prediction
method (PPS). This method assumes that in the decision
space, the PS of different environments is formed by a central
point and an (m-1)-dimensional manifold. By utilizing the
central point and the (m-1)-dimensional manifold of the PS
from historical environments, the method predicts the entire
initial population. However, when the PF of the test functions
is discontinuous or when the PF changes complexly over
time, such as when the PF oscillates between several pat-
terns, the predictive strategy based on a single representative
individual obtained from the PS may lead to poor prediction
results.

To address the issue of PS that undergoes rota-
tional changes in DMOPs, Rong et al. [25] proposed a
multi-directional prediction method (MDP). This method
utilizes k-means clustering to obtain multiple representative
individuals, acquiring several evolutionary guiding directions
to predict the entire initial population. However, when the PS
changes over time and does not simply translate or rotate,
k-means clustering may not effectively identify the shape

changes of the PS, which leads to poor classification results
of the PS and impacts prediction accuracy.

Assuming that the solutions in different environments
are highly similar and follow an independent and identi-
cally distributed (IID) model, an online learning predictor
based on Incremental Support Vector Machine (ISVM) for
DMOEA was proposed in [26]. However, this assumption
may not always hold in practical scenarios, thus reducing
the performance of the prediction strategy. Since transfer
learning can effectively handle data with non-IID characteris-
tics, a transfer learning framework for DMOEA, Tr-DMOEA,
was proposed in [27]. This framework implements transfer
component analysis (TCA) in the objective space to utilize
useful knowledge from past environments. However, most
methods can encounter negative transfer. KTM-DMOEA [28]
attempts to classify high-quality solutions from a large num-
ber of randomly generated new environments using kernel
transfer principles (KTP) in dynamic environments, reducing
differences in features and distributions between different
environments. By modeling the distribution of elite solutions
in the previous environment using kernel mean signature
(KMS), this approach samples better solutions in the new
environment based on dynamic change trends, aiming to
alleviate negative transfer. Additionally, a DMOEA based on
recurrent neural networks (RNN) [29] has been proposed,
where the model learns the continuously obtained optimal
solutions from all historical information and updates the
RNN model using the acquired knowledge. However, the
time series formed by historical information often contains
linear or nonlinear growth or decline trends. Since RNN is
inherently nonlinear models, it may overfit local nonlinear
fluctuations while neglecting the overall linear trends, leading
to prediction bias.

Based on the above research, we find that reason-
ably predicting and initializing the population in dynamic
multi-objective optimization (DMO) can significantly
improve the convergence speed of the algorithm and the qual-
ity of the solution set. The main contributions of introducing
spectral clustering (SC) into the initial population prediction
are as follows:

1) Handling Correlated Decision Variables: Most existing
dynamic multi-objective optimization methods assume
that decision variables are independent, which affects
the quality of initial population predictions when deal-
ing with correlated DMOPs. Spectral Clustering can
transform the correlation between samples into reason-
able similarity weights, effectively addressing DMOPs
with correlated decision variables.

2) When dealing with DMOPs where the PS changes over
time and does not simply translate or rotate, Spec-
tral Clustering is more advantageous than traditional
clustering algorithms, such as k-means and the EM
algorithm, which assume that sample clusters are con-
vex and spherical. By constructing a similarity matrix
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and utilizing graph Laplacian eigenvectors, Spectral
Clustering can identify clusters of arbitrary shapes and
converge to a global optimum, demonstrating greater
adaptability to data distributions. Therefore, Spectral
Clustering is well-suited for clustering MOPs with
complex PS structures [44]. Moreover, In practical
applications, the structure of PS in optimization prob-
lems is frequently unknown, a clustering method that
can effectively address MOPs with complex PSs is
likely to be more applicable to real-world problems.

3) In DMOPs with discontinuous PFs, utilizing Spec-
tral Clustering to automatically partition the PF into
several connected subsets can effectively cover the dis-
continuous PF. At the same time, using the center of
each subset as a representative individual can better
accelerate the convergence rate of the population while
ensuring its diversity, compared to using a single rep-
resentative individual.

4) The graph-theoretic framework of Spectral Clustering
inherently possesses noise tolerance. Even when sub-
optimal or deteriorating solutions exist in historical
solutions, their influence can be weakened through fea-
ture decomposition. Thus, Spectral Clustering exhibits
strong robustness.

Therefore, we propose a DMOEA based on spectral cluster-
ing prediction (SCP). The algorithm first implements spectral
clustering on the PS at historical time points to automatically
identify multiple subclasses of the PS. When the environ-
ment changes, the algorithm utilizes historical information
to predict the centers and shapes of each subclass, thereby
generating a new initial population. This approach can guide
the population to increase its diversity while leveraging
the similarity among individuals within the subclasses to
enhance the convergence of the predicted population. Addi-
tionally, we introduce a framework that combines SCP with
non-dominated sorting genetic algorithms (NSGA-III) [45] to
enable the algorithm to quickly track the PS after changes in
a dynamic environment. Finally, in the experimental section,
We assess the performance of the algorithm by comparing the
proposed prediction strategy against four standard prediction
strategies.

The structure of this paper is as follows: Section II reviews
the previous studies related to DMOPs. Section III com-
prehensively introduces the prediction strategy proposed in
this research. Section IV describes the test cases, exper-
imental settings, and the performance metrics adopted.
Section V elaborates on the experimental results and analysis.
Section VI summarizes the content of this paper and proposes
the direction for future research.

II. RELATED WORK
In recent years, researchers have designed numerous pre-
dictive strategies to address DMOPs. For instance, Muru-
ganantham et al. [30] proposed a prediction method based
on Kalman filtering. Gee et al. [31] introduced an inverse

modeling approach. Chen et al. [32] proposed a hybrid fuzzy
reasoning prediction strategy. Guo et al. [33] established
a collective prediction model based on three heteroge-
neous predictive factors to estimate the fitness values of
candidates in new environments. Liang et al. [34] pro-
posed a hybrid memory and prediction strategy based on
the similarity between historical and current environments.
Rong et al. [36] introduced a multimodel prediction method.
Wang et al. [37] proposed a grey modeling approach.
Rambabu et al. [38] developed a hybrid expert system.
Cao et al. [39] presented a support vector regression model.
Ma et al. [40] suggested a feature information prediction strat-
egy. Jiang et al. [41] proposed a DMOEA based on imbalance
transfer learning at the knee point, selecting only high-quality
solutions for knowledge transfer to avoid ineffective trans-
fers and reduce computational costs. Subsequently, in [42],
a method combining sample geodesic flow (SGF) and a
memory mechanism focused on exploring potential change
patterns in different environments. Li et al. [43] introduced
a DMOEA that reduces negative transfer learning through
clustering.

Inspired by these studies, this paper designs the
SCP-DMOEA to further explore how to efficiently convey the
most valuable historical information to the current environ-
ment in order to be used for predicting the initial population.

III. SPECTRAL CLUSTERING PREDICTION STRATEGY
(SCP)
A. SPECTRAL CLUSTERING OVERVIEW
Spectral Clustering refers to the algorithm that clusters points
using eigenvectors of matrices derived from the data [44],
[46], [47], [48], [49], [50], [51], [52]. It is a graph-based
method that transforms the clustering problem into a com-
binatorial optimization problem. Specifically, it represents
the vertices V of a graph as each sample in the dataset and
connects the edges E with weights W corresponding to the
similarity between the sample data. This allows the entire
dataset and the relationships between data samples to be
represented as an undirected weighted graph G =(V, W).
Therefore, graph partitioning method can be used to solve
the clustering problem of sample data sets. Further, the graph
partitioning problem can be addressed through the spectral
decomposition of similarity matrices or Laplacian matrices.

B. ESTABLISHMENT OF SPECTRAL CLUSTERING
PREDICTION MODEL
1) THE UTILIZED SPECTRAL CLUSTERING ALGORITHM
Spectral clustering has different specific implementations
based on various graph partitioning criteria. This paper adopts
the minimum cut set partitioning criterion, generates the
similarity matrix W using a fully connected approach based
on the Gaussian kernel function (RBF), applies the Ncut
method for graph cutting, uses the symmetric normalized
Laplacian matrix representation, and employs k-means as the
final clustering method.

VOLUME 13, 2025 176423
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If we cluster a current population of size N ,PS t ={
xt1, x

t
2, · · · , xtN

}
into k subgroups C t

1,C
t
2, · · · ,C t

k . Here are
the specific implementation steps:

a. Construct a similarity matrix W t
ij for all individuals in

the population PS t , with the construction formula shown in
Equation (2):

W t
ij = exp(−

∥∥∥xti − xtj
∥∥∥2
2

2σ 2 ) (2)

where σ is the Gaussian similarity bandwidth, with σ = 1.
b.For any point vti in the graph, its degree d ti is defined as

the sum of the total weights of all edges that are connected to
it, that is, the total of all elements in the i th row of the matrix
W t

ij. Thus, the generation formula for the angle matrix Dt is
shown in Equation (3):

d ti =

N∑
j=1

wt
ij

(3)

c.Construct a symmetric normalized Laplacian matrix
Ltsym, with the construction formula shown in Equation (4):

Ltsym = Dt−1/2LtDt−1/2
= I t − Dt−1/2W t

ijD
t−1/2 (4)

d. Calculate the eigenvalues of Ltsym, sort them in ascend-
ing order, take the first k eigenvalues, and then compute
the eigenvectors corresponding to the first k eigenvalues
ut1,u

t
2, . . . ,u

t
k . Construct a matrix U t

=
{
ut1,u

t
2, . . . ,u

t
k

}
using the k column vectors, U t

∈ Rn×k .
e. Let yti ∈ Rk be the vector in the i th row ofU t , where i =

1, 2, . . . , N , and normalize the vectors yti ∈ Rk one by one.
f. Use the k-means algorithm to cluster Y t =

{yt1, y
t
2, . . . , y

t
N } into clusters At1,A

t
2, · · · ,Atk .

e. Output the clusters C t
1,C

t
2, · · · ,C t

k . Where C t
i =

{j
∣∣∣ytj ∈ Ati }.

2) SUBPOPULATION CENTER POINT PREDICTION
The changes of the environment in several adjacent times
are similar but not identical. If the differences between them
are ignored during the prediction process, the accuracy of
the prediction will be decreased.Therefore, based on fully
considering the similarities between environmental changes
and taking into account the differences, this paper adopts the
AR(p) model to predict the central points of each subclass in
the new environment [53], [54]. Here, p = 3, the length of the
historical mean point sequenceM = 23.
Let ctk be the center point of the k − th subpopulation at

time t , then the calculation formula is shown in Equation (5).

ctk =
1∣∣C t
k

∣∣ ∑
xtk∈C

t
k

xtk,g (5)

where
∣∣C t

k

∣∣ is the cardinality of C t
k , and x

t
k,g represents the

g− th individual of the k − th subpopulation at time t .

The prediction formula for subpopulation center point is
shown in Equation (6).

ct+1
k =

p−1∑
j=0

ajc
t−j
k + N (0, σ ck ) (6)

where aj is the parameters of theAR(p) model, estimated using
the least squares method, and (0, σ ck ) is a normal distribution
with variance is σ ck .
The formula for calculating the variance is presented in

Equation (7).

σ ck =
1

M − p

t∑
k=t−M+p

[ct+1
k −

p−1∑
j=0

ajc
t−j
k ]2 (7)

3) SUBPOPULATION SHAPE PREDICTION
Under relaxed conditions, and according to the Karush-Kuhn-
Tucker criterion, the PS of a MOP with m objectives forms
a piecewise continuous m-1 dimensional manifold [55], [56].
Therefore, in a sense, the shape of the PS at adjacent moments
is similar. Thus, it is possible to predict the shape of the
subpopulation in the new environment based on the subpop-
ulation from the previous moment.

The formula for predicting the shape of the subpopulation
is shown in Equation (8).

x̃t+1
k,g = x̃tk,g +

(
ct+1
k − ctk

)
+ N (0, σmk,g) (8)

Where x̃t+1
k,g represents the g− th individual in the subpopula-

tion at time t+1, andN (0, σmk,g) denotes a normal distribution
with a variance of σmk,g.
The formula for calculating the variance is shown in

Equation (9).

σmk,g =
1∣∣C t
k

∣∣ ∑
xtk,g∈C

t
k

(x̃tk,g − ctk )
2 (9)

C. SCP-DMOEA DETAILED DESCRIPTION
Algorithm 1 presents the SCP-DMOEA framework, which
embeds SCP into the NSGA-III algorithm framework. Once
a change in the environment is detected, SCP will be used
to predict the initial population size, Pt , for the current envi-
ronment, Pt =

{
C t
1,C

t
2, · · · ,C t

k

}
. Combining formulas (6)

and (8), we can deduce Pt , and then the final population PS t

for the current environment is obtained through NSGA-III.

D. COMPUTATIONAL COMPLEXITY ANALYSIS
The computational cost of SCP-DMOEA is primarily caused
by the SMOEA and SCP used, as shown in Algorithm 1. First,
the computational cost of SCP mainly arises from spectral
clustering and subclass prediction. For spectral clustering,
the computational cost mainly comes from the construc-
tion of the similarity matrix, calculation of the Laplacian
matrix, eigenvalue decomposition, and k-means clustering.
The construction of the similarity matrix W, as shown in
equation (2), requires calculating the similarity between all
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Z.-J. Sheng, E. Li: Dynamic Multi-Objective Evolutionary Algorithm Based on SCP

TABLE 1. Modified HE2.

FIGURE 1. Average IGD values across 20 runs over time for PPS, MDP, KTM, RNN and SCP on (a) dMOP2 (b) FDA5 (c) Fun8 (d) JY1 (e) JY5
and (f) modified HE2.

Algorithm 1 Framework of SCP-DMOEA
Input: the size of PS, N ; Number of decision variables, n; Number
of objective functions, m; Number of clusters in spectral clustering,
k;Gaussian similarity bandwidth, σ ; The number of individuals used
for change detection, Nd ; The maximal number of iterations, gmax;
Output: offspring population PSt ;
1: Detect environmental changes. If change, go to step 2; if no
change, go to step 4;
2: Generate initial population Pt using the formula (6) and (8);
3: Reproduction of the offspring population PSt by NSGA-III;
4: Check termination conditions, If gt > gmax, output PSt , and end;
or gt = gt+1, go to Step 1;

individuals. The computational complexity is O(N 2), where
N is the population size. The computation of the Lapla-
cian matrix involves matrix operations, typically with a

complexity of O(N 2). Performing eigenvalue decomposition
on the Laplacian matrix also usually has a complexity of
O(N 2). The complexity of clustering the eigenvectors using
the k-means algorithm is O(NIk), where k is the number
of clusters and Iis the number of iterations. Therefore, the
worst-case overall computational complexity of spectral clus-
tering is O(N 2

+ N 2
+ N 2

+ NIk) ≈ O(N 2).
For subclass prediction, the computational complexity of

forecasting the time series formed by the k subclass centroids
using the AR(p) model is O(pk). For predicting subclass Pk ,
the computational complexities of calculating the mean and
covariance areO(nkD) and O(nkD2), respectively, whereD is
the number of decision variables. Therefore, the worst-case
complexity for subclass prediction is O(pk +nkD+ nkD2) ≈

O(ND2). In summary, the worst-case computational complex-
ity of SCP is O(N 2

+ND2) ≈ O(N 2).
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TABLE 2. Results OF MIGD obtained by PPS, MDP, KTM, RNN AND SCP over 20 runs.

176426 VOLUME 13, 2025



Z.-J. Sheng, E. Li: Dynamic Multi-Objective Evolutionary Algorithm Based on SCP

TABLE 2. (Continued.) Results OF MIGD obtained by PPS, MDP, KTM, RNN AND SCP over 20 runs.

Next, the computational complexity of NSGA-III is
O(mN2), as stated in [45], where m represents the number
of objectives. Therefore, the worst-case overall computa-
tional complexity of the dynamic response mechanism in
SCP-DMOEA is O(N 2).

IV. TEST INSTANCES AND PERFORMANCE METRIC
14 benchmark functions with two or three objectives, includ-
ing FDA1-FDA5 [17], dMOP1-dMOP2 [57], Fun7, Fun8
[25], HE2 [58] and modified HE2, and JY1, JY2, JY5 [59],
are employed in experiment. These test functions exhibit
various characteristics, including multimodality, convexity,
mixed convexity and concavity, discontinuity, and nonunifor-
mity. Modified HE2 is a Type I problem where only PS is
dynamic. The PS varies over time as [0, 0.5] moves upward,
and (0.5, 1] moves downward. The details of modified HE2
is listed in Table 1.
For DMOPs, when t = (1

/
nt )

⌊
τ
/
τt

⌋
occurs, a new

environment emerges. In this case, τ , nt , and τt represent the
total number of generations, the severity, and the frequency
of change, respectively. Intuitively, a smaller τt indicates that
the environment changes more rapidly.

To ensure a fair comparison of algorithm performance, the
mean inverted generational distance (MIGD) [24], [61] is
employed as the performance metric. MIGD can effectively
reflect the diversity and convergence of the PS obtained in the
entire environment. The lower the MIGD value, the better the
performance of the algorithm.

Let the true front of the DMOP be PF ttr, then the method
for calculating the MIGD value is provided in Equation (10).

MIGD =
1
T

∑
t∈T

∑|PF ttr |
i=1 minD(PF t , r ti )∣∣PF ttr ∣∣ (10)

where T represents the number of environments encountered
in a single run. D(PF t , r ti ) is the Euclidean distance between
the i-th point in PF ttr and the PF t obtained in the objective
space through the algorithm.

In PF ttr, for the optimization problem of two-objective,
1000 uniformly distributed points are taken, and for
three-objective optimization problems, 10000 uniformly dis-
tributed points are taken. Each experiment is performed
independently 20 times, followed by an analysis of the sta-
tistical results.

V. EXPERIMRNTAL RESULTS AND ANALYSIS
A. COMPARISON OF ALGORITHMS AND PARAMETER
SETTINGS
In order to conduct a comprehensive comparison with
the mainstream strategies for responding to changes,
we selected four common DMOEAs, including PPS-
DMOEA [24], MDP-DMOEA [25], KTM-DMOEA [28],
and RNN-DMOEA [29], are employed for comparison. All
the specific parameters of the DMOEA being compared were
configured according to the recommendations in their origi-
nal literatures [24], [25], [28], and [29].

Furthermore, among all the compared algorithms, NSGA-
III
was used as the static optimization algorithm within each
environment to achieve a fair comparison. In NSGA-III,
the crossover probability was set to 0.7, while the mutation
probability was set to 0.3. The population sizes are configured
to be 100 for bi-objective test instances and 200 for three-
objective ones. To detect environmental changes, 5% of the
individuals are selected. For all benchmarks, the search space
dimension is 10, and each run involves 100 environmental
changes.Here nt = 10, τt = 20.

B. COMPARISON OF PERFORMANCE EVALUATION
RESULTS
Dynamic multiobjective optimization problems and most
environmental prediction tasks generally exhibit stagewise
evolution characteristics. In the initial stage, data are rela-
tively scarce, and model training is insufficient, making it
crucial to test the algorithm’s adaptability and noise resis-
tance. As the process enters the intermediate stage, the data
accumulate, and the model begins to stabilize; Therefore, the
focus shifts to evaluating the algorithm’s convergence speed
and transitional adaptation ability. In the later stage, with
ample data, predictive methods mature, and attention turns
to their long-term stability and generalization performance.
An in-depth analysis was conducted on how the quantity and
quality of stored historical information affect the prediction
strategies, this paper divides the entire dynamic process into
three periods: 0 ≤ t ≤ 20 (initial), 21 ≤ t ≤ 60 (intermedi-
ate), and 61 ≤ t ≤ 100 (later), while also presenting results
for the overall period 0 ≤ t ≤ 100, with the environmental
dynamics changing to nt = 10, τt = 20. By segmenting
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FIGURE 2. Initial populations obtained by PPS, MDP, KTM, RNN and SCP at different times, respectively with the lowest MIGD values among 20 runs on
(a) dMOP1 (b) JY2 (c) JY5 (d) Fun7 (e) HE2.

algorithm performance according to these stages in this paper,
we are able to reveal the advantages and disadvantages of
each algorithm at different phases directly and investigate
the impact of historical data accumulation on prediction
performance. Moreover, this type of segmentation analysis
provides valuable insights for algorithm selection in practical
applications.

The performance of the MIGD is compared across these
segments. Specifically, Table 2 presents the statistical results
of each algorithm’s MIGD after 20 independent runs in
the respective time intervals, and Figure 1 illustrates the
dynamic curves of the MIGD values over time for PPS, MDP,
KTM, RNN and SCP on (a) dMOP2, (b) FDA5, (c) Fun8,

(d) JY1, (e) JY5, and (f) modified HE2. By evaluating
algorithm performance in different evolutionary stages, this
segmented analysis comprehensively reveals the strengths
and weaknesses of various prediction strategies, providing
valuable guidance for algorithm optimization and practical
system selection.

It can be seen from Table 2 that, the test functions for PSs
translate over time and the mixed PFs in terms of convex-
ity and concavity that change over time, such as the FDA
test suite and dMOPs test suite, are considered. When 0
≤ t ≤ 100, SCP and KTM have certain advantages in
handling three-dimensional test functions. Furthermore, for
FDA3, the prediction performance of KTM is significantly
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FIGURE 3. Final populations obtained by PPS, MDP, KTM, RNN and SCP at different times, respectively with the lowest MIGD values among 20 runs
on (a) dMOP1 (b) JY2 (c) JY5 (d) Fun7 (e) HE2.

better than those of the other four methods, mainly because
the distribution of the PS under different environments for
FDA3 is highly suitable for predictions using the KTM
method. For dMOP2, the prediction performance of RNN
is significantly worse than those of the other four methods,
primarily because RNN may overfit local (non)linear fluctu-
ations. During the time periods 0 ≤ t ≤ 20, 21 ≤ t ≤ 60, and
61≤ t≤ 100, different algorithms are influenced by historical
information to varying degrees, leading to discrepancies in
prediction performance across different stages. PPS and RNN
are particularly affected by historical information, resulting in
relatively weak prediction performance in the early stages of
environmental change. As seen in Figure 1, for dMOP2, the
performance curves of PPS,MDP, KTM, and SCPfluctuate at

the beginning of the run but stabilize when 21≤ t ≤ 100, with
the performance curve of SCP noticeably lower than that of
PPS, MDP, and KTM. For FDA5, the performance curves of
PPS,MDP, RNN, and SCP all experience fluctuations when 0
≤ t ≤ 100, and the fluctuations of SCP significantly decrease
when t ≥ 61.

As can be seen from Table 2, for test functions with more
complex PF variations compared to the FDA test suite and
the dMOPs test suite, such as JY1, JY2, and JY5. (where
JY1 and JY2 have PS changing over time, and the objective
vector oscillates among several modes). When 0 ≤ t ≤ 100,
the prediction performance of SCP is superior to those of the
other four comparative methods. For JY1 and JY2, the pre-
diction performance of RNN is significantly worse than that
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TABLE 3. Results of MIGD Obtained by SCP with Different Numbers of clusters in spectral clustering k over 20 Runs.

TABLE 4. Results of MIGD Obtained by SCP with Different Numbers of AR Model Order p over 20 Runs.

of the other four methods, mainly because RNN may overfit
local (non)linear fluctuations. Moreover, when 0 ≤ t ≤ 20,
due to the relatively complex PF changes, the prediction
performance of all prediction strategies is comparatively poor
when historical information is insufficient. In Figure 1, for
JY1, when 0 ≤ t ≤ 100, the performance curve of RNN
fluctuates to varying degrees, with significant fluctuations
when 21 ≤ t ≤ 60. In contrast, the performance curves of
the other prediction strategies remain overall stable.

As shown in Table 2, for Fun7, the prediction performance
of SCP is superior to those of the other four comparative
methods during different time periods. For Fun8, RNN shows
significantly better prediction performance than the other
four methods during different time periods. The reason for
this phenomenon is that the PS of Fun7 rotates along the ori-
gin of the coordinate system, with its center point constantly
changing over time, whereas the PS of Fun8 rotates around
the PS center, a fixed center point, over time. Furthermore,
how to set reasonable similarity weights during spectral
clustering is crucial for effectively handling DMOPs with
correlated decision variables. As seen in Figure 1, for Fun8,
the performance curves of KTMandRNN show overall stable
variations, with RNN performing notably worse than the
other four algorithms. The performance curve of PPS fluc-
tuates to varying degrees throughout the dynamic changes,
while MDP experiences significant fluctuations when
61 ≤ t ≤ 100, and SCP exhibits larger fluctuations between
40 ≤ t ≤ 60.

From Table 2, it can be observed that for the discontinuous
PF test problems HE2 and the improved HE2, the predic-
tion performances of KTM, RNN, and SCP are significantly
superior to those of PPS and MDP across environmental
changes and various stages of these changes. Furthermore,
SCP outperforms KTM and RNN slightly, indicating that
SCP is well-suited for handling discontinuous PF test prob-
lems. Additionally, as seen in Figure 1, for the improved HE2,
when 0≤ t≤ 100, the performance curves of KTM,RNN, and
SCP are notably lower than those of PPS and MDP, and their
overall trends tend to stabilize.

To visualize the quality of the obtained populations,
we also depict the initial and final populations with the low-
est MIGD metric values at different times for (a) dMOP1,

(b) JY2, (c) JY5, (d) Fun7, and (e) HE2 in Figures 2 and 3,
respectively.

These figures show that, while the approximation of PFs
for dMOP1 and MDP is not as good as other prediction
strategies, the approximation of PFs for JY2 and Fun7 by
KTM is not as good as other prediction strategies, and the
approximation of PFs for JY5 by MDP and KTM is not as
good as other prediction strategies. However, after 20 genera-
tions, they can all approximate the PF well. But for HE2, even
after 20 generations, PPS still cannot approximate the PFs,
mainly because the set computational cost is not sufficient to
solve a static multi-objective optimization problem.

1) Sensitivity Study

In SCP, we needs to determine two important parameters,
namely the number of spectral clusters k in SCP and the order
p of the AR model. The value of k affects the modeling accu-
racy of the PS: a larger k value leads to a finer classification
of PS types but increases sensitivity to noise. The value of
p affects the ability of the model to capture trends across
various dimensions of the subclass centroids: higher-order
models are prone to overfitting, while lower-order models
may overlook nonlinear variations. In this section, the sensi-
tivity of SCP to parameters k and p is investigated by applying
different values of k and p in the test instances dMOP2 and
JY1. In order to facilitate a direct comparison of the effects
produced by different values of k and p on SCP performance,
Tables 3 and 4 list the MIGD statistical results obtained from
20 independent runs for fixed p = 3 with varying k and
fixed k= 5 with varying p, with lower values indicating better
overall performance.

From Table 3, it can be seen that the performance of SCP
varies across different problems with respect to the number
of spectral clusters k. dMOP2 is highly sensitive to changes
in k , as k increases, the MIGD value first gradually decreases
and then gradually increases again. JY1, on the other hand,
exhibits relatively robust performance. Overall, when k is set
to 5, SCP achieves the best overall performance. Thus, this
paper recommends setting k to 5. From Table 4, it can be
observed that regarding the order p of the AR model, as p
increases, the MIGD values for dMOP2 and JY1 decrease
rapidly, demonstrating high sensitivity. This indicates that the
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selection of parameter p has a significant impact on the opti-
mization outcome, lower orders may not adequately capture
the features of the data, while higher orders can significantly
enhance the stability of the results. Overall, when p is set
to 3, SCP achieves the best overall performance. Thus, this
paper recommends setting p to 3. With this configuration, the
test problems can ensure good convergence while avoiding
excessively high computational complexity.

VI. CONCLUSION AND FUTURE WORK
Considering that spectral clustering can implicitly utilize the
connectivity and regularity of PS to achieve its clustering
analysis, a dynamic multi-objective evolutionary algorithm
based on spectral clustering prediction (SCP-DMOEA) is
designed. The algorithm uses spectral clustering to group
the population into representative subclasses, then predicts
the center point and shape of each subclass based on histor-
ical information, thereby generating an entirely new initial
population after environmental changes. The predicted new
population can effectively approximate the PS, accelerating
the algorithm’s convergence in the new environment.

We used 14 benchmark functions, dividing the entire
dynamic process into three periods: initial, intermediate, and
later, while also presenting results for the overall period.
We compared the performance of SCP with four typical
prediction strategies (PPS, MDP, KTM, and RNN) from the
perspective of the quantity and quality of historical infor-
mation in different stages and the entire dynamic process.
In addition, we evaluated the time cost of SCP-DMOEA and
performed a sensitivity analysis of its two key parameters.

The experimental results show that the SCP-DMOEA
proposed in this paper can indeed enhance the prediction effi-
ciency and accelerate the convergence speed of the algorithm
when solving DMOPs with different variation characteristics.
It performs better on most test problems when dealing with
the following situations: translation or rotation changes of
the PS; correlations between decision variables; time-varying
mixed PFs, including changes in convexity and concav-
ity. When dealing with optimization problems with more
complex changes in PFs, such as the position of the PF
continuously changes over time, the objective vector oscil-
lates among several modes, and the PFs are discontinuous,
it exhibits superior performance compared to the comparative
algorithms. However, some limitations still exist. For DMOPs
with correlations between decision variables, the difficulty
of setting similarity weights during spectral clustering will
increase, thus affecting prediction accuracy. For example,
on Fun8, SCP performs worse than RNN. Furthermore, in the
process of generating an initial population through manifold
prediction, the weak correlation between submanifolds and
the limited ability to transfer historical features cause SCP
to perform worse than KTM on FDA3. In the future, SCP-
DMOEA will be further improved to better address complex
DMOPs in the real world, such as the response speed of
controllers and power supply issues.
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Abstract—In view of the widespread practical needs of 

DMOPs, we propose a new set of benchmark test functions. By 

introducing translation or rotation changes with varying 

frequencies and directions, we capture the complex dynamics of 

PS and, on this basis, enrich the discontinuity of PF. Two typical 

DMOA are selected for testing, and the MIGD is used to 

evaluate algorithm performance. The results show that the 

discontinuity of PF and the complex shape changes in PS 

significantly increase the difficulty of problem-solving, while 

also revealing the limitations of existing algorithms in adapting 

to sudden or discontinuous dynamic environments. These 

findings provide valuable references for future algorithm 

improvements and for real-world applications of DMOPs. 

Keywords—DMO, Test Function Design, Dynamic Changes 

of PS, Discontinuity of PF 

I. INTRODUCTION  

DMO problems (DMOPs) are widely found in real-world 
industrial applications and scientific research, making the 
successful solving of such problems highly significant in 
practice. Benchmark test functions for DMO play a crucial 
role in promoting the development of DMO algorithms 
(DMOAs) to solve real-world problems. Therefore, designing 
test functions that better reflect the dynamic characteristics of 
real optimization problems is particularly important. 

Building on existing dynamic multi-objective benchmark 
test functions, we designs a new set of benchmark test 
functions. Not only do these functions provide researchers 
with effective tools for analyzing and improving algorithm 
performance, but they also further promote the extensive 
application of algorithms in solving real optimization 
problems. The mathematical description of the DMOPs 
studied in this paper is given by Equation (1): 

 

( )

[ ]
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min ( , ) ( , ), , ( , )
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 (1) 

Where { }= 1, 2,t T∈ K denotes the time instants. where
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a b R
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⊂∏ refers to the decision space. 
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1( , , )
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x x x= K

defines the decision variable. ( , ) : n mF x t R R R× → consists 

of m objective functions, mR refers to the objective space. 

For a given environment t, if there is no solution
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f x t f x t j m′ ≤ = L  

and ( , ) ( , )F x t F x t′ ≠ , then [ ]
1

,
n

i i

i

x a b
=

∈∏  is called the 

Pareto Set (PS). The corresponding objective function values 
of the PS are called the Pareto Front (PF). 

From Equation (1), we see that DMOPs not only involve 
multiple conflicting objectives but may also have time-
varying decision variables, constraints, or objective functions, 
causing the PS and/or PF to change over time. Consequently, 
DMOAs must quickly track the continuously changing PF 
and/or PS, and find a set of solutions with good diversity and 
convergence that approximate the new PF and/or PS. 

II. RELATED WORK 

Researchers have already designed several benchmark test 
functions for DMO. Based on the classical static multi-
objective optimization problems DTLZ [2] and ZDT [3], 
Farina et al. [1] pioneered a benchmark design method 
considering both dynamics and multi-objectivity. Building on 
this approach, FDA [4] was introduced as a set of dynamic 
multi-objective test functions, which had a profound impact 
on benchmark research for DMO and provided an important 
reference for subsequent work.  

In [5], based on the FDA series of test functions, random 
dynamic changes were introduced to propose dMOPs, making 
the test functions closer to real-world problems. However, in 
both the FDA test functions and dMOPs, the decision 
variables are uncorrelated, and their PS only undergoes 
translation changes. Their PF exhibits convex, linear, concave, 
or a mixture of the three shapes in a dynamic manner. 
Moreover, the movement pattern of both PS and PF is vertical, 
meaning these two sets of functions have relatively simple and 
homogeneous dynamic changes; they are highly similar to 
each other and lack diversity, potentially limiting their 
capacity to comprehensively evaluate the performance of 
DMOAs.  

In [6], after conducting in-depth research on existing test 
functions, the HE series of test functions with multiple 
discontinuous PF segments was proposed, where the PS 
undergoes translation changes, increasing the complexity of 
solving these dynamic problems. Drawing on the 
characteristics of the aforementioned benchmark test 
functions, this paper introduces new modes of PS movement 
and rotation and further enriches the discontinuity of the PF, 
thus designing a new set of test functions for more 
comprehensive dynamic multi-objective benchmark testing, 
aiming to evaluate the strengths and weaknesses of DMOAs 
more thoroughly. 

III. PROPOSED TEST FUNCTIONS 

In this section, we design a set of test functions that exhibit 
more complex dynamic changes by introducing new PS 
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movement and rotation patterns while further enriching PF 
discontinuities. The PS may involve translations or rotations 
at different frequencies and directions, and during the dynamic 
changes, the PF may exhibit jumps or breaks. 

By analyzing the dynamic test function FDA, the dynamic 
properties in the decision variable space can be described by 
Equation (2): 

 

( ) ( )( )
( )

[ ]

( ]

1

1 1

1 1

2 1

( )

sin( ) , 0,
( )

cos( ) , ,1

i i
Z x Z x S x G t

S x x

w t x
G t

w t x

ϕ

π µ

π µ

= −

= −

 ∈
= 

∈

，

，
 (2) 

If the PS undergoes the same frequency but different 
directions of translation, then in S(x1) we set φ = x1 - 1, and w1 
= w2. 

If the PS undergoes different frequencies and different 
directions of translation, then in S(x1) we set φ = x1 - 1, and w1 
≠ w2. 

If the PS undergoes rotation at the same frequency and in 
the same direction, then in S(x1) we set φ = 0, and w1 ≠ w2. 

If the PS undergoes rotation at different frequencies and in 
different directions, then in S(x1) we set φ ≠ 0, and w1 ≠ w2. 

From this, we can conclude that PF may exhibit 
discontinuous jumps during dynamic changes. 

Based on the above analysis, we proposes the following 
test functions: 

LSF1, LSF2, and LSF3: Two-objective test functions in 
which PS undergoes translations or rotations at different 
frequencies and directions, and PF shows discontinuous 
changes. 

LSF6: A three-objective test function in which the PS 
changes at the same frequency and direction, and the PF 
changes continuously. 

Moreover, by introducing the dynamic changes of PS into 
the HE series of test functions, the resulting PF in dynamic 
changes may exhibit breaks, i.e., discontinuities in PF. From 
the HE series, we design two test functions, LSF4 and LSF5. 
Table I shows the six new test functions proposed in this paper, 
where n is the dimension of the decision variable space. 

TABLE I.  SIX NEWLY PROPSED TEST INSTANCES 

Instance Definition Remarks 

LSF1 
(Type I) 
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∈

∈

−

L
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L

 

PS: [0, 0.5] moves upward, and (0.5, 1] moves downward 
with the same frequency. 

PF: disconnected. 
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2 1
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L

 

PS: [0, 0.5] moves upward, and (0.5, 1] moves downward 
with different frequencies. 

PF: disconnected (shifted along different directions with 
different frequencies based on f1 = f2 as the boundary). 
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L

 

PS: with 0.5 as the center, rotate the left side clockwise and 
the right side counterclockwise at different frequencies. 

PF: disconnected (shifted along different directions with 
different frequencies based on f1 = f2 as the boundary). 
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LSF4 
(Type I) 
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PS: [0, 0.5] moves upward, and (0.5, 1] moves downward 
with same frequencies. 

PF: disconnected. 
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(Type I) 
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PS: rotate counterclockwise around the origin of the 
coordinate system. 

PF: disconnected. 
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coordinate system. 

PF: continuous. 
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IV. EXPERIMENTAL STUDY 

A. Experimental Setup 

Two typical DMOAs are used to evaluate the proposed test 
functions: population prediction strategy (PPS) [7] and 
Multidirectional Prediction Approach (MDP) [8]. Parameter 
settings are as follows: 
(1) The MOEA uses NSGA-III, with a crossover probability 
of 0.7 and a mutation probability of 0.3. 
(2) For two-objective dynamic optimization problems, the 
population size N = 100 and the decision variable dimension 
n = 10. For three-objective dynamic optimization problems, N 
= 200 and n = 20. 
(3) 5% of individuals are used for detecting environmental 
changes. T = 100 environmental changes are set, where 

10=tn , 30=tτ , and each test function is run independently 

20 times. The problems change every 30 generations. 

B. Performance Indicator 

We use the Main Inverted Generational Distance (MIGD) 
[9] as a performance indicator. Let the true Pareto front and 
the Pareto front obtained by DMOA in the t-th environment 

be denoted as tPF  and tP respectively. Based on IGD[10], 

the MIGD of DMOA is defined as: 

 
1

( , )
| |

t t

t T

MIGD IGD PF P
T ∈

=    

where T is a set of discrete time points in a run and |T| is the 
cardinality of T. In the formula, 

( )min ,
t

t

x PF

t

d x P

IGD
PF

∈=


   

where ( , )td x P  is the Euclidian distance between x and the 

point in tP . 
t

PF  is the cardinality of tPF . 

On the true PF, 1000 evenly distributed points are taken 
for two-objective problems and 10,000 evenly distributed 
points for three-objective problems. Each test function is run 
independently 20 times to compute the MIGD values of 
different DMOAs. 

C. Prediction Results and Algorithm Performance Analysis 

Table II shows the statistical MIGD results over 20 runs. 
The mean values for 0 ≤ t ≤ 100, 0 ≤ t ≤ 20, 21 ≤ t ≤ 60, and 
61 ≤ t ≤ 100 are presented, with the best results in bold.

TABLE II.  RESULTS OF MIGD OBTAINED BY PPS, MDP OVER 20 RUNS 

Instance Strategy 0 ≤ t ≤ 100 0 ≤ t ≤ 20 21 ≤ t ≤ 60 61 ≤ t ≤ 100 

FDA1 
PPS 

MDP 
0.0047 

0.0048 
0.0070 
0.0049 

0.0042 

0.0047 
0.0041 

0.0047 

FDA2 
PPS 

MDP 
0.0053 

0.0059 
0.0046 

0.0047 
0.0053 

0.0060 
0.0057 

0.0065 

FDA3 PPS 0.0122 0.0087 0.0135 0.0126 
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MDP 0.0095 0.0076 0.0101 0.0099 

dMOPl 
PPS 

MDP 
0.0057 
0.0054 

0.0065 

0.0069 
0.0054 
0.0050 

0.0055 
0.0050 

dMOP2 
PPS 

MDP 
0.0049 

0.0053 
0.0081 
0.0058 

0.0042 

0.0052 
0.0041 

0.0052 

HE2 
PPS 

MDP 
0.1777 

0.1783 
0.1667 

0.1704 
0.1810 
0.1790 

0.1806 

0.1807 

LSF1 
PPS 

MDP 
0.1021 
0.0155 

0.0881 
0.0320 

0.0974 
0.0115 

0.1139 
0.0127 

LSF2 
PPS 

MDP 
0.0410 

0.0434 
0.0433 
0.0421 

0.0515 

0.0562 
0.0309 

0.0321 

LSF3 
PPS 

MDP 
0.0765 
0.0387 

0.0558 
0.0259 

0.1094 
0.0504 

0.0539 
0.0342 

LSF4 
PPS 

MDP 
0.2037 

0.2364 
0.2411 
0.2202 

0.1953 

0.2413 
0.1934 
0.2395 

LSF5 
PPS 

MDP 
0.2040 

0.2257 
0.2064 

0.2359 
0.2073 

0.2168 
0.1996 

0.2294 

LSF6 
PPS 

MDP 
0.0640 

0.0814 
0.0726 

0.0861 
0.0623 

0.0835 
0.0614 

0.0770 

From Table 2, we can draw the following conclusions: 
(1) Both algorithms generally perform well on test functions 
with continuous PF, leading to lower MIGD values. 

In the initial stage (0 ≤ t ≤ 20), MDP outperforms PPS. 
MDP adapts to changes in PF more quickly, while PPS, 
limited by historical information, shows weaker performance. 
As time goes on, the performance of both algorithms 
converges, indicating that in a simple dynamic environment, 
differences in predictive strategies have a minimal impact on 
final performance. 

(2) For test functions with discontinuous PF, the adaptation 
difficulty significantly increases, and the MIGD values are 
generally higher than those in tests with continuous PF. The 
discontinuity of PF and the complex dynamics of PS reduce 
the prediction accuracy, indicating that existing algorithms 
lack adequate mechanisms to handle PF discontinuities and 
complex PS dynamics, revealing certain limitations. 

(3) In LSF1 and LSF3, MDP slightly outperforms PPS in all 
time periods. In LSF2, LSF4, and LSF5, PPS and MDP 
perform similarly overall. PPS performs poorly when the 
environment changes drastically, mainly because its reliance 
on historical data restricts its ability to adapt to sudden 
changes. MDP handles PF discontinuities better but still has 
limitations in scenarios with highly complex PS changes. 

V. CONCLUSION 

Focusing on the shape changes of PS and the discontinuity 
of PF, we propose a new set of DMO benchmark test functions 
and tests two typical algorithms using these functions. The 
experimental results show that introducing PS shape changes 
and PF discontinuities significantly increases the difficulty of 
solving DMO problems, while also posing new challenges for 
the design of DMOAs. In future research, not only should 
more realistic test functions be designed, but algorithm design 
should also be further improved—such as by constructing 
nonlinear models or incorporating machine learning-based 
prediction methods—to handle PF discontinuities more 
effectively, and by employing diverse population initialization 
strategies or hybrid search mechanisms to enhance adaptation 
to complex PS dynamics. 
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Abstract
To rapidly track the dynamic evolution of the Pareto-optimal front (PF) in dynamic multiobjective optimization problems
(DMOPs), this paper proposes a dividing-line–hyperplane-intersection-based and associated subpopulation prediction strategy
(ISPP). The strategy infers the changes in the Pareto-optimal set (PS) in the decision space from the dynamic characteristics of
the PF in the objective space. First, hyperplane fitting and dividing-line setting strategy are used to locate and segment the PF,
and to characterize the changing trend of the PF through intersection point sequences at different time steps. Subsequently, the
PF is partitioned into multiple subsets through local association operations at the intersection points, establishing a mapping
relationship between the PF subsets and the PS subpopulations, where each subpopulation is modeled by a subcenter and
a submanifold. When environmental changes occur, the sequences of subcenters are used to estimate the new subcenters,
and historical submanifolds are utilized to estimate the new submanifolds, thereby constructing the initial population. In
addition, six new test functions are designed, incorporating PS rotation and translation patterns as well as discontinuous PF
characteristics. The proposed ISPP-DMOEA is compared with PPS, MDP, KTM, and RNN on 16 test problems, and the
results show that the proposed algorithm performs well on the majority of test functions. In particular, it demonstrates distinct
advantages on test functions characterized by discontinuous PFs and those undergoing translational or rotational changes at
varying frequencies.

Keywords Dynamic multiobjective optimization · Evolutionary algorithm · Prediction · Hyperplane fitting · Dividing
line-hyperplane intersection point · Subpopulation

1 Introduction

Dynamic multiobjective optimization problems (DMOPs)
refer to problems where the objectives or constraints change
in a dynamic environment, and multiple (often conflicting)
objectives need to be optimized simultaneously[1, 2]. There
are numerous DMOPs in various application fields, such as
dynamic path planning [3], industrial scheduling [4], sys-
tem control[5, 6], investment management [7], planning [8,
9], and machine learning [10]. Furthermore, as research into
these problems has progressed, greater challenges have been

B Er-chao Li
lecstarr@163.com

1 College of Electrical Engineering and Information
Engineering, Lanzhou University of Technology, Lanzhou
Gansu 730050, China

posed to dynamic multiobjective evolutionary algorithms
(DMOEAs).

The mathematical description of the DMOPs we study is
shown in Eq. (1) [11]:

min F(x , t) � ( f1(x , t), . . . , fm(x , t))
T

s.t . x ∈
n∏

i�1

[ai , bi ]
(1)

where t ∈ T � {1, 2, . . .} denotes the time instants,
n∏

i�1
[ai , bi ] ⊂ R

n refers to the decision space, x �
(x1, ..., xn)T defines the decision variable. F(x, t) : Rn ×
R → R

m consists of m objective functions, and Rm refers to
the objective space.

0123456789().: V,-vol 123
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For two decision vectors x1, x2 ∈
n∏

i�1
[ai , bi ] of DMOPs

at time t, x1 is said to Pareto dominate x2 when fi (x1, t) ≤
fi (x2, t) for ∀i � 1, . . . , m and f j (x1, t) < f j (x2, t) for

∃ j � 1, . . . , m. If there is no solution x ∈
n∏

i�1
[ai , bi ]

that can dominate x∗ at time t, x∗ is called a Pareto-optimal
solution, and a set including all Pareto-optimal solutions is
called a Pareto-optimal set (PS). Moreover, the correspond-
ing objective vectors of the PS are called the Pareto-optimal
front (PF).

Evolutionary algorithms (EAs) are characterized by mul-
tipoint search capabilities, adaptability, and self-learning,
making them among the most powerful and widely studied
methods for solving multiobjective optimization problems
[12].

Currently, many dynamic response strategies have been
proposed for researching PSs, among which predictive
strategies have received particular attention. This strategy
identifies historical patterns of change by mining useful
information from the decision space and objective space
in historical environments and constructing predictive mod-
els. As a result, predictive strategies can quickly predict
high-quality solutions in new environments, making them
a popular research topic in recent years [13–35], which will
be reviewed in detail in Sect. 2. Based on the current state of
research, this paper focuses on predictive strategies.

Assuming that any two continuous changes in the deci-
sion space are similar and linear, many predictive strategies
based on linear models have been proposed [13–17]. For
example, Zhou et al. [13] proposed a population-based pre-
diction method (PPS), which assumes that the PS in different
environments is composed of a central point and an m−1
manifold, using an AR model to predict the entire initial
population. However, when the relationship between any two
continuous changes violates strict linear assumptions, such
as PS with random or nonlinear variation patterns, predictive
strategies based on linear models from individual representa-
tive individuals obtained fromPSmay lead to poor prediction
results.

Given the assumption of high similarity among solutions
across different environments and the independent and iden-
tically distributed (IID) nature of these solutions, numerous
predictive strategies utilizing nonlinear models have been
developed [18–23]. An example is the ISVM-DMOEA, a
DMOP solver that employs an incremental support vec-
tor machine (ISVM) as an online learning predictor to find
high-quality solutions in novel environments [23]. However,
practical assumptions often fall short, leading to diminished
performance for these predictive strategies.

In response,DMOEAs that leverage transfer learning have
been designed in recent years [24–34]. Transfer learning can
effectively address data that exhibit non-IID characteristics.

For example, the Tr-DMOEA framework, introduced in [24],
applies transfer component analysis (TCA) in the objective
space to harness valuable insights from previous environ-
ments. By integrating the knowledge transfer strategy known
as ETO into the DMOEA, the efficiency of solving DMOPs
can be significantly enhanced. Nonetheless, it is important
to note that many of these approaches encounter issues with
negative transfer.

Additionally, from the perspective of making full use of
historical information, a DMOEA based on recurrent neu-
ral networks (RNNs) was proposed [35], where the model
learns the best solutions obtained continuously from all his-
torical information and then updates the RNN model using
the learned knowledge. However, the time series composed
of historical information often contains linear or nonlinear
trends of increase or decrease, whereas the RNN is essen-
tially a nonlinear model that may overfit local nonlinear
fluctuations and ignore the overall linear trends, resulting
in prediction bias.

Based on the above research, when the environment or
objective function changes, the existing literature typically
starts from the decision space to investigate the variation
characteristics of the PS under different environments, sum-
marizing patterns of change and designing predictive models
to forecast the initial population. Finally,MOEAs are utilized
to optimize the initial population of these solutions, obtain
the PS, and further obtain the PF [36].

However, when the environment or objective function
changes, the initial consequence is that the PF in the DMOPs
changes, which in turn causes variations in the PS. Therefore,
the core of this change lies in the fact that the alteration of
the PF requires us to research the PS further. If we can accu-
rately predict the trend of changes in the PF, we can infer
the evolution patterns of the PS in reverse. Based on this
idea, we propose a prediction strategy called the dividing
lines–hyperplane intersection points and associated subpop-
ulations prediction strategy (ISPP). The intersection points
between a dividing line, which is uniformly distributed in
the fixed objective space (unchanged by environmental vari-
ations), and the PF not only represent the current PF but also
reflect the trend of PF changes over time through a time series
of intersection points along a dividing line. Each intersection
point’s nearby cluster of points on the PF corresponds to a
subpopulation in the PS; thus, the trend of changes in the
intersection point subset on the PF can also reflect the trend
of changes in the associated subpopulation in the decision
space (determined by the intersection points). This allows
us to predict the changes in the PS through the variations in
the PF in the objective space. This strategy effectively over-
comes the impact of linear models on the quality of predicted
solutions in the following two cases: a lack of representative
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points sampled on the PF in optimization problems and sam-
pling representative points from the PS when the PS exhibits
random or nonlinear variation patterns.

In this algorithm, the key aspect is determining the inter-
section points between the PF and the dividing line. To
achieve this, we use a least-squares hyperplane to approx-
imate the PF, which allows us to find the intersection points
between the hyperplane and the dividing line. This results in
points on the PF linked to each intersection point, which we
then treat as a subset within the objective space. Predictions
are made for the corresponding subpopulations in the deci-
sion space that relate to each subset of the objective space,
thereby generating the initial population of the decision space
for the current environment. Finally, the ISPP is integrated
with NSGA-III [37] to derive the current PS.

Furthermore, although the above studies primarily analyze
continuous DMOPs with PFs under different environments
(e.g., the FDA series [38], dMOP series [39], and Fun series
[17]) and have achieved good predictive results, relatively
little research has been conducted onDMOPswith discontin-
uous PFs (e.g., HE series [40]); moreover, the current testing
functions addressing PF discontinuity are quite scarce, which
adversely affects the comprehensive performance analysis of
the proposed prediction strategy. Therefore, based on exist-
ing dynamic multiobjective optimization test functions, we
have designed six optimization problems with discontinuous
PFs and PSs that translate or rotate at different frequencies.

The main contributions of this paper are as follows:

(1) Currently, most prediction strategies directly start from
the PS to achieve population prediction after environ-
mental changes, employing methods such as center
point prediction, transfer learning, and distribution sam-
pling, while neglecting the correlation between the
changes in PF characteristics caused by environmen-
tal changes and the variations in the PS solution set.
This paper proposes a predictive strategy that reversely
deduces the correlated characteristic changes in the
decision space PS from the dynamic characteristic
changes of the PF in the objective space of DMOPs,
aiming to quickly track the dynamic evolution of the
PF as the environment changes. Specifically, the strat-
egy performs subspace segmentation on the PF byfitting
the intersection points of hyperplanes and dividing lines
to track the characteristic evolution of complex changes
such as (non)continuity in the PF. It associates PF char-
acteristic subsetswith PS characteristic subsets to obtain
subpopulations in the decision space that correspond
one-to-one with each objective space characteristic sub-
set, thereby achieving dynamic tracking of PF features
through subpopulation predictions.

(2) (2) We designed six new testing functions by intro-
ducing new PS translation and rotation patterns, as
well as a discontinuous PF. In these new testing func-
tions, the PS includes translation or rotation changes
of different frequencies and directions, whereas the
PF may experience jumps or breaks during dynamic
changes. This research not only supplements existing
testing functions but also expands the application of
testing functions, making it possible to solve more com-
plex real-world DMOPs. Moreover, this study broadens
the scope of performance evaluation for different algo-
rithms. By conducting experiments on 10 well-known
test problems and our six newly proposed test problems,
we thoroughly validated the performance of ISPP-
DMOEA. Compared with four typical DMOEAs, PPS
[13], MDP [17], KTM [34], and RNN [35], ISPP-
DMOEA not only performs well on the 10 well-known
test problems but also shows significant advantages on
the six new test problems, as confirmed through the
experiments presented in Sect. 4.

This paper is organized as follows: Sect. 2 discusses prior
research concerning DMOPs. Section 3 elaborates on the
proposed forecasting strategy. Section 4 presents the test
instances, including six newly created test cases, as well as
the experimental setup and performance metrics employed.
Section 5 presents the experimental results and provides an
analysis. Finally, Sect. 6 concludes with a summary and out-
lines directions for future research.

2 Related work

In recent years, predictive strategies have been classified into
three primary categories:

Predictive strategies based on linearmodels:Wu et al. [14]
introduced a directed search strategy (DSS) comprising two
components: DSS1 for adapting to environmental changes
and DSS2 for local searching, which predicts the entire
population. Zou et al. [15] developed a special point-based
prediction strategy (SPPS) that leverages a feedforward cen-
ter point to forecast the main body of the population while
using additional special points to aid in predicting the entire
set. Muruganantham et al. [16] proposed a Kalman filtering-
based prediction method that accurately tracks the Pareto
front (PF). Rong et al. [17] presented a multidirectional
prediction method (MDP) that uses multiple representative
individuals to derive several evolution-guided directions for
predicting the entire initial population.

Predictive strategies based on nonlinear models: Gee et al.
introduced an inverse modeling method [18]. Chen et al.
introduced a hybrid fuzzy inference prediction strategy [19].

123



   18 Page 4 of 24 Memetic Computing            (2026) 18:18 

Ma et al. proposed a feature information prediction strat-
egy [20]. A previous study [21] embedded a support vector
regression (SVR) predictor into DMOEA to uncover nonlin-
ear relationships between various environments, facilitating
the tracking of a moving population set (PS). Addition-
ally, an approach that combines DMOEA with an inverse
Gaussian process (IGP) model, termed IGP-DMOEA, was
developed [22] to identify environmental change patterns in
the objective space and estimate PS positions through back-
ward mapping.

Predictive strategies based on transfer learning: These
strategies enhance solution generation in new environments
by transferring knowledge such as features, distributions
[28], individuals [25], search processes [29], and map-
ping relationships [30]. An imbalance transfer learning
DMOEA that focuses on knee points was introduced in [26],
which selectively transmits high-quality solutions for knowl-
edge transfer, minimizing ineffective transfers and reducing
computational costs. Another DMOEA aimed at reducing
negative transfer through clustering was proposed in [27].
Additionally, a method based on sample geodesic flows
(SGFs), combined with a memory mechanism, explores
potential changing patterns across different environments
[28].

Integrating the knowledge transfer strategy of ETO into
DMOEA can significantly enhance the efficiency of solv-
ing DMOPs. However, many methods overlook the issue of
negative transfer. Notably, IT-DMOEA [25], CT-DMOEA
[27], and KTM-DMOEA [34] seek to address negative trans-
fer in dynamic environments. For example, IT-DMOEA
enhances solution diversity through a presearch operation,
which helps mitigate solution degradation and alleviate neg-
ative transfer, although it demandsmore function evaluations
andmay underperformwith limited evaluation instances. CT-
DMOEA restricts knowledge transfers to similar clusters to
reduce negative transfer effects. KTM-DMOEA classifies
high-quality solutions from numerous randomly generated
new environments using KTP, minimizing feature and dis-
tribution differences between environments. By modeling
elite solution distributions from prior environments with
KMS, superior solutions in accordance with dynamic change
trends can be obtained, effectively mitigating negative trans-
fer issues.

Inspired by these studies, this paper designs the ISPP-
DMOEA and formulates six new test functions based on
existing dynamic multiobjective optimization problems.

3 A dividing lines–hyperplane intersection
points and associated subpopulations
prediction strategy (ISPP)

In this section, we elaborate on how to apply ISPP to predict
the initial population in a new environment. The core idea of
ISPP is to utilize the historical information of the PF in the
objective space to predict the initial population that is close
to the PS at the current moment. To achieve this, we first use
hyperplane fitting to approximate the spatial distribution of
the PF at different time instances. Next, we set partition lines
to achieve a uniform partitioning of the objective space. We
then solve for the intersection points between the hyperplane
and the partition lines. Through local relational operations
at these intersection points, we divide the PF into multiple
subsets, thereby realizing the localization and partitioning of
the PF space. On the same partition line, subsets from dif-
ferent time instances can quickly and accurately track the
local trends of the PF changes. Because we have set multi-
ple partition lines, we can efficiently and accurately observe
the overall trend of the PF changes. Finally, we determine
the decision space subpopulations corresponding to subsets
associated with the intersection points of the hyperplane and
partition lines, treating these subpopulations as composed of
subcenters and submanifolds. The time series formed by the
subpopulation centers at different time instances is used to
estimate the subpopulation centers in the new environment.
Moreover, we use submanifolds at different time instances to
estimate the submanifolds in the new environment, thereby
obtaining the entire initial population for the current envi-
ronment.

This section uses a bi-objective dynamic optimization
problem to illustrate ISPP, as shown in Fig. 1. Figure 1a
describes the process in a two-dimensional objective space
where first, the PF is approximated by a line using the
least squares method; then, rays are set to divide the two-
dimensional objective space uniformly, passing through the
origin. Finally, the intersection points between the line and
the rays are determined. Through local association operations
at these intersection points, the PF is divided into multiple
subsets, achieving spatial localization and segmentation of
the PF, thus enabling rapid and accurate tracking of both the
overall and local changes in the PF. This approach has advan-
tages in tackling DMOPs with complex characteristics, such
as discontinuous PFs. Figure 1b depicts the corresponding
subpopulations in the low-dimensional decision space asso-
ciated with each intersection point, represented by subcenter
points and submanifolds. Through the predictions made by
the subcenter points and submanifolds, the entire initial pop-
ulation is obtained.

Figures 2, 3, 4 and 5 utilize several test functions with
typical characteristics to depict the PF and low-dimensional
spacePS in an ideal environment, further illustrating the basic
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Fig. 1 Prediction process
description of ISPP
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Fig. 2 Ideal PF and changing trend

idea of ISPP. The selected test functions include (a) FDA1,
(b) dMOP2, (c) Fun8, (d) HE2, (e) LSF5, (f) LSF2, (g) LSF3,
and (h) LSF6, with time points t � 0, 2, 4, …, 40 and a time
interval of 2. Using LSF2 as an example, we elaborate on the
basic concept of ISPP.

Figure 2f: Describes the ideal PF of LSF2, which exhibits
discontinuous changes (with the change characteristic vary-
ing at different frequencies and in different directions, with
f 1 � f 2 as the boundary)

Figure 3f: Depicts the PS in the low-dimensional space for
LSF2 (with change characteristics such that [0,0.5] increases
from bottom to top and (0.5,1] decreases from top to bottom,
moving at different frequencies). The overall trend of the
population center points does not align with the local trends
of the population; in fact, at certain moments, they exhibit
opposite trends

Figure 4f: Describes a fixed segmentation line set to divide
the objective space uniformly, passing through the origin,
and calculates the intersection points with the ideal PF to
achieve both intersection point localization and segmenta-
tion, yielding subsets associated with the intersection points
of the objective space. The time series variation of the inter-
section points associated subsets along the segmentation line
accurately characterizes both the overall and local change
trends of the PF

Figure 5f: Illustrates the subpopulations in the decision
space for LSF2. The subsets associated with the intersection
points in the objective space correspond one-to-one with the
subpopulations in the decision space. This implies that the
change trends of the PF and PS maintain overall and local
consistency through the intersection point associations along
the segmentation line. This reflects not only the local change
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Fig. 3 PS in low-dimensional space and changing trend
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Fig. 4 Setting of the dividing lines in the objective space, along with the associated subsets related to intersection points with the PF and their
changing trends

characteristics of the PF but also those of the PS. There-
fore, by predicting using the PF-associated subpopulations,
a higher-quality initial population can be obtained, resulting
in better prediction outcomes

3.1 PF hyperplane fitting

Based on the distribution characteristics of the PF, applying
hypersurface fitting after detecting environmental changes

may predict a higher-quality initial population. However,
considering the computational complexity of the algorithm,
this paper employs hyperplane approximation for the PF.
This section selects anm-dimensional dynamic optimization
problem to elucidate the hyperplane approximation process
for the PF.

This paper uses the least squaresmethod tofit a hyperplane
to a set of points in an m-dimensional objective space. The
detailed steps for solving the hyperplane f (x) � wT x + b
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Fig. 5 Associated subpopulations in the decision space and their changing trend

fitting in high-dimensional space (among them, x ∈ R
m−1,

w ∈ R
m−1, and the scalar intercept b ∈ R) are provided

below.

(1) Givenn samples {(xi, yi)}, find the parameters (w,b) that
make the hyperplane f (xi ) � ωT xi +b approximate the
observed values yi.

(2) Construct the sum of squared errors function:J (ω, b) �
n∑

i�1

(
yi − (

ωT xi + b
))2

.

(3) Construct the parameter vector θ �
(

ω

b

)
∈ R

m+1, the

matrix X �

⎛

⎜⎜⎜⎜⎝

xT1 1

x
T

2 1
... 1

x
T

2 1

⎞

⎟⎟⎟⎟⎠
∈ R

m+1, and the target vector

y � (y1, · · · , yn)T ∈ R
n .

Thus, we can obtain:J (θ ) � ‖Xθ − y‖22 �
(Xθ − y)T (Xθ − y).

(4) Obtain the normal equations

Differentiate the above equationwith respect to the param-
eter θ and set it to zero:

∇θ J � 2XT (Xθ − y) � 0

From this, we can derive the normal equations:XT Xθ �
XT y.

(5) Parameter solution
Explicit solution:θ∗ � (

XT X
)−1

XT y. For singular or ill-
conditioned cases, the singular value decomposition method
can be used for calculation. Let X � USV T , where X+ �
V S+UT is the pseudoinverse; then, θ∗ � X+y.

(6) Fitted hyperplane: f ∗(x) � ω∗T x+b∗. The fitting qual-
ity can be evaluated through residuals r � Xθ∗ − y, the
coefficient of determination R2, or the standard deviation.

Thus, we obtain the equation of the hyperplane, which
approximates the PF through this plane.

3.2 PF localization and division

Based on the distinct dynamic characteristics of the PF, this
paper proposes two strategies for configuring dividing lines
in the objective space to achieve PF localization, segmenta-
tion, and trend tracking. For DMOPs where the PF translates
parallel to the coordinate axes or is discontinuous, a verti-
cal uniform dividing line configuration method is adopted.
Conversely, for DMOPs where the PF translates non-parallel
to the coordinate axes or involves rotation, a uniform divid-
ing line configuration method passing through the origin is
employed. Furthermore, by combining these with the hyper-
plane equation to determine the intersection points between
the dividing lines and the hyperplane, the localization and
segmentation of the PF are achieved. The changing trend
of the PF is then characterized by the intersection point
sequences at different time steps.
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An excessive number of dividing lines results in a waste of
computational resources, while an insufficient number com-
promises the convergence and distribution (diversity) of the
predicted initial population. This paper recommends setting
the total number of dividing lines as follows,K ≤ ⌊

N
/
10

⌋
,

where N represents the population size and K denotes the
number of dividing lines. The specific configuration meth-
ods for these two types of dividing lines are detailed below:

(1) The vertical uniform dividing line strategy involves con-
figuring a set of dividing lines parallel to the m-th
objective axis based on a sparse grid. The set of dividing
lines L1 can be defined as:

L1 � {
(g, 0) + β · em

∣∣g ∈ �grid , β > 0
}

(2)

where the sparse grid �grid is a set of uni-
formly distributed discrete points in the (m −
1)-dimensional subspace, defined as:�grid �{(
k1δg , k2δg , . . . , km−1δg

)|ki ∈ {0, 1, . . . , H − 1}}.
Here,H denotes the number of grid points in each dimen-

sion. δg � 1
H represents the grid step size. g � (g1, g2,…,

gm − 1) denotes a grid point on the sparse uniform grid �grid

within the (m− 1)-dimensional objective subspace. em is the
unit vector of the m-th axis, and β represents the extension
length parameter of the partition lines.

(2) The uniform dividing line passing through the origin
strategy involves configuring a set of dividing lines that
pass through the origin and connect to a structured set of
points determined by Das and Dennis’s simplex-lattice
design method [41]. The set of partition lines L2 can be
defined as:

L2 � {
γ · z∣∣z ∈ �re f , γ > 0

}
(3)

where the reference point set Ωref is a set of
uniformly distributed discrete points on the m-
dimensional normalized unit hyperplane (based on
Das and Dennis’s method), defined as:�re f �{
(h1δr , h2δr , . . . , hmδr )

∣∣∣∣hi ∈ {0, 1, . . . , p},
m∑
i�1

hi � p

}
.

Here, p denotes the number of divisions on each objective
axis, and δr � 1

p represents the partition step size. z � (z1,
z2, …, zm) denotes the reference point vector on the normal-
ized unit hyperplane, and γ represents the extension length
parameter of the dividing lines.

The dividing lines configured by the above two methods
ensure the uniformity of the partition in the objective space,

thereby effectively locating, segmenting, and tracking the
dynamic changing trends of the PF.

3.3 PF intersection point-associated subpopulation
generation

The change in the objective subset associated with the inter-
section point of the PF along the dividing line can reflect the
change trend of the PF, and the subpopulation of the deci-
sion space corresponding to the objective subset associated
with the intersection point can reflect the change trend of
the PS so that the objective space subset and the subpop-
ulation of the decision space correspond one-to-one; then,
the subpopulation of the decision space is generated through
the association information between them. Because objec-
tive functions in multiobjective optimization problems often
have different dimensions and ranges, directly calculating the
Euclideandistancebetween an individual and the intersection
point in the objective space affects the association effects.
To eliminate these effects, data normalization is required to
ensure that the objective function values are on the same
scale, facilitating comprehensive comparison and evaluation.
Themost typical data normalizationmethod is normalization.
The min–max normalization method is particularly suitable
for scaling data to a specific range (usually [0, 1]) while
maintaining the relative differences between features, mak-
ing it easy to understand and interpret. Therefore, this paper
chooses themin–max normalizationmethod to normalize the
objective space. The normalization formula is as follows:

f ′
j (x) � f j (x) − min( f j (x))

max( f j (x)) − min( f j (x))
(4)

Here, j � 1, 2, . . . , m,m is the dimension of the objective
functions, min( f j (x)) represents the origin of the objective
space coordinates, and max( f j (x)) is the intersection point
of the hyperplane with the coordinate axis of the objective
function f j (x).

In the normalized objective space, the individuals associ-
ated with the same intersection point are classified into the
same subset. The association is carried out by calculating the
Euclidean distance between the individuals and intersection
points. An individual is associated with the intersection point
that has theminimumdistance, and the individuals associated
with the same intersection point become a subpopulation.
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Algorithm 1 Pseudocode of generating subpopulation

3.4 PS subpopulation prediction

In thiswork, a subpopulation is considered to be composed of
a subcenter and a submanifold.When environmental changes
are detected, the AR(p) model is used to predict both the
subcenter and submanifold separately. The parameters of the
AR(p) model are estimated using the least squares method
to obtain each initial subpopulation for the new environment
and subsequently derive the entire initial population for the
current environment.

Let Pt
k be the final subpopulation after optimization at

time t, Pt
k � {xtk}, where ctk is the center of supopulation Pt

k
at time t. The calculation formula for the center of the k-th
subpopulation at time t is given by

ctk � 1∣∣Pt
k

∣∣
∑

xtk∈Pt
k

xtk (5)

where
∣∣Pt

k

∣∣ is the cardinality of Pt
k .

Let Stk be the k-th submanifold at time t with its center at
the origin, Stk � {x̃tk}; then,

Pt
k

∼� ctk + Stk (6)

That is,

xtk ∼� ctk + x̃tk (7)

3.4.1 PS Subcenter prediction

In the early stage of environmental changes, predictions are
made using autoregressive (AR) models of different orders.
Specifically, for the first two time points of environmental
changes t � 1, 2, a randomly generated initial population is
used for dynamic multiobjective optimization. For t � 3, 4,
and 5, an AR(1) model is used; for t � 6, 7, and 8, an AR(2)
model is employed; and for t ≥ 9, an AR(3) model is applied.
The length of the historical mean point sequence isM � 23.
For details on the properties of AR(p) models, see references
[42] and [43]. The prediction formula for the subpopulation
centers is given by

ct+1k, i �
p−1∑

q�0

aqi c
t−q
k, i + N (0, σ c

k, i ) (8)

where ct+1k, i is the value of the i-th dimension of the center
point of the k-th subpopulation at time t + 1. aqi represents
the parameters of the AR(p) model, which are estimated by
least squares.

Within the first t time points, the centers of the k-
th subpopulation at each time point form a historical
center point sequence ct−r

k , r � 0, 1, . . . , M − 1.
The variance calculation formula is given by σ c

k, i �
1

M−p

t∑
k�t−M+p

[ct+1k, i −
p−1∑
q�0

aqi c
t−q
k, i ]

2.
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3.4.2 PS submanifold prediction

In dynamic multiobjective optimization problems, which are
influenced by constraints and objective functions, the PS
is often concentrated in specific regions of the decision or
objective space and exhibits certain geometric structures.
According to themanifold theory proposed by Lee et al. [44],
the PS in the decision space usually forms a piecewise con-
tinuous low-dimensional manifold structure. This structure
reveals the underlying distribution patterns of the solution set
in high-dimensional space, which is of great theoretical and
practical significance for understanding algorithm behaviors
and improving optimization performance.

Mathematically, let X ⊂ R
n be the decision space. If

S ⊂ X is an m-dimensional submanifold of X, then for any
x ∈ S, there exists a neighborhood U and a smooth embed-
ding mapping φ fromR

m to X such that φ(Rn)∩U � S∩U .
In short, a submanifold is a low-dimensional space in the
ambient space that locally preserves the Euclidean structure
and differentiability, and around every point, it is homeomor-
phic to Rm .

In the proposed ISPP method, we first segment the PF in
the objective space and fit hyperplanes and then map each
division point and its neighborhood in the objective space to
a corresponding subpopulation in the decision space. ISPP
assumes and exploits the fact that the historical optimal solu-
tionswithin each subpopulation are not only clustered around

a central point but also distributed along specific directions
or structures. This local structure can be modeled as a sub-
manifold.

Under mild conditions, according to the Karush–Kuh-
n–Tucker (KKT) conditions, the PS of an MOP with m
objectives forms an (m – l)-dimensional piecewise contin-
uous manifold [45]. Therefore, the two consecutive PSs at
adjacent time steps often exhibit high structural similarity.
Based on this property, the submanifold at the previous time
step can be used to predict the submanifold at the next time
step.

The prediction formula for the submanifold St+1k in the
new environment is

x̃ t+1k, i � x̃ tk, i + N (0, σ s
k, i ) (9)

The formula for calculating the variance σ s
k, i is σ s

k, i �
1
n

1|Stk |
∑

x̃ tk, i∈Stk
min

x̃ t−1
k, i ∈St−1

k

(x̃ tk, i − x̃ t−1
k, i )

2
.

3.5 PS initial solution generation

Let PSt+1 be the initial population at time t + 1 and let PSt+1k
be the initial subpopulation at time t + 1. Then, based on
Eqs. (6), (8), and (9), we can obtain PSt+1.

Algorithm 2 Pseudocode of generating the initial population
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3.6 ISPP procedure

This paper combines the proposed prediction strategy ISPP
with the static multiobjective optimization method NSGA-
III to obtain the PS in the new environment. Algorithm 3
describes the specific process of the proposed DMOA.

Algorithm 3 Framework of ISPP

3.7 Computational complexity analysis

The computational cost associated with ISPP-DMOEA
results primarily from SMOEA (NSGA-III) and the dynamic
response mechanism, as illustrated in Algorithm 3. First, the
computational complexity of NSGA-III is given byO(mN2),
where m represents the number of objectives and N denotes
the population size, as indicated in [39]. For the dynamic
response mechanism, costs mainly stem from determin-
ing the intersection points between the dividing lines and
hyperplanes, as well as from predicting the corresponding
subpopulations. According to Algorithm 1, the complexity
of fitting the PF using a least squares method to find the
intersection points between dividing lines and hyperplanes is
O(m2N +m3). The complexity for calculating the intersection
points of the hyperplanewithK dividing lines isO(L), and the
complexity for assigning the N individuals in the PF to sub-
sets corresponding to the K intersection points via a nearest
neighbor approach isO(N). Thus, the worst-case complexity
for intersections between the dividing lines and hyperplanes
can be approximated as O(m2N + m3 + L + N) ≈ O(m2N).
As shown in Algorithm 2, for predicting the associated sub-
populations, the complexity for forecasting the time series
composed of the K centers using the AR(p) model is O(pL).
For the prediction of the associated subpopulationPk at inter-
section point k (where (1 ≤ k ≤ K)), calculating the mean
and covariance incurs complexities of O(nkD) and O(nkD2),
respectively, where D is the number of decision variables.

Therefore, the worst-case complexity for predicting associ-
ated subpopulations is O(pL + ND + ND2) ≈ O(ND2). In
summary, the overall worst-case computational complexity
of the dynamic response mechanism within ISPP-DMOEA
is O(ND2).

4 Test instances and performancemetric

4.1 Test instances

We compared the performance of the algorithm on 16 test
functions with two or three objectives, including six newly
proposed test functions. These test functions include three
dynamic two-objective test functions, FDA1, FDA2, and
FDA3,where the PF is continuous and the PS translates in the
same direction at the same frequency, as well as two dynamic
three-objective test functions, FDA4 and FDA5 [38]. In addi-
tion, two dynamic two-objective test functions, dMOP1 and
dMOP2 [39], are used. Two dynamic two-objective test
functions, Fun7 and Fun8 [17], are also included, where
the PF is continuous and the PS rotates in the same direc-
tion at the same frequency. Finally, it includes the dynamic
two-objective test function HE2 [40], where the PF is dis-
continuous and the PS translates in the same direction at the
same frequency. The information regarding the six proposed
test functions is detailed in Table 1. Variants LSF1, LSF2,
and LSF3 are based on the two-objective dynamic test func-
tions from the FDA test series, whereas variants LSF4 and
LSF5 are based on HE2, and variant LSF6 is based on FDA4.

LSF1 is a type I optimization problem,where the PS varies
over time as follows: [0, 0.5] moves upward, and (0.5, 1]
moves downward with the same frequency. The PF remains
disconnected. LSF2 is a type II optimization problem, where
the PS changes over time as follows: [0, 0.5] moves upward,
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Table 1 Six newly proposed test instances

Instance Definition Remarks

LSF1 (type I) f1(x1, · · · , xn) � (1 + g) · cos(0.5πx1),

f2(x1, · · · , xn) � (1 + g) · sin(0.5πx1),

g(x1, · · · , xn) �
n∑

i�2

(xi − G(t))2

G(t) �
{ |sin(0.5π t)|, x1 ∈ [0, 0.5]

|cos(0.5π t)|, x1 ∈ (0.5, 1]

where : xi ∈ [0, 1]

PS: [0, 0.5] moves upward, and (0.5, 1] moves downward with
the same frequency

PF: disconnected

f1 � cos(0.5πx1),

f2 � sin(0.5πx1),

where : xi ∈ [0, 1]

LSF2 (type II) f1(x1, · · · , xn) � (1 + g) · cos(0.5πx1),

f2(x1, · · · , xn) � (1 + g) · sin(0.5πx1),

g(x1, · · · , xn) � G(t) +
n∑

i�2

(xi − G(t))2

G(t) �
{ |sin(0.5π t)|, x1 ∈ [0, 0.5]

|sin(0.6π t)|, x1 ∈ (0.5, 1]

where : xi ∈ [0, 1]

PS: [0, 0.5] moves upward, and (0.5, 1] moves downward with
different frequencies

PF: disconnected (shifted along different directions with dif-
ferent frequencies based on f 1 � f 2 as the boundary)

f1 � (1 + G(t)) · cos(0.5πx1),

f2 � (1 + G(t)) · sin(0.5πx1),

G(t) �
{ |sin(0.5π t)|, x1 ∈ [0, 0.5]

|sin(0.6π t)|, x1 ∈ (0.5, 1]

where : xi ∈ [0, 1]

LSF3 (type II) f1(x1, · · · , xn) � (1 + g) · cos(0.5πx1),

f2(x1, · · · , xn) � (1 + g) · sin(0.5πx1),

g(x1, · · · , xn) � G(t) +
n∑

i�2

(xi − G(t) · |x1 − 0.5|)2

G(t) �
{ |sin(0.5π t)|, x1 ∈ [0, 0.5]

|sin(0.6π t)|, x1 ∈ (0.5, 1]

where : x1 ∈ [0, 1], xi ∈ [−1, 1]

PS: with 0.5 as the center, rotate the left side clockwise and
the right side counterclockwise at different frequencies

PF: disconnected (shifted along different directions with dif-
ferent frequencies based on f 1 � f 2 as the boundary)

f1 � (1 + G(t)) · cos(0.5πx1),

f2 � (1 + G(t)) · sin(0.5πx1),

G(t) �
{ |sin(0.5π t)|, x1 ∈ [0, 0.5]

|sin(0.6π t)|, x1 ∈ (0.5, 1]

where : x1 ∈ [0, 1], xi ∈ [−1, 1]

LSF4 (type I) f1(x1) � x1,

f2(x1, · · · , xn) � 1 + g · h,

g(x2, · · · , xn) � 1 +
n∑

i�2

(xi − G(t))2,

h( f1, g) � 1 −
√

f1
g

− f1
g

· sin(10π f1)

G(t) �
{ |sin(0.1π t)|, x1 ∈ [0, 0.5]

|cos(0.1π t)|, x1 ∈ (0.5, 1]

where : xi ∈ [0, 1]

PS: [0, 0.5] moves upward, and (0.5, 1] moves downward with
same frequencies

PF: disconnected

f1 � x1,

f2 � 1 + h,

h � 1 − √
f1 − f1 · sin(10π f1)

G(t) �
{ |sin(0.1π t)|, x1 ∈ [0, 0.5]

|cos(0.1π t)|, x1 ∈ (0.5, 1]

where : xi ∈ [0, 1]

LSF5 (type I) f1(x1) � x1,

f2(x1, · · · , xn) � 1 + g · h,

g(x1, · · · , xn) � 1 +
n∑

i�2

(xi − G(t) · x1)2,

h( f1, g) � 1 −
√

f1
g

− f1
g

· sin(10π f1)

G(t) � |sin(0.5π t)|
where : xi ∈ [0, 1]

PS: rotate counterclockwise around the origin of the coordinate
system

PF: disconnected

f1 � x1,

f2 � 1 + h,

h � 1 − √
f1 − f1 · sin(10π f1)

G(t) � |sin(0.5π t)|
where : xi ∈ [0, 1]
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Table 1 (continued)

Instance Definition Remarks

LSF6 (type I) f1(x1, · · · , xn) � (1 + g) · cos(0.5πx1) · cos(0.5πx2),

f2(x1, · · · , xn) � (1 + g) · cos(0.5πx1) · sin(0.5πx2),

f3(x1, x3, · · · , xn) � (1 + g) · sin(0.5πx1),

g(x1, x3, · · · , xn) �
n∑

i�3

(xi − G(t) · x1)2

G(t) � |sin(0.5π t)|
where : xi ∈ [0, 1]

PS: rotate counterclockwise around the origin of the coordinate
system

PF: continuous

f1 � cos(0.5πx1) · cos(0.5πx2),

f2 � cos(0.5πx1) · sin(0.5πx2),

f3 � sin(0.5πx1),

G(t) � |sin(0.5π t)|
where : xi ∈ [0, 1]

and (0.5, 1] moves downwardwith different frequencies. The
PF is disconnected (shifted along different directions with
different frequencies and based on f 1 � f 2 as the boundary).
LSF3 is also a type II optimization problem, where the PS
varies over time as follows: with 0.5 as the center, it rotates
the left side clockwise and the right side counterclockwise at
different frequencies. The PF is disconnected (shifted along
different directionswith different frequencies andbasedon f 1
� f 2 as the boundary). LSF4 is a type I optimization problem,
where the PS varies over time as [0, 0.5] moves upward, and
(0.5, 1] moves downward with the same frequency. The PF
remains disconnected. LSF5 is a type I optimization problem,
where the PS rotates counterclockwise around the origin of
the coordinate system. The PF remains disconnected. LSF6
is a type I optimization problem, where the PS rotates coun-
terclockwise around the origin of the coordinate system, and
the PF is continuous.

4.2 Performancemetric

In this paper, the mean inverted generational distance
(MIGD) [13] is used to evaluate the convergence and diver-
sity of PSs obtained from different prediction strategies. Let
PFt and Pt represent the true PF and the PF obtained by the
DMOA under the t-th environment, respectively. Based on
the inverted generational distance (IGD) [46], the MIGD of
the DMOA is defined as:

MIGD � 1

|T |
∑

t∈T
IGD(PFt , Pt ) (10)

where T is a set of discrete time points in a run, |T | is the
cardinality of T , and

IGD �
∑

x∈PFt
min d

(
x, Pt

)

|PFt |

Thus, the MIGD can comprehensively evaluate both the
convergence and distribution of the PS obtained by the opti-
mization algorithm,where d(x, Pt ) is the Euclidean distance
between x and the point in Pt .

∣∣PFt
∣∣ is the cardinality of

PFt . The lower the MIGD value is, the better the tracing
performance.

For the true PF, 1000 uniformly distributed points are
taken for two-objective optimization problems, and 10,000
uniformly distributed points are taken for three-objective
optimization problems. A test instance is run independently
20 times, and theMIGD for different optimization algorithms
is calculated.

5 Experimental results and analysis

5.1 Compared algorithms and parameter settings

In this study, four competitive DMOEAs are selected for
comparison with ISPP-DMOEA, namely, PPS-DMOEA
[13], MDP-DMOEA [17], KTM-DMOEA [34], and RNN-
DMOEA [35]. All algorithms utilize the same static solver,
NSGA-III. The specific parameters for each of the compared
DMOEAs are configured according to the recommendations
provided in their respective original publications [13, 17, 34,
35]. The time variable t for all test problems is expressed as
t � (

1
/
nt

)⌊
τ
/

τt
⌋
, where nt represents the severity of envi-

ronmental changes and τ t denotes the frequency of these
changes, with τ indicating the generation counter.

The parameter settings are as follows.

(1) TheMOEA uses NSGA-III, the crossover probability is
0.7, and the mutation probability is 0.3.

(2) For a dynamic optimization problem with two objec-
tives, the population size is N � 100. For a dynamic
optimization problem with three objectives, the popula-
tion size isN � 200. For all test instances, the dimension
of the search space is 10.
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(3) For the dynamic optimization problem with two objec-
tives, dividing lines are set as K � 10. Among these,
FDA1, FDA2, FDA3, dMOP1, dMOP2, Fun8, F7,
LSF1, LSF2, and LSF3 use Method 1 to set the divid-
ing lines. Fun7, HE2, LSF4, and LSF5 use Method 2
to set the dividing lines. For the dynamic optimization
problemwith three objectives, FDA4, FDA5, and LSF6,
dividing lines are set as K � 5*5� 25.

(4) When 5% of the individuals are selected for environ-
mental change detection, 100 environmental changes
are selected in each run. The environmental dynamics
are set to (nt , τt ) ∈ {(5, 20), (10, 20), (10, 30)}, each
test instance is run independently 20 times, and the prob-
lems change every 30 generations.

5.2 Comparison of performance evaluation results

This section first visualizes the prediction performance of
ISPP using 30 consecutive time points with an interval of
2. The selected test instances are (a) dMOP2, (b) Fun7, (c)
LSF3, and (d) LSF5, where t � 60, 62, 64, …, 90, t + 1 �
61, 63, 65, …, 91.nt � 10, τt � 30. Figure 6 shows the final
PF and PS at time t, and Fig. 7 depicts the predicted initial
PF and PS at time t + 1.

Dynamic multiobjective optimization problems and most
environmental prediction tasks generally exhibit stagewise
evolution characteristics. In the initial stage, data are rela-
tively scarce, and model training is insufficient, making it
crucial to test the algorithm’s adaptability and noise resis-
tance. As the process enters the intermediate stage, the data
accumulate, and the model begins to stabilize; therefore, the
focus shifts to evaluating the algorithm’s convergence speed
and transitional adaptation ability. In the later stage, with
ample data, predictive methodsmature, and attention turns to
their long-term stability and generalization performance. To
conduct an in-depth analysis of how the quantity and quality
of stored historical information affect prediction strategies,
this paper divides the entire dynamic process into three peri-
ods: 0 ≤ t ≤ 20 (initial), 21 ≤ t ≤ 60 (intermediate), and
61 ≤ t ≤ 100 (later), while also presenting results for the
overall period 0 ≤ t ≤ 100, with the environmental dynam-
ics changing to nt � 10, τt � 30. By segmenting algorithm
performance according to these stages in this paper, we are
able to reveal the advantages and disadvantages of each algo-
rithm at different phases directly and investigate the impact
of historical data accumulation on prediction performance.
Moreover, this type of segmentation analysis provides valu-
able insights for algorithm selection in practical applications.

The performance of the MIGD is compared across these
segments. Specifically, Table 2 presents the statistical results
of each algorithm’s MIGD after 20 independent runs in the

respective time intervals, and Fig. 8 illustrates the dynamic
curves of the MIGD values over time. By evaluating algo-
rithm performance in different evolutionary stages, this
segmented analysis comprehensively reveals the strengths
and weaknesses of various prediction strategies, providing
valuable guidance for algorithm optimization and practical
system selection.

According to the different variation characteristics of PF
andPS, all the test problems are divided into seven categories,
and then the experimental results are discussed.

Category 1: Test instances where the PF is continuous
and the PS translates in the same direction at the same
frequency. Examples include FDA1, FDA2, FDA3, FDA4,
FDA5, dMOP1, dMOP2, and LSF6.

Category 2: Test instances where the PF is continuous and
the PS rotates in the same direction at the same frequency.
Examples include Fun7 and Fun8.

Category 3: Test instances where the PF is disconnected
and the PS translates in different directions at the same fre-
quency. Example: LSF1.

Category 4: Test instances where the PF is disconnected
and the PS translates in different directions at different fre-
quencies. Example: LSF2.

Category 5: Test instances where the PF is disconnected
and the PS rotates in different directions at different frequen-
cies. Example: LSF3.

Category 6: Test instances where the PF is disconnected
and the PS rotates in different directions at the same fre-
quency. Example: LSF4.

Category 7: Test instances where the PF is disconnected
and the PS rotates in the samedirection at the same frequency.
Example: LSF5.

(1) Experimental results and discussion of the first-category
test problems.

As shown in Table 2, for some test problems, when 0 ≤
t ≤ 20, the prediction results of the MDP and KTM outper-
form those of the other comparative algorithms. The reason
for this phenomenon is mainly due to the limited historical
information stored by PPS, RNN, and ISPP during the initial
stage. When 21 ≤ t ≤ 60, 61 ≤ t ≤ 100, and 0 ≤ t ≤ 100, the
prediction performance of ISPP is better than those of PPS,
MDP, KTM, and RNN for most test problems. Among them,
when 0 ≤ t ≤ 100, for FDA3, the prediction performance of
KTM is significantly better than those of the other four meth-
ods, mainly because the distribution of the PS under different
environments for FDA3 is very suitable for predictions using
theKTMmethod. For dMOP2, the prediction performance of
RNN is significantly worse than those of the other four meth-
ods, mainly because RNN may overfit the local (non)linear
fluctuations.
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Fig. 6 Final PF and PS at time t

Fig. 7 Predicted initial PF and PS at time t + 1

(2) Experimental results and discussion of the second-
category test problems.

As shown in Table 2, for Fun7, the prediction performance
of ISPP is superior to those of the other four comparative
methods during different time periods. For Fun8, except
when 0 ≤ t ≤ 20, where ISPP outperforms the other four
methods, RNN shows significantly better prediction perfor-
mance than the other four methods when 21 ≤ t ≤ 60, 61 ≤ t
≤ 100, and 0 ≤ t ≤ 100. The reason for this phenomenon is
that the PS of Fun7 rotates around the origin, with its center

point constantly changing, whereas the PS of Fun8 rotates
around a fixed center point.

(3) Experimental results and discussion of the third-
category test problems.

As shown in Table 2, for LSF1, when 0 ≤ t ≤ 20, 21
≤ t ≤ 60, 61 ≤ t ≤ 100, and 0 ≤ t ≤ 100, the prediction
performances of ISPP andMDPare comparable; both outper-
form the other three comparative algorithms,with ISPP being
slightly better overall. This result indicates that although the
historical information stored by ISPP is limited during the
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Table 2 Results of MIGD
obtained by PPS, MDP, KTM,
RNN, and ISPP over 20 runs

Instance Strategy 0 ≤ t ≤ 100 0 ≤ t ≤ 20 21 ≤ t ≤ 60 61 ≤ t ≤ 100

FDA1 PPS
MDP
KTM
RNN
ISPP

0.0047
0.0048
0.0049
0.0053
0.0045

0.0070
0.0049
0.0056
0.0063
0.0066

0.0042
0.0047
0.0048
0.0055
0.0039

0.0041
0.0047
0.0047
0.0052
0.0040

FDA2 PPS
MDP
KTM
RNN
ISPP

0.0053
0.0059
0.0058
0.0070
0.0050

0.0046
0.0047
0.0043
0.0042
0.0048

0.0053
0.0060
0.0070
0.0059
0.0048

0.0057
0.0065
0.0053
0.0094
0.0052

FDA3 PPS
MDP
KTM
RNN
ISPP

0.0122
0.0095
0.0070
0.0091
0.0080

0.0087
0.0076
0.0076
0.0101
0.0135

0.0135
0.0101
0.0068
0.0097
0.0063

0.0126
0.0099
0.0069
0.0082
0.0068

FDA4 PPS
MDP
KTM
RNN
ISPP

0.0751
0.0543
0.0511
0.0729
0.0507

0.0775
0.0495
0.0467
0.0710
0.0510

0.0765
0.0521
0.0534
0.0739
0.0496

0.0734
0.0590
0.0511
0.0729
0.0516

FDA5 PPS
MDP
KTM
RNN
ISPP

0.1111
0.0880
0.0817
0.1133
0.0844

0.1110
0.0856
0.0802
0.1078
0.0796

0.1113
0.0878
0.0825
0.1146
0.0913

0.1109
0.0893
0.0815
0.1148
0.0799

dMOPl PPS
MDP
KTM
RNN
ISPP

0.0057
0.0054
0.0050
0.0048
0.0044

0.0065
0.0069
0.0075
0.0081
0.0056

0.0054
0.0050
0.0042
0.0040
0.0040

0.0055
0.0050
0.0045
0.0040
0.0041

dMOP2 PPS
MDP
KTM
RNN
ISPP

0.0049
0.0053
0.0058
0.0129
0.0046

0.0081
0.0058
0.0074
0.0170
0.0078

0.0042
0.0052
0.0053
0.0130
0.0038

0.0041
0.0052
0.0055
0.0106
0.0037

Fun7 PPS
MDP
KTM
RNN
ISPP

0.0104
0.0092
0.0296
0.0101
0.0087

0.0162
0.0127
0.0134
0.0122
0.0112

0.0096
0.0081
0.0380
0.0110
0.0078

0.0083
0.0085
0.0292
0.0083
0.0081

Fun8 PPS
MDP
KTM
RNN
ISPP

0.0313
0.0220
0.0423
0.0164
0.0217

0.0115
0.0087
0.0100
0.0079
0.0070

0.0299
0.0271
0.0709
0.0176
0.0270

0.0425
0.0285
0.0299
0.0195
0.0236

HE2 PPS
MDP
KTM
RNN
ISPP

0.1777
0.1783
0.1786
0.1810
0.1762

0.1667
0.1704
0.1643
0.1875
0.1640

0.1810
0.1790
0.1822
0.1792
0.1780

0.1806
0.1807
0.1823
0.1796
0.1774

LSF1 PPS
MDP
KTM
RNN
ISPP

0.1021
0.0155
0.0767
0.0366
0.0154

0.0881
0.0320
0.0978
0.0546
0.0290

0.0974
0.0115
0.0696
0.0304
0.0112

0.1139
0.0127
0.0733
0.0338
0.0112
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Table 2 (continued)
Instance Strategy 0 ≤ t ≤ 100 0 ≤ t ≤ 20 21 ≤ t ≤ 60 61 ≤ t ≤ 100

LSF2 PPS
MDP
KTM
RNN
ISPP

0.0765
0.0387
0.0727
0.1044
0.0378

0.0558
0.0259
0.0340
0.1240
0.0250

0.1094
0.0504
0.1066
0.0772
0.0501

0.0539
0.0342
0.0581
0.1219
0.0311

LSF3 PPS
MDP
KTM
RNN
ISPP

0.0410
0.0434
0.0465
0.0385
0.0384

0.0433
0.0406
0.0382
0.0391
0.0366

0.0515
0.0562
0.0592
0.0483
0.0498

0.0309
0.0321
0.0387
0.0287
0.0279

LSF4 PPS
MDP
KTM
RNN
ISPP

0.2037
0.2364
0.1938
0.1928
0.1916

0.2411
0.2202
0.1941
0.1943
0.1916

0.1953
0.2413
0.1939
0.1923
0.1914

0.1934
0.2395
0.1936
0.1924
0.1917

LSF5 PPS
MDP
KTM
RNN
ISPP

0.2040
0.2257
0.2097
0.1938
0.1934

0.2064
0.2359
0.2119
0.1931
0.1932

0.2073
0.2168
0.2118
0.1939
0.1933

0.1996
0.2294
0.2065
0.1942
0.1937

LSF6 PPS
MDP
KTM
RNN
ISPP

0.0640
0.0814
0.0658
0.0617
0.0584

0.0726
0.0861
0.0735
0.0763
0.0672

0.0623
0.0835
0.0643
0.0592
0.0579

0.0614
0.0770
0.0635
0.0568
0.0546

The bold values highlight the statistically optimal mean results of MIGD achieved by different prediction
strategies on each test instance over 20 runs across various stages of the entire dynamic process
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Fig. 8 Average IGD values over 20 runs versus time for PPS, MDP, and ISPP on a FDA1, b FDA2, c FDA3, d dMOPl, e dMOP2, f Fun7, g LSF1,
h LSF3, (i) LSF5, and (j) LSF6
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initial stage, the quality of the initial population produced by
ISPP predictions is still better for this type of test function.

(4) Experimental results and discussion of the fourth-
category test problems.

The experimental results are similar to those in (3). Table
2 shows that for LSF2, when 0 ≤ t ≤ 20, 21 ≤ t ≤ 60, 61
≤ t ≤ 100, and 0 ≤ t ≤ 100, the prediction performances of
ISPP and MDP are comparable; both outperform the other
three comparative algorithms, with ISPP being slightly better
overall.

(5) Experimental results anddiscussionof thefifth-category
test problems.

Table 2 shows that for LSF3,when 0≤ t ≤ 20, 21≤ t ≤ 60,
61 ≤ t ≤ 100, and 0 ≤ t ≤ 100, the prediction performances
of ISPP and RNN are comparable, and both outperform the
other three comparative algorithms. RNN has a clear advan-
tage in terms of prediction performance, mainly because the
PS of LSF3 rotates around a fixed center point.

(6) Experimental results and discussion of the sixth-
category test problems.

The experimental results are similar to those in (5). Table
2 shows that for LSF4, when 0 ≤ t ≤ 20, 21 ≤ t ≤ 60, 61
≤ t ≤ 100, and 0 ≤ t ≤ 100, the prediction performances of
ISPP and RNN are comparable; both outperform the other
three comparative algorithms, with ISPP being slightly better
overall.

(7) Experimental results and discussion of the seventh-
category test problems.

The experimental results are similar to those in (5). Table
2 shows that for LSF5, when 0 ≤ t ≤ 20, 21 ≤ t ≤ 60, 61
≤ t ≤ 100, and 0 ≤ t ≤ 100, the prediction performances of
ISPP and RNN are comparable; both outperform the other
three comparative algorithms, with ISPP being slightly better
overall.

Additionally, from the overall data distribution in Table 2,
the following three points can be observed:

(1) For different prediction strategies, the MIGD values
for continuous test functions are lower than those for
discontinuous test functions. As the variation character-
istics of the PS becomemore complex, theMIGDvalues
increase.

(2) For test functions where the PS changes when it rotates
around a center point, the prediction performance of PPS
is poor. This is because PPS describes the PS using a
single center point and anm− 1-dimensional manifold.
Although the center point changes little under different
environments, merely predicting the center of the PS
does not sufficiently capture the trends in PS variation.

(3) For discontinuous test functions, the prediction perfor-
mance of KTM is poor. This is primarily due to the
sampling method used by KTM, which can introduce
poor solutions by sampling from the distribution of
constructed elite solutions, thereby affecting prediction
performance. For continuous test functions, however,
KTMcan achieve better distributed solutions, especially
in tracking the boundary points of the target space more
effectively.

To clearly observe the quality of the obtained initial popu-
lations, we also draw the initial populations obtained by PPS,
MDP, KTM, RNN and ISPP with the lowest MIGD metric
values at different times on (a) FDA2, (b) dMOP1, (c) Fun7,
(d) LSF2, (e) LSF3, (f) HE2, and (g) LSF5 in Fig. 9.

Figure 9 shows that for all test functions, the quality of the
initial population predicted by ISPP is better. Furthermore,
the quality of the initial predicted population for continu-
ous PF test functions is significantly higher than those for
discontinuous PF test functions. The more complex the vari-
ation characteristics of the PS are, the more the advantages
of ISPP are demonstrated.

To further observe the quality of the final population
obtained,we plotted theMIGDvalues of the lowest final pop-
ulations for some test functions in Fig. 10, which revealed
thatwhen the static optimizationmethods are consistent, after
running 30 generations on FDA2, dMOP1, Fun7, and LSF5,
the quality of the final populations produced by all five meth-
ods is good; however, the distribution of the final population
obtained by ISPP is better. After running 30 generations on
LSF2, the final populations produced by the four comparative
algorithms (PPS,MDP, KTM, RNN) have poor distributions,
whereas the final population produced by ISPP is of good
quality. The main reason for this is the different initial pop-
ulation qualities predicted by the five prediction strategies,
leading to differences in the final tracking performance.

To assess the influence of the severity and frequency
of environmental changes on the effectiveness of predic-
tion strategies, Table 3 presents the MIGD statistical results
from 20 independent runs for three different parameter
combinations: (nt , τt ) ∈ {(5, 20), (10, 20), (10, 30)}. The
statistically optimal mean results for each test instance
are highlighted in bold. To ensure valid conclusions, the
Wilcoxon rank-sum test is conducted at a significance level of
0.05. In the second-to-last row of Table 3, the symbols “ + ”,
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Fig. 9 Initial populations obtained by PPS, MDP, and ISPP at different times with the lowest MIGD values among 20 runs on a FDA2, b dMOP1,
c Fun7, d LSF2, e LSF3, f HE2, and g LSF5
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Fig. 10 Final populations obtained by PPS, MDP, and ISPP at different times with the lowest MIGD values among 20 runs on a FDA2, b dMOP1,
c Fun7, d LSF2, and e LSF5

“� ”, and “–” summarize the outcomes where ISPP-NSGA-
III outperforms, performs comparably to, or underperforms
relative to its competitors. The last row indicates the percent-
age of the best statistically significant mean results achieved
by each algorithm across all test instances.

As shown, ISPP achieved the best results in 39 out of 48
scenarios when tackling the selected test problems, whereas
PPS, MDP, KTM, and RNN had the best results in only 0, 0,
5, and 4 cases, respectively. This suggests that ISPP performs
better at tracking thePF inmost scenarios. In particular, under
most dynamic conditions for FDA1, FDA2, FDA4, FDA5,
dMOP1, dMOP2, Fun7, HE2, and the LSF series, ISPP sig-
nificantly outperformed the other algorithms, demonstrating
a clear advantage in adapting to changes in PF structures.

However, ISPP performed somewhat worse than its best
competitors on FDA3 and Fun8, mainly because of the
specific characteristics of these cases. In particular, the PS
distribution in FDA3 is well suited for prediction using the
KTMmethod, whereas the rotational nature of the PS around
the center point in Fun8 is more efficiently handled by the
nonlinear predictor RNN. Overall, compared with the four
other algorithms, ISPP exhibits superior optimization perfor-
mance and shows lower sensitivity to variations in frequency
and severity.

5.3 Sensitivity study

In the ISPP, there are two important parameters that users
need to identify: the number of dividing lines (k) in the ISPP
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Table 3 Results of MIGD
obtained by PPS, MDP, KTM,
RNN, and ISPP over 20 runs
with three dynamic setups

Problem (nt , τt ) PPS MDP KTM RNN ISPP

FDA1 (10,30)
(10,20)
(5,20)

0.0047(=)
0.0054(=)
0.0082(+)

0.0048(=)
0.0058(=)
0.0092(+)

0.0049(=)
0.0053(=)
0.0080(+)

0.0053(+)
0.0073(+)
0.0095(+)

0.0045
0.0052
0.0073

FDA2 (10,30)
(10,20)
(5,20)

0.0053(=)
0.0064(+)
0.0076(+)

0.0059(+)
0.0073(+)
0.0086(+)

0.0058(+)
0.0083(+)
0.0089(+)

0.0070(+)
0.0077(+)
0.0092(+)

0.0050
0.0055
0.0064

FDA3 (10,30)
(10,20)
(5,20)

0.0122(+)
0.0163(+)
0.0861(+)

0.0095(+)
0.0136(+)
0.0461(+)

0.0070(-)
0.0084(-)
0.0207(-)

0.0091(+)
0.0128(+)
0.0429(+)

0.0080
0.0116
0.0316

FDA4 (10,30)
(10,20)
(5,20)

0.0751(+)
0.1012(+)
0.1618(+)

0.0543(+)
0.0789(+)
0.1231(+)

0.0511(=)
0.0647(+)
0.0691(-)

0.0729(+)
0.1015(+)
0.1561(+)

0.0507
0.0605
0.0769

FDA5 (10,30)
(10,20)
(5,20)

0.1111(+)
0.1527(+)
0.2486(+)

0.0880(+)
0.1231(+)
0.1555(+)

0.0817(-)
0.0892(+)
0.1121(+)

0.1133(+)
0.1500(+)
0.2438(+)

0.0844
0.0878
0.0958

dMOPl (10,30)
(10,20)
(5,20)

0.0057(+)
0.0066(+)
0.0071(+)

0.0054(+)
0.0064(+)
0.0069(+)

0.0050(+)
0.0054(+)
0.0070(+)

0.0048(=)
0.0051(=)
0.0062(+)

0.0044
0.0048
0.0049

dMOP2 (10,30)
(10,20)
(5,20)

0.0049(=)
0.0060(+)
0.0150(+)

0.0053(+)
0.0068(+)
0.0203(+)

0.0058(+)
0.0078(+)
0.0129(+)

0.0129(+)
0.0351(+)
0.1259(+)

0.0046
0.0055
0.0083

Fun7 (10,30)
(10,20)
(5,20)

0.0104(+)
0.0205(+)
0.2412(+)

0.0092(+)
0.0181(+)
0.2371(+)

0.0296(+)
0.0723(+)
0.2559(+)

0.0101(+)
0.0218(+)
0.4199(+)

0.0087
0.0135
0.1386

Fun8 (10,30)
(10,20)
(5,20)

0.0313(+)
0.2577(+)
0.3235(+)

0.0220(=)
0.1676(+)
0.2372(+)

0.0423(+)
0.0480(+)
0.0621(+)

0.0164(-)
0.0189(-)
0.0476(-)

0.0217
0.0256
0.0562

HE2 (10,30)
(10,20)
(5,20)

0.1777(+)
0.1915(+)
0.2001(+)

0.1783(+)
0.1894(+)
0.1995(+)

0.1786(+)
0.1844(+)
0.2010(+)

0.1810(+)
0.1845(+)
0.1988(+)

0.1762
0.1828
0.1983

LSF1 (10,30)
(10,20)
(5,20)

0.1021(+)
0.1079(+)
0.1176(+)

0.0155(=)
0.0253(=)
0.0531(+)

0.0767(+)
0.1119(+)
0.1196(+)

0.0366(+)
0.0477(+)
0.1064(+)

0.0154
0.0249
0.0493

LSF2 (10,30)
(10,20)
(5,20)

0.0765(+)
0.0857(+)
0.1846(+)

0.0387(+)
0.0490(+)
0.0872(+)

0.0727(+)
0.1006(+)
0.1130(+)

0.1044(+)
0.1385(+)
0.1399(+)

0.0378
0.0444
0.0730

LSF3 (10,30)
(10,20)
(5,20)

0.0410(+)
0.0460(+)
0.0527(+)

0.0434(+)
0.0504(+)
0.0525(+)

0.0465(+)
0.0538(+)
0.0552(+)

0.0385(=)
0.0463(+)
0.0484(+)

0.0384
0.0440
0.0468

LSF4 (10,30)
(10,20)
(5,20)

0.2037(+)
0.2176(+)
0.2223(+)

0.2364(+)
0.2367(+)
0.2417(+)

0.1938(+)
0.1946(+)
0.2078(+)

0.1928(+)
0.1929(-)
0.2083(+)

0.1916
0.1934
0.2017

LSF5 (10,30)
(10,20)
(5,20)

0.2040(+)
0.2106(+)
0.2504(+)

0.2257(+)
0.2283(+)
0.2356(+)

0.2097(+)
0.2156(+)
0.2306(+)

0.1938(=)
0.2051(+)
0.2109(+)

0.1934
0.2007
0.2064

LSF6 (10,30)
(10,20)
(5,20)

0.0640(+)
0.0782(+)
0.1030(+)

0.0814(+)
0.0963(+)
0.0966(+)

0.0658(+)
0.0748(+)
0.0970(+)

0.0617(+)
0.0770(+)
0.0934(+)

0.0584
0.0578
0.0661

+/=/-
Best/all

44/4/0
0/48

43/5/0
0/48

40/3/5
5/48

40/4/4
4/48

—
39/48

The bold values highlight the statistically optimal mean results of MIGD achieved by different prediction
strategies on each test instance over 20 runs under three different parameter combinations: (nt , τt ) ∈ {(5,
20), (10, 20), (10, 30)}
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Table 4 Results of MIGD obtained by ISPP with different numbers of dividing lines k over 20 runs

Numbers of dividing lines k 1 5 10 15 20 25 30

dMOP2 0.0065 0.0057 0.0055 0.0048 0.0051 0.0056 0.0061

LSF2 0.1261 0.0456 0.0446 0.0475 0.0457 0.0405 0.0416

The bold values indicate the statistically best mean results of MIGD obtained by ISPP with different numbers of dividing lines k over 20 runs

Table 5 Results of MIGD
obtained by ISPP with different
numbers of AR model order
p over 20 runs

AR model order p 1 2 3 4 5 6

dMOP2 0.0261 0.0070 0.0055 0.0063 0.0064 0.0080

LSF2 0.0950 0.0422 0.0446 0.0568 0.0563 0.0648

The bold values indicate the statistically best mean results of MIGD obtained by ISPP with different numbers
of AR model order p over 20 runs

and the order of the AR model (p). The value of k affects the
modeling accuracy of the PF: a larger k allows for a more
detailed characterization of the PF morphology but increases
sensitivity to noise. The value of p affects the trend-capturing
ability across dimensions at the center point: higher-order
models are prone to overfitting, whereas lower-order models
may overlook nonlinear changes.

In this section, the sensitivity of the ISPP to parameters k
and p was studied by applying different values of k and p in
the test instances dMOP2 and LSF2.

To compare the effects of different k and p values on ISPP
performance visually, Tables 4 and 5 present the MIGD sta-
tistical results from 20 independent runs, with a fixed AR
model order of p � 3 for different k values and a fixed num-
ber of dividing lines of k � 15 for different p values, where
lower values indicate better overall performance.

As shown in Table 4, the number of dividing lines k is set
in the range of 10–20, with the optimal k � 15. As shown in
Table 5, the AR model order is set in the range of 2–3, with
the optimal p � 3. Under this configuration, the test prob-
lems can ensure good convergence while avoiding excessive
computational complexity.

6 Conclusions and future work

In this paper, we propose a dividing line–hyperplane inter-
section and associated subpopulation prediction strategy for
evolutionary dynamic multiobjective optimization, referred
to as ISPP-DMOEA, to increase the ability of MOEAs to
handle DMOPs. ISPP captures and divides the PF by fitting
a hyperplane and setting evenly distributed dividing lines,
thereby thoroughly capturing the overall characteristics of
the PF as it changes over time. Through local association
operations of PF intersection points, the PS is divided into
multiple subpopulations, accurately reflecting the trend of PS

changes over time and quickly predicting the initial popula-
tion with better distribution and convergence.

To test the performance of ISPP comprehensively, we
designed six optimization problems based on existing
dynamic multiobjective optimization test functions, featur-
ing discontinuous PFs and PFs that translate or rotate at
different frequencies. We compared ISPP with four typical
algorithms (PPS, MDP, KTM, and RNN) from the perspec-
tives of the quantity and quality of historical information, as
well as the severity and frequency of environmental changes.
Furthermore,we assessed the time cost of ISPP-DMOEAand
conducted sensitivity analyses on its two key parameters.

The experimental results show that ISPP performs well
on most test functions, especially in problems with discon-
tinuous PFs and PSs, where the PS undergoes translations or
rotations at different frequencies, demonstrating a clear com-
petitive advantage. Nevertheless, certain limitations remain.
Because ISPP adopts an AR model to predict subpopulation
centers—a linear predictionmethod—it excels at forecasting
trends but may fail to capture nonlinear features in environ-
ments with pronounced nonlinear changes, thus affecting
predictive accuracy. For instance, ISPP falls short of RNN
on Fun8. In addition, during the process of generating the
initial population through submanifold prediction, weak cor-
relations between submanifolds and limited capability for
historical feature transfer result in ISPP being outperformed
by KTM on the FDA3. The success of KTM on FDA3 sug-
gests that introducing knowledge transfer mechanisms can
increase ISPP’s adaptability in the early stages of environ-
mental changes. Similarly, the strong performance of RNN
on Fun8 implies that integrating the AR(p) model with
RNN could further improve ISPP’s ability to solve dynamic
optimization problems under diverse environments, espe-
cially when there are substantial population differences and
pronounced nonlinear trends in the population distribution.
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Future work will focus on improving and extending ISPP-
DMOEA to better address complex dynamic multiobjective
optimization problems in real-world scenarios.
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