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Abstract
To overcome the challenges arising from the estimation of elliptical shape parameters
(orientation and semi-axis length) and unknown multiplicative noise covariance (MNC) in
extended object tracking (EOT), this study proposes an innovative adaptive EOT method based
on the soft actor-critic deep reinforcement learning (DRL) algorithm. Multiplicative noise, as a
complex uncertainty factor, significantly affects the tracking performance of extended objects
(EO), especially the recognition of shapes. Improper processing of MNC may lead to unstable
parameter estimation or significant bias. The remarkable development of artificial intelligence,
especially DRL, has provided a strong drive for intelligent decision making of optimal
estimation. Through the combination of DRL and recursive Kalman filter, the estimation
accuracy of EO orientation and elliptic axis length can be jointly improved, thus optimizing EOT
performance to a large extent. This approach enhances the adaptability of the EOT algorithm
through interactive learning between the agent and the environment with online adaptive tuning
of the MNC and elliptical parameters. The simulation results show the superiority of the method
compared with the existing methods, with significant improvement in estimation accuracy and
robustness. In various test scenarios, the method can estimate the state and shape parameters of
the EO more accurately, in which, for the shape estimation accuracy of the EO, the Gaussian
Wasserstein distance of the proposed algorithm is optimized by 20.3%, 23.7%, and 18.9%,
respectively, compared with the existing optimal method in different experimental scenarios.

Keywords: extended object tracking, deep reinforcement learning,
unknown multiplicative noise covariance, elliptical parameters

1. Introduction

Extended object tracking (EOT) refers to the estimation of
the kinematic state and shape parameters of an object in a
radar or sensor system by monitoring and processing mul-
tiple measurements in real time and is a critical technology
in radar system. In fact, traditional object tracking meth-
ods usually assume that the object only produces a single

∗
Author to whom any correspondence should be addressed.

measurement and is therefore considered a point object or
small object. Notably, with the rapid development of high-
resolution sensing technology, the object presents a large
physical size and provides rich information about its shape
through multiple measurements. This type of tracking task
is often referred to as ‘EOT,’ where the key is to simultan-
eously estimate the object’s kinematic (e.g. position, velocity)
as well as its shape characteristics (e.g. orientation angle, axis
length). This lays a solid foundation for the development of
EOT, and significantly expands the prospect of the application
of EOT in complex environment. As an innovation in tracking
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technology in recent years, EOT has been applied in areas such
as autonomous driving [1–3], marine surveillance [4–6], and
drone navigation [7, 8]. These applications improve the sys-
tem’s tracking accuracy and improve object identification and
classification capabilities.

Some classical EOT methods, such as those based on ran-
dom hypersurface model [9] and Gaussian process [10], have
garnered widespread acclaim for their superior estimation per-
formance. These techniques excel in scenarios with dense
measurements, enabling effective estimation of complex irreg-
ular object shapes, including star-convex [11] and non-star-
convex [12] geometries. However, their performance signific-
antly deteriorates in environments with sparse measurements,
making them less viable for practical use. Consequently,
approximating an object as an ellipse in sparse measure-
ment environments becomes a more reasonable and pragmatic
approach, simplifying the estimation process while maintain-
ing efficient identification of the basic contour features of the
object.

In previous research, various methods have been proposed
to address the problem of elliptical EOT. In [13], the sym-
metric positive definite random matrix was proposed to model
the extended state of the object. However, this approach did
not consider the potential impact of sensor errors, which
could lead to overestimating the extended state. Subsequently,
literature [14] improved upon this method by incorporat-
ing sensor errors and adjusting the measurement likelihood
function accordingly. Despite this improvement, introducing
additive terms into covariance presents a challenge for easily
managed conjugate priors. To address these issues, literature
[15] proposed a new measurement update method that con-
sidered measurement noise, using variable decibels Bayesian
(VB) technology to derive approximate measurement updates.
Although the performance is improved compared with the
previous methods, the VB method still introduces obvious
kinematic state errors when there is a large prediction error.
In [16], an approximate Bayesian method was proposed to
address unresolved scattering centers of extended or group
objects, combining a measurement noise model to estimate
the object’s kinematic and extended state. However, all these
methods assume linear measurements even though actual sys-
tem often exhibit non-linearity. In [17], a method was pro-
posed for linearizing nonlinear measurements for extended
object (EO) or group object tracking, providing a more real-
istic approach to handle the inherent non-linearity measure-
ment system. Although these methods are capable of accur-
ately estimating the size and orientation of an ellipse, it is often
difficult to distinguish between uncertainties in the semi-axis
and the orientation of the ellipse. This is because when using
the inverse Wishart distribution, the uncertainty in both the
ellipse orientation and the semi-axis length is encoded in a
single scalar degree of freedom. Consequently, new methods
have emerged in recent years aimed at explicitly estimating the
ellipse shape parameters of EOT.

In [18], a novel method for elliptical EOT was proposed,
which parametrizes the ellipse and introduces multiplicat-
ive error term to establish the relationship between measure-
ments and elliptical parameters. Recent research has addressed

the problem of tracking ellipses with fixed but unknown
axis lengths and varying orientations using the expectation-
maximization (EM) approach [19]. This method estimates the
object’s kinematic state and shape parameters within a unified
framework. However, existing methods still have limitations,
such as sensitivity to initial conditions and lack of flexibility.
These limitationsmay lead to suboptimal performance in prac-
tical applications.

In addition, existing algorithms for elliptical EOT either
ignore the influence of measurement noise or only consider
additive measurement noise but do not consider the impact
of multiplicative noise (MN) on the state estimation of EO.
In practical applications, MN is widespread and more chal-
lenging than additive noise due to its nonzero mean and the
difficulty of determining mean and covariance. This uncer-
tainty poses significant challenges to state estimation and ser-
iously affects the accuracy of filters. Currently, the primary
methods for solving the unknown and time-varying MN cov-
ariance (MNC) problem include adaptive filtering, with VB-
based methods being the research focus. In [20], an unknown
MNC is often modeled as an inverse Gamma orWishart distri-
bution. For this, two adaptive Kalman filters (KF) are derived
using the VB technique to estimate unknownMNC. In another
study, multiplicative and additive noise are jointly treated, and
the VB method is employed to estimate the covariance of both
types of noise simultaneously [21]. However, these methods
are only tailored to the problem of unknown MNC in point
object tracking. In EOT, the unknown MNC not only intro-
duces bias to the motion state estimation of the EO but also
further interferes with the accurate estimation of the ellipt-
ical shape parameters through the error propagation of the
state estimation. Specifically, the unknownMNC leads to cov-
ariance estimation distortion decreasing the estimation accur-
acy of shape parameters and triggering filtering instability; in
addition, the bias of kinematic state estimation may lead to
shape misfit interfering with morphology perception and sub-
sequent decision making; meanwhile, during the linearization
process, the bias of the linearization point selection is amp-
lified in iteration, significantly increasing the estimation error
and decreasing the tracking accuracy. Although some progress
has been made in related research in point object tracking,
there is no effective solution for the unknownMNCproblem in
EOT. Therefore, tracking EO in complex environment remains
a major challenge.

Recently, the application of deep reinforcement learning
(DRL) [22] in object tracking has provided new insights for
adaptive adjustment of elliptical parameters and unknown
MNC. This approach combines deep learning (DL) with rein-
forcement learning (RL), enabling an agent to acquire envir-
onmental states and reward signals through interactive learn-
ing. Consequently, the agent learns how to take action to
achieve optimal objectives. The DRL demonstrates superior
performance in complex decision-making problems and has
been widely applied in robot control [23–25] and autonomous
driving [26–28].

Several recent studies have applied DRL to the radar object
tracking domain [29–31]. For instance, the DRL algorithm
was used for adaptive covariance tuning of the KF, which
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improves the accuracy of state estimation and location in
autonomous driving [32]. Moreover, another study used a
proximal policy optimization algorithm to adaptively estim-
ate the process noise covariance of the KF, improving track-
ing estimation for highly maneuverable drone object [33].
However, previous DRL algorithms have faced limitations
in multitasking learning, handling continuous action spaces,
and maintaining stability. For these challenges, the recently
proposed soft actor-critic (SAC) algorithm addressed these
shortcomings [34]. The SAC algorithm innovatively extends
the traditional actor-critic framework by introducing entropy
regularization, which significantly improves the exploration
ability of strategies. The introduction of entropy regularization
not only motivates the strategies to maintain a high degree of
randomness while pursuing high rewards but also effectively
prevents the intelligence from falling into local optimal solu-
tions in the early learning stage by encouraging the strategies
to be uniformly distributed in the action space. Compared
with other DRL algorithms, the SAC algorithm has signific-
ant robustness, stability, and learning efficiency advantages
[34, 35]. Entropy regularization enhances the exploration of
strategies and improves their robustness. By encouraging the
diversity of strategies, SAC enables intelligence to maintain a
high level of adaptability in the face of changing environments
and, thus, better cope with uncertainties.

The combination of SAC and KF has been studied more.
For example, the literature [36] proposes the RL-EKF frame-
work that utilizes SAC to train the EKF filter gain, which
solves the problem of the traditional method relying onmanual
adjustment of the filter gain and improves the navigation
accuracy in a complex ocean dynamic environment. Literature
[37] combines KF, EKF, and interacting multiple model to
optimize communication power and accuracy in remote traffic
state estimation using SAC for efficient autonomous driving.
Literature [38] proposed a framework combining KF and DRL
to predict the state of dynamic objects using KF and optimize
UAV path planning by the SAC algorithm to solve the nav-
igation problem of autonomous UAVs in non-static environ-
ments. However, none of the existing studies have addressed
the EOT domain. In EOT tasks, the kinematic state and shape
parameters of the object usually change, and the high uncer-
tainty of the environment creates additional challenges for the
EOT. Unlike existing methods, the SAC algorithm can dynam-
ically adjust the MNC and elliptical shape parameters accord-
ing to the current environment state to effectively respond to
the EO state and shape changes. In this way, SAC provides a
highly effective means to optimize the filtering parameters in
EOT, resulting in a more accurate estimation of the EO state
and shape. Therefore, it is of great practical significance and
urgent that the SAC algorithm be used to adjust the parameters
dynamically and optimize the tracking performance in com-
plex EOT tasks. And, adaptive estimation of unknown MNC
and EO parameters using DRL algorithms remains an innov-
ative and challenging research topic.

This paper proposes a novel approach that leverages the
SAC algorithm to address adaptive estimation challenges
in elliptical EOT with unknown MNC and elliptical shape

parameters (SAC-EOT). First, the measurement likelihood
affected by MN is modeled as a Gaussian mixture distribu-
tion representing additive and MN. The SAC algorithm is
used to adaptively adjust the unknown and time-varying MNC
through the interaction between the agent and the tracking
environment. Subsequently, the recursive KF is utilized to
estimate the state of EO. The SAC algorithm then adaptively
adjusts the elliptical shape parameters to account for uncer-
tainties in the orientation and axis lengths, thereby reducing
errors introduced during the linearization of the shape para-
meter measurement equation. To achieve this, a novel reward
function of the entropy reward [29] is used. This function is
the sum of the state estimate and the shape estimate of the
entropy state. Finally, simulation experiments and comparis-
ons with existing algorithms demonstrate the effectiveness of
the proposed algorithm. The results show that the proposed
SAC-EOT algorithm achieves higher estimation accuracy and
robustness than traditional algorithms.

2. Problem background

2.1. Elliptical EO model

In the tracking of elliptical EO, the following shape parameters
are considered in light of elliptical motion orientation and axis
lengths

ek =
[
θk,b

1
k ,b

2
k

]T
(1)

where θk denotes the orientation of the elliptical, representing
the angle between the major axis and the positive orientation
of the x-axis, while b1 and b2 respectively denote themajor and
minor axes of the elliptical. Through these parameters, precise
information regarding the shape of the elliptical EO can be
determined. Figure 1 illustrates the parameterized model of
the elliptical EO.

The kinematic parameter of the elliptical EO at time k can
be represented as

xk = [xk,x,xk,y, ẋk,x, ẋk,y]
T (2)

where (xk,x,xk,y) indicating the centroid position and (ẋk,x, ẋk,y)
indicating the velocity.

2.2. Measurement and kinematic model

At time k, the EO generates a different number of independ-
ent two-dimensional Cartesian detections, denoted as Zk ={
z(i)k

}nk
i=1

, each measurement z(i)k originating from its cor-

responding measurement source y(i)k . Unlike traditional EOT,
the measurement source here is influenced by both Gaussian
multiplicative measurement noise mk ∼N (m̄k, δk) and addit-
ive measurement noise vk ∼N (0,Rk). Therefore, the meas-
urement equation can be represented as

z(i)k = m(i)
k Hkxk+Mkh

(i)
k + v(i)k (3)

3
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Figure 1. Parameterization model of the EO.

where Hk =
[
I2 0

]
denotes the observation matrix, and

Mk =

[
cosθ −sinθ
sinθ cosθ

][
b1 0
0 b2

]
(4)

representing the orientation and size of the EO, h(i)k ∼
N
(
0,σh

)
is a multiplicative error term that establishes the

relationship between the measurement source and the object
shape, and σh = 1/4× I2.

Due to the introduction of MN in the measurements, the
measurement likelihood exhibits non-Gaussian characteristic.
To effectively characterize this non-Gaussian characteristic, a
mixture of Gaussian distributions (MG) is adopted to model
the measurement likelihood

p
(
z(i)k |xk,ek

)
=N

(
z(i)k ;0, R̃k

)
+N

(
z(i)k ; m̄kHkxk,Mkσ

hMT
k +

⌣

Rk

)
(5)

where R̃k and
⌣

Rk respectively representing the covariance of
multiplicative and additive measurement noise

R̃k = δkHkDkH
T
k (6)

⌣

Rk = m̄2
kHkPk|kH

T
k +Rk (7)

Dk = E
[
xkx

T
k

]
. (8)

Here Pk|k denotes error matrix. Considering the following
discrete-time linear motion state models

xk+1 = Fkxk+wk (9)

ek+1 = Fekek+wek (10)

where Fk and Fek represent the transition matrix of state and
shape, respectively, wk ∼N (0,Pwr ) and w

e
k ∼N (0,Pwe ) rep-

resent the Gaussian process noise.

Figure 2. Structure of the agent-environment interaction.

2.3. DRL

RL can be defined as a Markov decision process (MDP) that
learns policies through interaction with the environment to
maximize cumulative rewards. DRL integrates DL techniques
into RL and approximates the value and policy functions
using deep neural networks, significantly improving the per-
formance of reinforcement learning algorithm. Figure 2 illus-
trates the structure of the agent-environment interaction. By
defining the parameters appropriately, the problem of adjust-
ing the EOT parameters can be formulated within the DRL
framework:

Environment: It is a tracking system for EO, comprising a
radar surveillance area and EOT filtering process. EO moves
within the surveillance area, and sensors receive measure-
ments of it from the environment. In addition, the agent learns
action policies based on information from the environment and
obtains new actions through action policies.

State space S: The input state for the SAC algorithm is defined
as the motion and extended state of the object. These two com-
ponents provide comprehensive information about the envir-
onment and the task, enabling the agent to make decisions and
learn to adapt to the environment. Therefore, at each time step,
the input state is S= {xk,yk, ẋk, ẏk,ek}.

Action space A: Considering the practical application scen-
arios of EOT, the action space includes unknown MNC dis-
tribution parameter, elliptical direction angle and axis lengths,
which are adjusted to directly affect the state of the elliptical
EO. This action space is a continuous interval, and the agent
adapts to the dynamic changes in the object state by selecting
different actions in this space.

Reward r: For the problem of tracking elliptical EO, the
algorithm’s estimation performance can be evaluated based
on the covariance of estimation errors in the motion state and
shape. Here, the evaluation metric can utilize the entropy state
at time k, defined as

esk = |·| . (11)

4
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Therefore, the reward function design for the SAC-EOT
algorithm is as follows:

rk = log
(
1+

∣∣esxk−1− esxk
∣∣)sign(esxk−1− esxk

)
+ log

(
1+

∣∣esek−1− esek
∣∣)sign(esek−1− esek

) (12)

where esx is the entropy of motion state, ese is the entropy of
shape and sign(·) denotes the signum function. When es at
time k is less than at time k− 1, it indicates a smaller uncer-
tainty in the state estimation, resulting in a positive reward.
Conversely, it receives a negative reward. This design effect-
ively drives the agent to learn and achieve the desired behavior.

3. SAC for EOT

3.1. System model

The adaptive elliptical EOT method proposed in this paper
mainly consists of two core components: the estimation of
the EO state based on the recursive KF and the adjustment of
the unknown MNC, elliptical orientation and semi-axis length
based on the SAC algorithm. The key to this method lies in
describing EOT as an MDP and then utilizing SAC to adapt-
ively adjust parameters, thereby enhancing the accurate estim-
ation of EO position and shape in complex environments.

To adjust the parameters in EOT, the following objective
function is defined as

O(Θ) =
T∑

k=1

κ(xk,Θ) (13)

where T represents the number of steps in which the agent
interacts with the environment, κ is evaluated at time k based
on the state xk and the elliptical parameters, Θ represents the
vector of parameters to be adjusted. Then, maximizing the
expected value of (13) yields the optimal parameter vector

argmax
Θ

Ô(Θ) (14)

where Ô(Θ) := E [O(Θ)].
Next, the process of how SAC is used to adjust EOT para-

meters is explained. First, based on the current state sk ∈ S and
a tractable policy πϕ(ϕ is the parameter of the policy network),
a specific action ak can be determined, i.e. ak ∼ π ϕ (ak |sk ).
This action space includes the EOT parameters of the current
training step. Then, these parameters are substituted into the
EOT algorithm to obtain the next state sk+1 ∼ p(sk+1 |sk,ak )
and the corresponding reward rk (sk,ak). Since SAC utilizes
an experience replay buffer, this state transition set is stored
in the buffer, i.e. B← B∪{sk,ak,r(sk,ak) ,sk+1}, where B is
the previously sampled state and action distribution or replay
buffer. Therefore, the objective function for training the soft
Q-value function is given by

OQ (ϑ) = E(sk,sk)∼B

[
1
2

(
Qϑ (sk,ak)− Q̂ϑ (sk,ak)

)2]
(15)

where ϑ is the parameter of the Q-value network and

Q̂ϑ (sk,ak) = r(sk,ak)+ γEsk+1∼p [VΦ̄ (sk+1)] . (16)

The policy parameters are learned by

Oπ (ϕ) = Esk∼B

[
DKL

(
π ϕ (· |sk )

∥∥∥∥exp(Qϑ (sk, ·))Zϑ (sk)

)]
.

(17)

Here, the policy is reparameterized using neural network
transformation

ak = fϕ (υk;sk) (18)

where f ϕ represents a neural network transformation, υk rep-
resents input noise. Therefore, the optimal policy for SAC is

π ∗ = argmax
π

Esk,ak∼π (·|sk )

[∑
k

γkr(sk,ak)+βU(π (· |sk ))

]
(19)

where γk is the discount factor for future rewards, U(·) rep-
resents entropy and β represents the temperature coefficient,
determining the relative importance of entropy to reward.
The structure of the SAC algorithm for EOT is illustrated
in figure 3. In this structure, the policy network generates
action based on the current state, using a fully connected feed-
forward neural network with inputs as state vectors of the
object’s kinematic state and shape parameters. The network
contains two hidden layers of 256 neurons with the ReLU
activation function; the output layer generates the mean and
standard deviation of the actions, the standard deviation is
ensured to be non-negative by the soft plus function, and the
reparameterization trick is used to achieve the sampling of the
continuous action space. The inputs of the Q-network are the
state vectors and action vectors spliced together with the two
fully connected layers of the same structure, and the final out-
put is a scalar to assess the action quality. The target network
is aligned with theQ-network through soft updates to improve
training stability. Based on this structure, the agent determ-
ines the action ak based on the current state sk and the policy
network, and the action space covers EOT-related parameters
such as the unknown MNC distribution parameter, elliptical
direction angle, and axis length. By substituting these paramet-
ers into the EOT algorithm, the intelligent agent can compute
the next state sk+1 and reward rk, and the state transfer inform-
ation is stored in the experience replay buffer. By sampling
data from the buffer, the training network and the policy net-
work continuously adjust the parameters to realize the effect-
ive application of the SAC algorithm in EOT. This process con-
tinuously improves the performance of the EOT by iteratively
adjusting and optimizing the parameters.
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Figure 3. The structure of SAC for EOT.

3.2. Adjust unknown MNC and elliptical parameters

In order to acquire the unknown MNC, assume that the meas-
urement likelihood follows the MG model, as shown in (5).
However, obtaining the state estimate directly from the meas-
urement likelihood is not feasible. Therefore, the VB method
needs to be employed. According to Bayes’ theorem and vari-

ational approximation, q(xk) =N
(
xk; x̂

(i)
k|k ,P

r(i)
k|k

)
can be used

to approximate q(xk), the derivation of variational Bayesian
approximation is shown in the appendix. Using the update
equation of the KF and the measurement received at time k,
denoted as z(i)k , the update of the motion state can be repres-
ented as

x̂(i)k|k = x̂(i−1)
k|k−1 +Pry(i)k|k

(
Py(i)k|k

)−1(
z(i)k − m̄kHkx̂

(i−1)
k|k−1

)
(20)

Pr(i)k|k = Pr(i−1)
k|k−1 − m̄kP

ry(i)
k|k

(
Py(i)k|k

)−1(
Pry(i)k|k

)T
(21)

where Py(i)k|k represents the measurement covariance and Pry(i)k|k
represents the cross-covariance between the measurement and
the motion state. With the measurement noise affected byMN,
a new challenge arises in finding the analytical solution for
Py(i)k|k and Pry(i)k|k .

In the context of EOT, due to the presence of the shape mat-
rix Mk|k in the measurement equation (3), it is necessary to

linearize Mk|k h
(i)
k at ê(i−1)

k|k (̂·(i−1)
k|k is the evaluation at p̂(i−1)

k|k )
using the shape parameter ek, such that

Mk|k h
(i)
k ≈ M̂

(i−1)
k|k h(i)k︸ ︷︷ ︸

I

+


(
h(i)k

)T
Ĉ1

(i−1)

k|k(
h(i)k

)T
Ĉ2

(i−1)

k|k

(ek|k − ê(i−1)
k|k

)
︸ ︷︷ ︸

II

(22)

where C1 and C2 are the Jacobian matrices of M’s first and
second rows, respectively, given by

C1 =
∂M1

∂e
=

[
−b1a∗k sinθa∗k cosθa∗k 0
−b2a∗k cosθa∗k 0 −sinθa∗k

]
(23)

C2 =
∂M2

∂e
=

[
b1a∗k cosθa

∗
k

sinθa∗k 0
−b2a∗k sinθa∗k 0 cosθa∗k

]
. (24)

Here,
[
θa∗k ,b

1
a∗k
,b2a∗k

]
can be obtained from the train-

ing according to the elliptical parameters of the pre-

vious time, M1 =
[
b1a∗k cosθa

∗
k
−b2a∗k sinθa∗k

]
, M2 =[

b1a∗k sinθa
∗
k

b2a∗k cosθa
∗
k

]
. Additionally, I and II are uncor-

related, and the covariance of Mk|k h
(i)
k can be approximated

by the sum of PI and PII, i.e.

PI = M̂(i−1)
k|k Ph

(
M̂(i−1)
k|k

)T
(25)

PII = tr

{
Pp

(i−1)

k

(
Ĉn

(i−1)

k|k

)T

PhĈm
(i−1)

k|k

}
, m,n ∈ {1,2} .

(26)
The cross-covariance and covariance are given by

Pry(i)k|k = m̄kP
r(i−1)
k|k HT

k (27)

Py(i)k|k = m̄2
kHkP

r(i−1)HT
k +PI +PII + R̄k (28)

R̄k = δkHkMkH
T
k + m̄2

kHkPk|k−1H
T
k +Rk. (29)

Similarly, letting η = δk and substituting (22) into (21) can
obtain q(δk) = IG

(
δk;ξ k|k , ζk|k

)
, where

ξ k|k = ξ k|k−1 + 1/2 (30)

ζk|k = ρ∗ζk|k−1 + 1/2tr [A] (31)

δk =
ζk|k

ξ k|k
(32)

where

A=

[(
z(i)k − m̄kHkx̂

(i)
k|k

)
(Dk)

−1
(
z(i)k − m̄kHkx̂

(i)
k|k

)T
+m̄2

kHkP
r(i)
k|k H

T
k

]
. (33)
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3.3. Update elliptical parameters

Shape update: To update the shape parameters of the ellipt-
ical, one needs to construct a pseudo-measurement using the
2-fold Kronecker product (Kp) (see appendix). Then, based on
the KF update equation and the pseudo-measurementZ(i)

k , the
shape parameters are updated as

e(i)k|k = ê(i−1)
k|k−1 +MeZ(i)

k|k

(
MZ(i)
k|k

)−1(
Z(i)
k −Z̄

(i)
k

)
(34)

Pe(i)k|k = Pe(i−1)
k|k −PeZ(i)

k|k

(
PZ(i)
k|k

)−1(
PeZ(i)
k|k

)T
(35)

where

PZ(i)
k|k = F

(
Pz(i)k|k ⊗P

z(i)
k|k

)(
F+ F̃

)T
(36)

PeZ(i)
k|k = Pe(i−1)

k|k

(
Ĵ(i−1)
k|k

)T
(37)

J=

 2M1PhC1

2M2PhC2

M1PhC2 +M2PhC1

 . (38)

Here, MZ(i)
k|k denotes the covariance of the pseudo-

measurement, MeZ(i)
k|k is the covariance between the pseudo-

measurement and the shape parameters. The derivation of (47)
can be found in [18]. The covariance matrix of the measure-
ment is denoted by

Pz(i)k =

[
p11 p12
p12 p22

]
. (39)

The Z̄(i)
k represents the expected ith predicted pseudo-

measurement and

Z̄(i)
k = Fvect

{
Pz(i)k|k

}
(40)

vect
{
Pz(i)k|k

}
= [p11 p12 p12 p22]

T
. (41)

Based on the motion state and shape update, the reward
function of the SAC-EOT algorithm at time k can be expressed
explicitly as

rk = log
(
1+

∣∣∣esk−1

∣∣∣Pr(i)k−1

∣∣∣− esk ∣∣∣Pr(i)k

∣∣∣∣∣∣)
× sign

(
esk−1

∣∣∣Pr(i)k−1

∣∣∣− esk ∣∣∣Pr(i)k

∣∣∣)
+ log

(
1+

∣∣∣esk−1

∣∣∣Pe(i)k−1

∣∣∣− esk ∣∣∣Pe(i)k

∣∣∣∣∣∣)
× sign

(
esk−1

∣∣∣Pe(i)k−1

∣∣∣− esk ∣∣∣Pe(i)k

∣∣∣) .
(42)

The SAC algorithm interacts with the environment of EOT,
obtains corresponding reward values based on various selec-
ted actions, and then selects the action with the maximum
reward value as the optimal action, thereby accommodating
the uncertainty in the elliptical parameters and unknown and
time-varying MNC.

Algorithm 1. SAC-EOT.

Input: initial state of kinematic x0, elliptical parameter e0, SAC
parameters B, OQ, Oπ

Output: Optimized state estimates x̂k|k , êk|k
1: Initialization parameters: S, A, rk, Q(s,a;OQ), π (a |s;Oπ )
2: for each time step k= 1 to T do
3: for each iteration t= 1 to N do
4: Obtaining measurement Zk from sensors using (3)
5: Selection of action ak according to the current strategy
6: Measurement Update:
7: Calculation of pseudo-measurements Z(i)

k using (55)
8: Update the state x̂(i)k|k and covariance Pe(i)k|k using (20)
and (21)
9: Update the elliptical parameter e(i)k|k and covariance Pe(i)k|k
using (34) and (35)
10: Calculation of reward rk under (42)
11: Storing Experiences to the replay buffer B
12: Sample replayed experience from the B
13: Update the Critic network OQ using (15)
14: Update the Actor network Oπ using (17)
15: Update target network parameter OQ← τOQ+(1− τ)OQ

16: end for
17: Time Update:
18: Compute the time update of the state x̂(0)k|k+1 , P

r(0)
k|k+1

using (43) and (44)
19: Compute the time update of the elliptical parameters ê(0)k|k+1 ,

Pe(0)k|k+1 using (45) and (46)
20: end for

3.4. Time update

Since the evolution of the kinematic state of the elliptical EO
is linear, the time update process can be performed using the
standard KF time update, i.e.

x̂(0)k|k+1 = Frkx̂
(nk)
k|k (43)

Pr(0)k|k+1 = FrkP
r(nk)
k|k (Frk)

T
+Pwr (44)

where (·)(0)k|k+1 denotes the estimation at time k. Similarly, the
time update of the elliptical parameters are as follows

ê(0)k|k+1 = Fekê
(nk)
k|k (45)

Pe(0)k|k+1 = FekP
e(nk)
k|k (Fek)

T
+Pwe . (46)

The pseudo-code of the proposed algorithm is shown in
algorithm 1 and the source code is available at the following
URL: https://github.com/kadlfj/drl-for-eot.

4. Simulation

This section sets three different simulation scenarios, and
the proposed algorithm is evaluated using simulated data.
To illustrate the effectiveness of the proposed algorithm

7
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(Algorithm2) clearly, it is compared with MN-MEM-EKF-
EOT (Algorithm1), MN-SOEKF-EOT (Algorithm3), MN-
EKF-EOT (Algorithm4), and MN-EM-EOT (Algorithm5).
Additionally, two evaluation metrics are adopted to assess the
performance of different algorithms. Firstly, the root mean
square error (RMSE) is used to evaluate the estimation accur-
acy of the object’s motion state. Secondly, the Gaussian
Wasserstein distance (GWD) [39] is employed to evaluate the
comprehensive performance of the object, including both pos-
ition and extension. The GWD is defined as

GWD2 = ∥x1− x2∥22 + tr

(
Σ1 +Σ2− 2

(√
Σ1Σ2

√
Σ1

)1/ 2)
.

(47)

Here, x1 and x2 represent the elliptical’s centroid position,
while Σ1 and Σ2 denote the positive definite symmetric shape
matrices.

4.1. Experimental results

4.1.1. Scenario 1. Considering tracking an elliptical EO
(modeled after the Nimitz-class aircraft carrier [14]) with the
major axis l1 = 170m, minor axis l2 = 40m. The object moves
in a straight line and the motion orientation keeps as π/3. The
sampling interval is Ts = 10s. The number of measurements at
each time is drawn from a Poisson distribution with a mean of
8. The object starts from the origin and moves at a constant
speed of 50 km h−1, with fixed but unknown axis lengths.

For all algorithms, the initial motion state is set
to be x0 = [100,100,10,−17]T, the covariance is Pr0 =
diag(900,900,16,16), the process noise covariance is
diag(100,100,1,1), theMNmk ∼N (m̄k,σk)with mean m̄k =
2.5 and covariance σk = 2+ 0.05cos(π k/Ts), and the addit-
ive measurement noise covariance Rk = diag(2000,80). For
MN-MEM-EKF-EOT, The prior covariance of the shape para-
meters is Cp0 = diag

(
0.2,202,202

)
, the process noise covari-

ance of the shape parameters is Cwp = diag(0.5,0.001,0.001).
For MN-EM-EOT, the iteration threshold is δ = 10−6, and the
algorithm iterates 10 times, setting the initial variance of the
orientation angle vector Ps0 = diag

(
0.52,0.52

)
and the cov-

ariance of the shape process noise Qs = diag
(
0.052,0.052

)
.

For MN-EKF-EOT, setting the process noise covariance
C̃wp = diag(0.5,60,60) for the shape variable, and for MN-
SOEKF-EOT, setting C̄wp = diag(0.04,0.5,0.5).

Figure 4 shows the tracking estimation results for the tra-
jectory and shape of the EO. In the linear motion scenario, des-
pite the influence of multiplicative measurement noise, vari-
ous algorithms can still accurately estimate the position and
shape of the ellipse. However, enlarged local views show pre-
liminary differences between the algorithms. In particular, the
SAC-EOT algorithm outperforms others in evaluating the axis
length and motion orientation of the ellipse. Next, a numerical
analysis is performed to compare the performance differences
between the algorithms further.

Figures 5–8 show the GWD and RMSE results for 500 MC
simulations. These numerical results illustrate the significant

Figure 4. The estimation of the EOT (single Monte Carlo (MC)
run).

Figure 5. The average GWD for EOT.

advantages of the proposed algorithm, especially in the initial
tracking phase. The algorithm provides more accurate estim-
ates of EO motion and shape information with faster conver-
gence and better stability. This advantage is particularly evid-
ent in the average GWD distance shown in figure 5, as the
SAC-EOT algorithm provides superior performance in estim-
ating position, orientation, and velocity, as shown in figures 6–
8. The SAC-EOT algorithm effectively overcomes the effects
of time-varying axis lengths and unknownMNC, significantly
improving the overall estimation performance.

Figure 9 explicitly illustrates the effectiveness of sev-
eral algorithms with different numbers of measurements. As
shown, the number of measurements significantly impacts
on the accuracy of EOT estimates, with a higher number
of measurements resulting in improved estimation accuracy.

8
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Figure 6. The RMSE of the EO position.

Figure 7. The RMSE of the EO orientation angle.

Under various measurement conditions, the proposed SAC-
EOT algorithm consistently outperforms other algorithms in
estimation performance, especially under low measurement
conditions.

Then, to evaluate the convergence characteristics of dif-
ferent algorithms more intuitively, the analysis is carried out
by observing the trend of GWD and calculating its relat-
ive rate of change1, and the specific results are presented in

1 For each set of data {v1,v2, . . . ,vN}, define the relative rate of change of
adjacent time steps: ri = |vi+1− vi|/ vi, i = 1,2, . . . ,N− 1. If 5 consecutive
rj in a given interval i, i + 1, . . . , i + 4 satisfy rj < 0.1, the end time step at
which this occurs first is noted as i + 4+ 1, i.e. the algorithm reaches con-
vergence at the step i+ 5. If five consecutive intervals less than 10% cannot
be found in N− 1 neighboring time steps, the algorithm is considered not to
have converged yet for a given sequence length.

Figure 8. The RMSE of the EO velocity.

Figure 9. The average GWD under different number of
measurements.

table 1. The proposed algorithm can quickly converge to a
stable state in the shortest time step from table 1. This result
shows the advantage of the algorithm in terms of convergence,
which can adapt to environmental changes and achieve a stable
tracking effect faster than the other comparative algorithms.
The MN-EKF-EOT algorithm is second only to the proposed
algorithm regarding convergence speed. However, the MN-
EM-EOT algorithm has the slowest convergence speed.

4.1.2. Scenario 2. Considering an EO with the same
shape in Scenario 1, its trajectory consists of a straight
path with one 90◦ turn and two 45◦ turns. The ini-
tial motion orientation is 0◦. For the MN-MEM-EKF-EOT
algorithm, the prior covariance of shape parameters Cp0 =
diag

(
0.4,202,202

)
and the process noise covariance of shape

parametersCwp = diag(0.05,0.001,0.001). For MN-EM-EOT,

9
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Table 1. Comparative analysis of scenario 1.

Algorithm convergence time step (s)

MN-MEM-EKF-EOT 11
SAC-EOT 9
MN-SOEKF-EOT 11
MN-EKF-EOT 10
MN-EM-EOT 12

Figure 10. The estimation of the EOT (single MC run).

Figure 11. The average GWD for EOT.

Qs = diag
(
0.252,0.252

)
is specified. The remaining initial

parameters are identical to those in scenario 1.
Figure 10 illustrates the elliptical EOT and estimation result

in scenario with different motion models, including zoomed
views at particular moments. The results show that the pro-
posed method more accurately estimates the state of the EO
during maneuvering than other algorithms.

Figures 11–14 visually compare the performance differ-
ences between algorithms using 500 MC simulations and

Figure 12. The RMSE of the EO position.

Figure 13. The RMSE of the EO orientation angle.

various evaluation metrics. Figure 11 shows that the pro-
posed SAC-EOT algorithm has better convergence in estim-
ating the shape of the EO, achieving faster and more accurate
state estimation. In addition, the SAC-EOT algorithm provides
more stable estimation performance during object maneuver-
ing, with the estimation error less influenced by changes in
the object’s motion state. In contrast, the performance of other
algorithms is significantly degraded, and more obvious biases
in EO shape estimation are observed, especially in the MN-
SOEKF-EOT and MN-EKF-EOT algorithms.

Figures 12–14 confirm the effectiveness of the proposed
SAC-EOT algorithm. The superior performance of the SAC-
EOT algorithm in estimating the EO shape is demonstrated by
its more accurate estimation of the center of gravity position,
orientation angle, and velocity. Figure 12 shows the estimation
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Figure 14. The RMSE of the EO velocity.

of the centroid position during object maneuvering. The SAC-
EOT algorithm shows a more stable centroid position estimate
with less influence from object maneuvering. In contrast, the
MN-EM-EOT algorithm significantly increases the position
estimation error in each maneuvering, indicating lower stabil-
ity under dynamic condition. Figure 13 shows a similar trend.
As the estimation error for the speed of the EO increases, the
position estimation error also increases accordingly. Figure 14
illustrates the error in estimating the motion orientation of
the EO. Accurate orientation estimation is crucial for precise
state estimation, especially during changes in motion orienta-
tion. The SAC-EOT algorithm shows lower error in orientation
estimation for all three turns, while the MN-MEM-EKF-EOT
and MN-SOEKF-EOT algorithms show less stable orientation
estimation. These results show that the SAC-EOT algorithm
outperforms other algorithms regarding stability and accuracy
in complex environments, further supporting its superiority in
EOT.

The improved performance of SAC-EOT is attributed to
several key factors: (1) The SAC-EOT algorithm leverages an
experienced pool to store rich historical data. This data is cru-
cial because it allows the algorithm to learn optimal strategies
over time. The pool of experience helps eliminate uncertainty
in estimating motion orientation and axis length by lever-
aging previous information to make more informed decision.
(2) Through interactive learning, the SAC-EOT algorithm can
adaptively adjust the parameters of MNC and elliptical shape,
thereby significantly improving its robustness. (3) The SAC-
EOT algorithm has a faster convergence speed than other
methods, enabling faster adaptation to changing conditions.

Table 2 shows the average values of various evaluation
metrics for different EOT algorithms under Scenario 2. From
the table, it can be seen that the SAC-EOT algorithm signi-
ficantly outperforms the other algorithms on these metrics.
TheMN-EM-EOT andMN-MEM-EKF-EOT algorithms have

Table 2. Comparative analysis of scenario 2.

Algorithm GWD (m)

position
RMSE
(m)

velocity
RMSE
(m)

angle
RMSE
(rad)

MN-MEM-EKF-EOT 34.28 13.38 0.92 0.11
SAC-EOT 23.88 11.27 0.61 0.04
MN-SOEKF-EOT 44.17 13.71 0.98 0.14
MN-EKF-EOT 42.71 13.46 0.96 0.13
MN-EM-EOT 31.31 14.44 1.08 0.09

Figure 15. The average GWD at different time steps.

their strengths and weaknesses, with MN-EM-EOT showing
a clear advantage in GWD. The performance of the MN-
SOEKF-EOT and MN-EKF-EOT algorithms is comparable
but generally falls behind. These results further confirm the
superior performance of the SAC-EOT algorithm on EOT
tasks and demonstrate its robustness and accuracy across vari-
ous evaluation metrics. The SAC-EOT algorithm effectively
handles the uncertainties caused by MN and elliptic para-
meters variations, which provides a key advantage for adapt-
ive EOT estimation. Consequently, the SAC-EOT algorithm
performs exceptionally well in dynamic and complex envir-
onments, highlighting its significant practical value for real-
world application.

Figures 15 and 16 respectively validate the effectiveness
of the proposed algorithm at different time steps and varying
numbers of measurements. In figure 15, with additive meas-
urement noise assumed as, experiments under various time
steps are conducted to test the estimation performance of dif-
ferent algorithms. Different shapes and colors in the figure rep-
resent different GWD values. The results show that the SAC-
EOT algorithm has more reliable performance than others.

Figure 16 illustrates the performance of different
algorithms with different numbers of measurements. The
experimental results show that the SAC-EOT algorithm always
performs best regardless of the number of measurements and
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Figure 16. The average GWD under different number of
measurements.

Table 3. Comparative analysis of scenario 2.

Algorithm convergence time step (s)

MN-MEM-EKF-EOT 11
SAC-EOT 10
MN-SOEKF-EOT 12
MN-EKF-EOT 13
MN-EM-EOT 11

significantly outperforms other algorithms. This indicates that
the SAC-EOT algorithm is adaptable to changes in the number
of measurements. This adaptability is critical for EOT tasks
because the number of available measurements can fluctuate
due to sensor resolution, environmental conditions, or changes
in object dynamics. The results further confirm the signific-
ant advantages of the SAC-EOT algorithm in EOT, espe-
cially under complex and dynamic environmental conditions.
The SAC-EOT algorithm maintains highly accurate estim-
ates across different measurement conditions and effectively
adapts to uncertainty and variability. This feature provides
reliable support for EOT in practical applications and ensures
precise and stable tracking performance even under changing
measurement conditions.

Table 3 compares the convergence time steps of the
algorithms in Scenario 2. The algorithm convergence in
Scenario 2 changes due to the rotation during the object’s
movement. For this reason, the time step at which the
algorithms reached the convergence condition for the first time
was counted. As shown in table 3, the proposed SAC-EOT
algorithm maintains the fastest convergence speed despite the
changes in the tracking environment affecting the convergence
speed of the algorithms, which further validates its excellent
adaptability in different environments. In contrast, MN-EM-
EOT and MN-MEM-EKF-EOT are slightly inferior in terms
of convergence, while MN-EKF-EOT has the slowest conver-
gence rate. This result highlights the efficiency advantage of
the proposed algorithm in complex dynamic environment.

Figure 17. The estimation of the EOT (single MC run).

4.1.3. Scenario 3. In practical engineering applications, the
motion of the EO is usually accompanied by a change in velo-
city and a change in shape. Therefore, in this scenario, the
EO is accelerated with an acceleration of 0.25 m s−2. The EO
maintains the initial motion direction of 30◦ in time steps 1–
30, and then, it makes a gradual steering in time steps 31–70,
gradually shifting from 30◦ to 60◦, and then finally restor-
ing to the initial direction again in the remaining time steps.
In addition, the EO undergoes a shape enlargement mutation
at step 41, in which its axis length is mutated to 150% of
the original, and a shape reduction mutation at step 81, in
which the axis length is changed to 50% of the original. The
scenarios in real engineering are simulated by such settings
to verify the performance of the proposed algorithm further.
The rest of the initial parameters are the same as those in
Scenario 1.

Figure 17 demonstrates the motion trajectory of the EO,
the effect of different algorithms on the tracking estimation
of the EO, and the local magnification of the EO estimated
at the original size, zoomed in, and zoomed out. Figure 18
shows the axis length variation of the EO. The GWD of the
EOT estimation is shown in figure 19. From figure 19, it can
be seen that abrupt changes in the shape of the EO cause a
degradation in the estimation performance of the algorithms.
At the moment of sudden shape change, the estimation errors
of several algorithms have a significant increase, but with iter-
ations, they all recover to a stable state. Specifically, it can be
seen from the change of GWD that the proposed algorithm has
the smallest change when the object shape changes abruptly,
which shows strong adaptability to the sudden change of
shape. It can also recover to a stable state quickly after the
sudden shape change, maintaining the optimal estimation per-
formance. The performance of the other algorithms is relat-
ively weak, especially the MN-EKF-EOT algorithm, which is
less capable of adapting to such changes.

Figures 20–22 show the RMSE of the different algorithms
for estimating the EO’s position, orientation, and velocity
tracking, respectively. From these sets of comparisons, it
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Figure 18. The axis length change of the EO.

Figure 19. The average GWD for EOT.

can be seen that the sudden change in the shape of the EO
also causes estimation errors in its position, orientation, and
velocity. An in-depth analysis of the curve changes in the
figures shows that the proposed SAC-EOT algorithm consist-
ently maintains superior performance in this dynamic tracking
environment, both at the moment of the abrupt shape change
and during the continuous tracking process after the shape
change. This further demonstrates that SAC-EOT is superior
to other conventional algorithms in its ability to adapt to such
dynamic changes.

The EOT technology is crucial in practical engineering
applications, especially in tracking objects such as aircraft,
ships, and vehicles. For example, in traffic monitoring on
urban road, vehicles as EOs, the accurate tracking of their
shapes and kinematic states is crucial for accident warning

Figure 20. The RMSE of the EO position.

Figure 21. The RMSE of the EO orientation angle.

and other aspects. The SAC-EOT algorithm proposed in this
paper shows great potential in this field. Aiming at the dif-
ferences in size and shape of different types of vehicles (e.g.
cars, trucks, etc), SAC-EOT is able to accurately estimate
the shape of a vehicle and achieve stable tracking by effect-
ively processing sensor measurements. Especially in complex
traffic environment, such as trajectory changes due to road
curves andMNdue to disturbances in the surrounding environ-
ment, SAC-EOT can effectively address these challenges and
maintain high tracking accuracy. This makes the SAC-EOT
algorithm highly feasible for practical engineering applica-
tions, especially for object tracking in dynamic and complex
environment.
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Figure 22. The RMSE of the EO velocity.

5. Conclusion

This paper proposes a novel adaptive elliptical EOT method
based on DRL to address the challenges in EOT due to the
unknown MNC and the uncertainty of the elliptical shape
parameters. The proposed method exploits the interaction
between the agent and the tracking environment and allows
the algorithm to continuously adjust parameters based on
the rewards received from the environment. This adaptive
approach improves the accuracy and adaptability of EOT in
complex environments. In order to verify the effectiveness
of the proposed SAC-EOT method, three simulation scen-
arios are designed, compared, and analyzed with existing
EOT algorithms. In the experiments, the proposed method is
compared with the classical algorithms such as MN-MEM-
EKF-EOT, MN-SOEKF-EOT, MN-EKF-EOT, and MN-EM-
EOT, and RMSE is used to measure the accuracy of pos-
ition, velocity, and direction angle estimation of the EO,
and GWD evaluates the overall estimation error of the EO.
Experimental results show that the SAC-EOT algorithm per-
forms better in estimating the centroid and shape of the
EO compared to traditional elliptical EOT algorithms. The
SAC-EOT algorithm achieves higher estimation accuracy and
exhibits greater robustness in the presence ofMN and dynamic
environmental changes. Future work will extend this method
to address additional challenges in EOT. Possible research dir-
ections include multi-EO or non-elliptical EO.
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Appendix

A.1. Variational Bayesian approximation

According to Bayes’ theorem

p
(
Ξ k

∣∣∣z(i)1:k,Λk

)
=
p
(
z(i)1:k |Ξ k

)
p(Ξ k |Λk )

p
(
z(i)1:k |Λk

) (48)

where Ξ k = {xk,σk, R̄k}, R̄k = R̃k+
⌣

Rk and Λk =
(
ξ k|k , ζk|k

)
.

As obtaining an analytical solution for p
(
Ξ k

∣∣∣z(i)1:k,Λk

)
dir-

ectly is not feasible, utilize variational approximation to derive
it, yields

logq(η) = EΞ k(−η)

[
logp

(
z(i)1:k |Ξ k

)
p(Ξ k |Λk )

]
. (49)

Subsequently, p
(
z(i)1:k |Ξ k

)
p(Ξ k |Λk ) can be decomposed

as

p
(
z(i)1:k |Ξ k

)
p(Ξ k |Λk ) =N

(
xk; x̂k|k−1 ,Pk|k−1

)
× IG

(
δk;ξ k|k−1 , ζk|k−1

)
p
(
z(i)1:k−1

)
N
(
z(i)k ; m̄kHkxk, R̃k

)
×N

(
z(i)k ; m̄kHkxk,

⌣

Rk

)
.

(50)
Here, the MNC is modeled as a random variable obey-
ing an inverse gamma (IG) distribution, i.e. p(δk |z1:k−1 ) =
IG
(
δk;ξ k|k−1 , ζk|k−1

)
, and

ξ k|k−1 = ρ∗ξ k−1|k−1 (51)

ζk|k−1 = ρ∗ζk−1|k−1 (52)

where ρ∗ is the parameter obtained by DRL training. Let η =
xk, substituting (53) into (52), can get

logq(xk)∝N
(
z(i)k ; m̄kHkxk, R̃k

)
N
(
z(i)k ; m̄kHkxk,

⌣

Rk

)
×N

(
xk; x̂k|k ,P

r
k|k

)
.

(53)
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A.2. 2-fold Kronecker product

The 2-fold Kp(⊗) of a two-dimensional vector z= [z1 z2]
T is

denoted as

z⊗ z=
[
z21 z1z2 z2z1 z

2
2

]
. (54)

The pseudo-measurement is given by

Z(i)
k = F

((
z(i)k − z̄

(i)
k

)
⊗
(
z(i)k − z̄

(i)
k

))
(55)

where

F=

 1 0 0 0
0 0 0 1
0 1 0 0

or F̃=

 1 0 0 0
0 0 0 1
0 0 1 0

 (56)

which is used to remove duplicate terms in the 2-fold Kp.
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Abstract
The great leap forward in the development of artificial intelligence technology has brought a new
prospect to optimal filtering technology. Extended object tracking (EOT), a well-known research
hotspot, is optimized using reinforcement learning (RL) in this paper. Generally, in estimating star-
convex extended objects usingGaussian process (GP), the selection of hyperparameters significantly
impacts the estimation outcomes. Typically, a priori or predetermined set offixed values constitutes
these hyperparameters before theGPof learning commence. However, improper choices in
hyperparameter selectionmay lead to suboptimal performance in practical shape estimation.
Addressing this concern, this study introduces a hyperparameter optimization approach forGP-based
EOT. This approach incorporates RL viaQ-learning (QL) intoGPof the extended objectmodel,
guiding the agent towards an adaptive hyperparameter strategy through awell-designed reward
function. Consequently, thismethod effectively optimizes the selection of hyperparameters,
progressively improving the performance of themulti-feature estimation, such as object trajectory
and shape in EOT. Simulation experiments conducted acrossmultiple tracking scenarios demonstrate
that the proposed algorithmoutperforms traditional GP and randomhypersurface algorithms in
estimation precision.

1. Introduction

Thefield of radar object tracking is divided into two primary categories: point object tracking and extended
object tracking (EOT). Traditional point object tracking simplifies objects to single points, typically acquiring
only onemeasurement per object and overlooks the shape or contour estimation.However, the advent of
modern high-resolution radar sensors has changed this paradigm. Consequently,more than treating objects as
singular points is required. The EOT emerges to address the limitation of the point object hypothesis by utilizing
and fusingmultiple objectmeasurements from sensors, enabling a joint estimation of an object’smotion and
extension states. This approach has garneredwidespread applications in diverse domains, such as autonomous
driving [1–3], object detection and recognition [4–6], and classification [7–9]. As the urgent demand escalates
for the precise joint estimation of objectmotion and shape in engineering systems, research into EOT
technology has evolved into a focal point and a significant challengewithin object tracking.

In recent years, the landscape of EOThaswitnessed the emergence of severalmethodologies. Predominantly
utilized approaches encompass the randommatrixmodel (RMM) [10], the randomhypersurfacemodel (RHM)
[11], and theGaussian process (GP) [12]. Eachmethod presents distinct characteristics and applicability within
EOT frameworks. The RMMapproximates an extended object’s contour as an elliptical and utilizes a random
symmetric positive definitematrix to represent the shape information [10]. Since [10] did not account for the
measurement noise covariance in RMM, Feldmann et al proposed amodifiedRMMaimed at improving the
applicability of RMM in amore complex and uncertain environment [13]. Additionally, [14] considers the
orientation of the ellipse while estimating its size. [15] usesmultiple ellipses to estimate the extended object.
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[16] employs ellipses with time-varying orientation angles within the RMMframework to represent the extent of
the object. However, its adaptabilitymight encounter limitationswhen dealingwith irregular shapes, such as
those resembling star-convex contours. Furthermore, the RHMutilizes a Fourier series expansion to depict the
object contour,modeling the shape of the extended object through expansion coefficients, rendering itmore
adept at describing detailed and complex shapes. [17] introduces a universal RHMmodeling approach for
trackingmaneuvering extended objects, addressing the challenge ofmodeling complexmotionmodels within
RHM. In [18], a novel logarithmic likelihood formulation is introduced to address the difficulties caused by the
scaling factor ofmeasurement equations in particle weight updates within theRHMparticle filter. In [19], a
minimumcosine distance-based RHMmethod is proposed to address the shape estimation divergence caused
by the potential negative values of radial functions during objectmaneuvers. However, representing irregular
shapeswith limited Fourier series coefficientsmight yield an inevitably coarse depiction.Within theRHMEOT
framework, thismight hinder the ability to delineate the shape of extended objects with higher precision.

GP can also be utilized to describe complex irregular shapes. TheGP is a formidable tool inmodeling
randomprocesses, representing distributions over sets of continuous randomvariables [20]. Its strength lies in
adeptly capturing uncertainty and showcasing exceptional performance inflexible datafitting and predictive
capabilities. Compared to the RHM,GPmodels offer increased flexibility, leading tomore comprehensive and
accurate state estimation and prediction. The inherent adaptability of GP to variations in object shape and
dynamics grants thembroader applicability across diverse scenarios. This heightened flexibility positions GP as a
potent instrument for addressing the complexities inherent in EOT, particularly in accommodating diverse
shapes and dynamic changes. Recent research has continuously explored the application of theGPmethod in
various diverse scenarios. For instance, in [21], GPwas applied to high-resolution automotive radar object
tracking, aiming to accurately estimate the shape of vehicles. In [22], a GP-basedmethod for axis-symmetric
EOT is proposed, aiming to simultaneously estimate both themotion state and extension of the object using a
GPmodel. [23] have employed theGPmodel to track unknown-shaped objects using three-dimensional point
cloud data and proposed aGP-based EOTmethodwith input uncertainty in polar coordinates. In [24], a cost-
effective GP-probabilistic data association algorithm is introduced to tackle EOT in heavily cluttered
environments. Additionally, there is research exploring the applicability of theGPmethod in other application
scenarios [25]. However, parameter selection presents a challengewhen constructingGPmodels, especially
concerning hyperparameters like length scale and variance. The choice of hyperparameters significantly impacts
themodel’s performance, underscoring the importance of selecting them appropriately to enhancemodel
effectiveness. Furthermore, hyperparameters govern themodel’s complexity and enhance its generalization
ability. Therefore, selecting suitable hyperparameters is essential for developing high-performanceGP learning
models. Despite GP’s inherent flexibility and robustness, their estimation accuracy remains susceptible, albeit to
a certain extent, to the nuances embeddedwithin the chosen hyperparameters. The selection of these intricate
parameters necessitates a blend of expertise and prior knowledge, with improper choices potentially
culminating in a deterioration of estimation performance. Notably, within the current landscape, there is no
universally applicablemethod for adaptively selecting hyperparameters for theGPmodel.

The emergence andwidespread application of reinforcement learning (RL) have provided a new avenue and
method for the adaptive optimization design inGP. This study proposes aQ-learningGP (QL-GP)method to
improve EOT estimation performance. As a classical RL algorithm, theQL trains an agent tomake decisions in
unknown environments [26–31]. Its widespread application stems from its simple implementation,
independence from environmentmodels, and capacity to learn optimal strategies across various domains. The
algorithm guides behavior by learning the value of state-action pairs and resolves decision problems by
continuously updating theQ-value table. The interaction between the agent and the environment enablesQL to
continually explore and learn, aiming tomake decisions thatmaximize the expected reward for the agent.

Some researchers have employed theRLmethod for adaptive parameter optimization in object tracking.
Particularly in the navigation domain, some relevant research findings have emerged. For instance, [32]
addressed the inadequacy of estimation in navigation applications due to uncertainty in noise covariance in
extendedKalmanfilters (EKF), thereby enhancing the accuracy of spacecraft autonomous navigation. It
combined theQL algorithmwith the EKF (QL-EKF) and proposed a noise covariance adaptivemethod based on
theQL algorithm. [33] introduced an improvedQL algorithm called the dynamic grid-basedQLEKF (DG-QL-
EKF). This algorithmutilizes new ε-greedy andDG strategies for exhaustive search,matchingmore suitable
noise covariance, to overcome the decrease in estimation performance caused by inappropriate heuristics in the
QL-EKFmethod.Moreover, [34] suggests using theQL algorithm for the autonomous navigation of spacecraft
to adaptively select appropriate objects by observing the orientations of known objects. Thismethod enables the
star tracker to autonomously select objects during the observation cycle, thereby improving the estimation
performance of the EKF. [35] proposes an improvedQL-EKF (IQ-EKF)method for accurately estimating the
motion state of spatial objects in autonomous optical navigation. This approach improves the update rules of QL
to enhance learning efficiency and leveragesmeasurement data obtained from star cameras. Combining the
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IQ-EKF algorithmwithmeasurement data achieves higher navigation accuracy. Besides autonomous
navigation, theQLmethod shows promising prospects in various domains. [36] proposes theQLKalman filter
(QL-KF) algorithm,which applies QL to adapt the noise process of KFwhenmaneuvering objects that switch
motionmodes. AlthoughRLmethods have beenwidely applied in object tracking,most existing approaches
focus on adaptive selection offilter noise covariance in point object tracking, and they have yet to be extensively
applied in EOT. In particular,more research is still needed on utilizing RL for the adaptive selection of
hyperparameters inGPmodels for EOT. The urgency to address this issue is apparent. Solving this problemwill
not only providemore convenience andflexibility in the selection of hyperparameters for GPmodels butwill
also propel further advancements in thefield of EOT.

This study proposes a novelmethod for adaptively selecting hyperparameters in theGPmodel for star-
convex EOT. The primary contributions are as follows:

(1)Combining theQL algorithm inRLwithGP-EOT, aQL-GP algorithm that can interact with the
environment is constructed, which solves the core problemof adjusting hyperparameters dependent on
experience in the traditional GP-EOTmodel, and realizes the adaptive selection of hyperparameters.

(2)The intersection over union (IoU)measure [37] is adopted as the reward function, providing a clear
quantitative objective for hyperparameter optimisation bymaximising cumulative rewards, effectively
enhancing themodel’s tracking estimation accuracy.

(3)The hausdorff distance [38] is introduced as an evaluationmetric to preciselymeasure the accuracy of
extended object shape estimation from a shape-matching perspective, offering amore rigorous standard for
algorithmperformance validation.

(4)Comparative experiments in challenging tracking scenarios, such as shape change andmanoeuvring
motion, demonstrate that theQL-GP algorithmoutperforms traditionalmethods in extended object shape
estimation accuracy, validating its effectiveness and superiority.

Overall, theQL-GP algorithm, through the RLmechanism, equips theGPmodel with the ability to
autonomously adapt to dynamic environments, demonstrating advantages in hyperparameter optimisation
efficiency, estimation accuracy, and robustness in complex scenarios. This provides a highly practical solution
for star-convex EOT, overcoming the limitations ofmanual hyperparameter tuning and advancing the practical
application of theGP in complex object tracking.

2. Background

This section initiates by defining themotionmodel for extended object, serving as a foundational framework.
Subsequently, it introduces and elucidates the fundamental concepts underlying star-convex extended object,
alongwith an associatedmeasurementmodel.

2.1.Objectmotionmodel
In two-dimensional space, the equation describing themotion of an extended object is expressed as follows

( )= ++x Fx w 1k k k1

( ) ( )~ w Q0, 2k k

where F represents the transitionmatrix for the object’smotion, xk denotes the object state,wk signifies the
process noise with amean of 0, andQk stands for the covariancematrix. In EOT, augmenting the object’s
extension state into the object state spacemodel yields the augmented extended object state, given by

¯ ( )=x x x 3k k
b

k
e

T
⎡⎣ ⎤⎦

where x̄k
b represents themotion state of the object, encompassing the object’s position [ ]x y,k k

T, velocity
[ ] x y,k k

T, and the directionfk, xk
e denotes the extended state of the object, symbolized as

[ ( ) ( )]q q= ¼x f f, ,k
e

k m k M, ,
T.Within this representation, θk,m signifies the angles of contour points in the local

coordinate system alignedwith the object direction, while ( )qf k m, represents the corresponding unknown
radius function forM contour points. Due to the typically unknownnature of the radius function ( )qf k m, , it
becomes necessary to employ aGPmodel to learn and characterize it.

2.2.Objectmeasurementmodel
In this study, irregularly shaped extended object is represented using a star-convex, exemplified infigure 1(a).
Whenmodeling irregularly shaped extended objects, the concept of star-convex emerges as amore versatile tool.

Additionally, the surfacemeasurementmodel of the star-convex extended object is described as follows:
Assuming that themeasurement values of the extended object originate fromwithin its region, an appropriate
representation of themeasurementmodel emerges as
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( ) ( ) ( )q q= + +z x s p f e 4k m k
p

k m k m k m k m, , , , ,

where xk
p and { } =zk m m

n
, 1

k respectively represent the position of the object at time k and the collection of nk
measurements obtained at that time; { }q =k m m

n
, 1

k signifies the angles corresponding to nkmeasurements;
( )~ e R0,k m k, representsmeasurement noise following aGaussian distributionwith amean of 0 and

covariance ofRk; [ ]Îs 0, 1k m, denotes the scaling factor. For the surfacemeasurementmodel of the object, the
squared scaling factor follows a uniformdistribution, i.e., [ ]~s U 0, 1k m,

2 , themean and covariance of sk,m
specified as [12]

( ) ( )= =c E s
2

3
5s k m,

( ) ( ( )) ( )s = - =E s E s
1

18
6s k m k m

2
,

2
,

2

and ( )qp k m, indicates a direction vector

( )
( )
( ) ( )q
q
q

p
cos

sin
7k m

k m

k m
,

,

,

⎡
⎣⎢

⎤
⎦⎥

For eachmeasurement zk,m, there exists a corresponding angle qk m
O

, . This angle can also be described using
the object azimuth state in the local object coordinate system, i.e.

Figure 1. (a) Star-convex object contour (b)Radial function ( )q=r f .
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( ) ( ) ( )q f f=  - -x z x, 8k m
O

k
p

k k m k
p

k, ,

The corresponding relationship is illustrated infigure 1.
In this way, ( )q fx ,k m

O
k
p

k, can be employedwithin (4) to describe the relationship between the state and the
measurements.

( ( )) ( ( )) ( )q q f= + +z x s p x f x e, 9k m k
p

k m k m
P

k
p

k m
O

k
p

k k m, , , , ,

where

( ) ( ) ( )q =  -x z x 10k m
P

k
p

k m k
p

, ,

( ( )) ( )
 

q =
-

-
p x

z x

z x
11k m

P
k
p k m k

p

k m k
p,

,

,

Utilizing theGP state-space description [12], themeasurement equation can bewritten as

( ( ))

[ ( ( )) ]

( ( )) ( ( ))

( ( ))
( ) ¯ ( )

q

q f

q q f

q

= +

´ + +

= +

+ +

= +

z x s p x

H x x e e

x s p x H x x

s p x e e

h x e

,

,

12
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p

k m k m
P

k
p

k
f

k m
O

k
p

k k
e

k m
f

k m

k
p

k m k m
P

k
p

k
f

k m
O

k
p

k k
e

k m k m
P

k
p

k m
f

k m

k m k k m

, , ,

, , ,

, , ,

, , , ,

, ,

where

( ) ( ( )) ( ( )) ( )q q f= +h x x s p x H x x, 13k m k k
p

k m k m
P

k
p

k
f

k m
O

k
p

k k
e

, , , ,

¯ ( ( )) ( )q= +e s p x e e 14k m k m k m
P

k
p

k m
f

k m, , , , ,

¯ ( ) ( )~ e R0, 15k m k m, ,

( ( )) ( ( )) ( )q q= +R p x R p x R 16k m k m
P

k
p

k m
f

k m
P

k
p

k, , , ,
T

( ( )) ( )q f=R R x , 17k m
f f

k m
O

k
p

k, ,

It’s worth noting that the newmeasurement noise covarianceRk,m encompasses the originalmeasurement noise
covarianceRk. To address the nonlinearity in themeasurement equations, a Cubature Kalmanfilter (CKF)was
utilized for linearization. The specific implementation details can be found in appendix.

3.Gaussian processmodel

3.1. Gaussian process
Inmeasurementmodeling, GP is frequently employed to represent stochastic functionswithinmodels, aiming
to describe the uncertainty inmeasurementsmore precisely. Key components include themean function and
the kernel function. The deterministic nature of these two elements determines the overall structure of theGP.
Specifically, the definitions of themean function and the kernel function are as follows

( ) [ ( )] ( )m m=c E f 18

( ) [( ( ) ( )) ( ( ) ( )) ] ( )m m m m m m¢ = - ¢ - ¢k E f c f c, 19T

where ( )mc represents themean function of the function ( )mf , ( )m m¢k , signifies the kernel function, andμ
represents the input, and theGP is defined as ( ) ( ( ) ( ))m m m m~ ¢f gp c k, , .

TheGP is an extension ofmultivariateGaussian distributions. Therefore, forfinite-dimensional inputs
μ1,K,μN, their function values also follow a normal distribution

( )

( )
( ) ( )

m

m
~ 

f

f
c K, 20

N

1⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

where

( )

( )

( ) ( )

( ) ( )
( )


 



m

m

m m m m

m m m m
= =c

c

c
K

k k

k k
,

, ,

, ,
21

N

N

N N N

1 1 1 1

1

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
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3.2.Q-learningGaussian process
TheQL-GPmodel learns the distribution of a function using known data and utilizes this distribution for
prediction. Considering themeasurementmodel

( ) ( )m= +z f e 22k k k

whereμk represents the training input and ( )~ e R0,k denotesmeasurement noise. Then, using a set of input
values andmeasured values, denoted as [ ]m m m¼, , N1

T and [ ] ¼z z z, , N1 respectively, to learn the function

values [ ( ) ( )] m m¼f f f, ,f
N
f

1
T

f for other inputs [ ]m m m¼, ,f f
N
f

1
T. Similarly, the joint distribution of

measurements z and function values f is obtained as

( )∣ ( )∣
( )∣ ( )∣
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m m m m

m m m m
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+ Ä

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f f
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⎣
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⎢

⎤

⎦
⎥

⎞

⎠
⎟

where
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, ,
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⎥
⎥

and s and a respectively denote the state and action ofQL; (· ·)∣k , s a, represents the covariance function
corresponding to differentQL state-action pairs, where each state-action pair corresponds to different
hyperparameters, (· ·)∣K , s a, represents thematrix constructed from (· ·)∣k , s a, .

For the jointGaussian distribution in (23), its conditional distribution is given by

( )( ∣ ) ( )å= p f z Az, 25

where

( )∣ ( )m m= -A K K, 26f
s a y,

1

( )∣ ( )∣ ( )∣ ( )å m m m m m m= - -K K K K, , , 27f f
s a

f
s a y

f
s a, ,

1
,

( )∣ ( )m m= + ÄK K I R, 28y s a N,

In the EOT, a challenge arises whenmeasurementsmay not be available in batches. To address this issue,
efficient online inference needs to be implemented recursively. Therefore, by continuously applying Bayes’
theorem, one can obtain

( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ ) ( ) ( )

( ∣ )

  
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p z f z p f z p f

,

, 29
N N N N

k k k

p f z

1: 1: 1 1: 1

1: 1 1: 1

k1:

This leads to the following recursion

( ∣ ) ( ∣ ) ( ∣ ) ( )µ ´- -p f z p z f z p f z, 30k k k k1: 1: 1 1: 1

Assuming f is independent of all pastmeasurements, then

( ∣ ) ( ∣ ) ( )»-p z f z p z f, 31k k k1: 1

Combining (23), the joint distribution of themeasurement and function f is given by
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⎞
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⎟

where ˜ =s sk and ˜ =a ak. Similar to (25)-(28), the likelihood and initial prior can be expressed as

( ∣ ) ( ) ( )= p z f z H f R; , 33k k k
f

k
f

( ) ( ) ( )= p f P0, 34f
0

where
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f f
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1
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s s a a0 ,0 0
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Utilizing the likelihood function, recursive regression can be computed throughKalman filtering

( )=+x x 38k
f

k
f

1

( ) ( )m= +z H x e 39k
f k

k
f

k
f

( ) ( )~ x P0, 40f f
0 0

where the state is [ ( ) ( )]m m= = ¼x f f f, ,k
f f

N
f

1
T

f , ( ( ))m~ e R0,k
f f k .

4.Q-learning gaussian process extended objectmodel

4.1.Mean function and covariance function
Whenusing theQL-GPmodel to describe the shape of an extended object, the inputμ represents the polar angle
θ, while the output ( )m =f r corresponds to the radius. This relationship is illustrated infigure 1(b).

Then, the unknown radius of the extended object can be represented using themean function of theGP, as
follows

( ) ( ( )∣ ) ( )q q q~ ¢f gp r k, , 41s a,

where ( )s~ r 0, r s a, ,
2 , integrating over r yields ( ) ( ( )∣ )q q q s~ ¢ +f gp k0, , s a r s a, , ,

2 , whose covariance contains
a constant term sr s a, ,

2 , indicating the global effect of the randomness of themean radius on all angles. Notably,
this term is independent of themeasurement noise, which has beenmodeled in themeasurement equation (4)
by ( )~ e R0,k m k, . The kernel function containing themean function ( )∣q q¢k ,t s a, is a critical component of
theGP, determining the correlation between two points. Themost commonly used kernel function is the
squared exponential kernel [20]

( )
( )∣ ( ){ }

∣ ∣

q q s s¢ = +s s=
-

q q- ¢

k e, 42t s l a f a
l

r a, , , ,
2

2 sin

,
2

f a a r a a, ,

2
2

2

whereσf,a, la, andσr,a are referred to as the hyperparameters of theQL-GPunder different action.

4.2. Adaptive selection of hyperparameters
Experimental comparisons have revealed that selecting hyperparameters inGP significantly impacts the
estimation of extended object shape.More than appropriate hyperparameter choices can lead to decreased
performance in shape estimation, even resulting in inaccurate estimation. Typically, empirical values are used to
set these hyperparameters, determining the optimal values by comparing themodel’s estimation errors under
different parameter settings. Studies across various experimental scenarios have shown that the optimal
selection of hyperparameters varies [12, 22–24, 39, 40]. However, this empirical selectionmethod undoubtedly
increases theworkload, necessitating numerous experiments for comparison. Encouragingly, the rise of the RL
in recent years has offered a promising new approach by enabling autonomous exploration and learning. This
avenue holds promise for addressing this issue.

TheQL algorithm is employedwithin theQL-GPmethod to select hyperparameters autonomously. TheQL,
a RL algorithm, is primarily utilized to train agents tomake decisions in unknown environments. To date, it
remainswidely employed across various research domains. The core of theQL algorithm lies in learning a
method called theQ-value function, which assesses the desirability of taking a specific action in a given state. In
QL, an agent attempts actions in the environment and receives feedback as a reward or a penalty. Subsequently,
the agent updates theQ-values based on this feedback. TheseQ-values are stored in a table called theQ-table.
Through iterative trial and error, the agent continually refines and updates theQ-table, aiming to converge its
values as closely as possible to the actualQ-values, thereby delineating the optimal strategy.

To specify the RL framework of the hyperparameter optimization problem, the problem ismodeled as a
Markov decision process (MDP) defined as a quintuple (S,A,P,R, γ), where:

• state space S: the state space consists of discrete hyperparameter configurations organized as a 6× 6 grid
(shown infigure 2).

• action spaceA: represents the transfer of hyperparameters from the current state to neighboring states in the
grid (shown infigure 2).

• state transition probability P: state transfers are deterministic, defined by the grid structure, and interact with
the environment through a reward function.

• reward functionR: reward is based on IoU, and the larger the reward, the higher the accuracy of the shape
estimation.
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• discount factor γ: it is used to balance immediate rewardswith future rewards and to encourage long-term
optimal hyperparameter selection.

Based on thisMDP framework, the equation governing the update ofQ-values is expressed as follows

( ) ( ) ( ) ( ) ( )a g¬ + + ¢ ¢ -
¢

Q s a Q s a r Q s a Q s a, , max , , 43e
a

⎡
⎣

⎤
⎦

where ( )Q s a, denotes theQ-value for the current state-action pair; ¢s and ¢a represent the next state and action
respectively, ( )¢ ¢Q s a, is the correspondingQ-value;α signifies the learning rate, γ represents the discount
factor, and re denotes the obtained reward. The goal ofQL is tomaximize cumulative rewards by selecting
hyperparameter configurations that optimize object shape estimation. Deterministic state transfer simplifies the
exploration process, but ensures the environmental relevance of learning through the dynamic interaction of
IoU rewards with the tracking environment.

According to (25)-(28), usingGP tomodel theQ-value function can obtain themean and covariance as
follows

ˆ ( ) ( )∣ ( )m m= -Q s a K K z, , 44f
k s a y,

1

( ) ( )∣
( )∣ ( )∣ ( )

m m

m m m m

= +

- -

s a k R

K K K

cov , ,

, , 45
k k s a

k
f

s a y
f

k s a

,

,
1

,

Then, using the estimated ˆ ( )Q s a, instead of ( )Q s a, , can obtain

ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )a g¬ + + ¢ ¢ -
¢

Q s a Q s a r Q s a Q s a, , max , , 46e
a

⎡
⎣

⎤
⎦

where (44) uses theGPmodel to predict the initial estimate of theQ-value of the current state-action pair as the
starting point for iterative updating; the core learningmechanism still follows the standardQL, and gradually
optimizes theQ-table through the updating rule in (46) until it converges to the optimal policy.

To forge a link between theQL algorithm and the adaptive selection of GPhyperparameters, delineating sets
of states and actions becomes imperative, representing diverse states and feasible actions. Visualizing all states in
a tabular format, wherein each cell embodies a distinct state, becomes plausible. Each state encapsulates diverse
values of GP hyperparameters, correlatedwith executable actions. This tabulated array of state-action pairs lays
the foundation for theQL algorithm.Denoting [ ]= ¼S S S, , MN11 as the set of states, [ ]s s=S l, ,MN f

MN MN
r
MN as

the hyperparameters contained in each state, and [ ]=A up down left right, , , as the set of actions. The
relationship between each state and action is illustrated infigure 2, with arrows indicating the direction of action
transitions for each state.

As depicted infigure 2, the selection of a state corresponds to acquiring specific values for the
hyperparameters. Depending on various actions, the current state progresses to the subsequent state, thereby
generating newhyperparameter values. Each transition fromone state to another is coupledwith a reward,
assessing the action’s quality. Through theQL algorithm’s iterative learning and exploratorymechanism, as the
Q-table converges towards the optimum, it identifies the state-action pair exhibiting themaximum reward. The

Figure 2. State-action correspondence.
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corresponding action signifies the prevailing optimal set of GP hyperparameters, ultimately amplifying the
performance ofGPmodels in accurately estimating extended object shapes.

The crux of the intelligent decision-making process lies in achievingmaximum cumulative rewards,
warranting the definition of a pertinent reward function for effective feedback. In this investigation, which is
focused on extended object shape estimation, an appropriate choice entails employing the IoUmeasure as a
reward function. The IoUmeasure, a prevalent evaluationmetric in computer vision, primarily assesses object
similarities and is defined as

( )( ∣ )
( ∣ )

∣
( )

È
=

Ç
IoU R R

area R R

area R R
, 47k

e true
k
e

s a
k
e true

k
e

s a

k
e true

k
e

s a

,
,

,
,

,
,

where Rk
e true, represents the coverage area of the EOT and ∣Rk

e
s a, is the estimated shape coverage area at different

state-action pairs. Typically, a higher IoU value signifies greater object resemblance, while a lower value indicates
the opposite. Thus, leveraging the IoUmeasure as a feedbackmechanism, a larger cumulative reward denotes
superior shape estimation performance, signifying the corresponding set of hyperparameter values as the
optimal choice. The structure of theGP extended objectmodel’s adaptive algorithmbased on theQL algorithm
is depicted infigure 3. The pseudo-code of the proposed algorithm is shown in algorithm1.

Algorithm1.QL-GP

Input: state grid { }= ¼S S S, , MN11 , action set { }=A up down left right, , , , learning rateα, discount factor γ, exploration rate ε

Output: optimizedQ-table ( )Q s a, , adaptive hyperparameter strategy ( )p* s

1: Initialization parameters: ( ) =Q s a, 0, for all sä S, aäA

2: for each iteration t= 1 toTdo

3: Initialize object state x0, GPmodel with default hyperparameters s0
4: for each time step k= 1 toNdo

5: ObtainingmeasurementZk from sensors using (4)
6: Choose action ak via ε-greedy

7: Estimate object state ˜ ∣xk k usingCKF (appendix)
8: Calculate reward rk using (47)
9: Observe current state sk
10: Execute ak→ transition to sk+1

11: UpdateQ-table using (46)
12: Update kernel function using (42)
13: sk= sk+1

14: end for

15: end for

16: return ( )Q s a, , ( ) ( )p =* s Q s aarg max ,

Although the proposed hyperparameter optimisation problem shares similarities with structuredmulti-
armed bandits in terms of deterministic state transitions and grid structures, it exhibits distinct advantages in the
following aspects: Firstly, by introducing sequential actions such as up and downwithin the state grid (as shown
infigure 2), the agent can leverage the local coherence of adjacent configurations for efficient exploration.
Secondly, the dynamic reward function based on IoU (equation (47)) closely reflects the time-varying
characteristics of object shapes andmotionmodels, and, combinedwithQL’s iterative update strategy, enables

Figure 3.Algorithm structure diagram.
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the capture and optimisation of long-term cumulative rewards in sequential decision-making. Lastly, the
inherent scalability of theMDP framework not only supports the incorporation of stochastic state transitions
and high-dimensional state representations but also provides flexibility for integrating additional environmental
uncertainties into a unified optimisation process in futurework.

To balance algorithm accuracy and operational efficiency, the proposedmethod divides the hyperparameter
optimisation process into two phases: offline training and online execution. During the offline training phase,
comprehensive interactionwith diverse simulated scenarios (encompassing various object shapes andmotion
models) enables the learning of a near-optimal hyperparameter selection strategy. In the online execution phase,
this strategy is directly appliedwithout further environmental interaction, requiring only a table lookup or
lightweight forward computation to obtain the hyperparameter configuration for the current state, thusmeeting
real-time requirements. This training-execution architecture relies on a reasonable but necessary assumption:
that the online environment exhibits a degree of consistencywith the training environment in terms of object
shape variation patterns,motionmodels, andmeasurement noise statistical characteristics.

5. Experiment analysis

A series of simulation experiments were conducted to substantiate the efficacy of the proposedGP
hyperparameter optimization algorithm. These experiments involved comprehensive comparisonswith both
the particle swarmoptimization of theGPmodel (PSO-GP), the traditional GPmodel [12], andRHM [11],
where the PSO-GP is amethod that utilizes the traditional PSO algorithm [41] to optimize the hyperparameters
of theGPmodel. Varied simulation scenarios were defined to depict and compare the experimental outcomes
thoroughly. Given the intrinsic requirement in EOT for concurrent estimation of the object’s position and
shape, distinctivemethodologies were employed to assess these two parameters. To evaluate the estimation
accuracy of the object’s centroid position, the rootmean square error (RMSE) served as themetric, aligningwith
methodologies commonly utilized in analogous studies

( ) ( ) å= -
=

RMSE x x
N

x x,
1

48es p

k

N

k
es

k
p

1
2

where xk
es and xk

p respectively denote the estimated and true positions at time k. Additionally, the evaluation of
extended object shape estimation is conducted using the hausdorff distance. The hausdorff distance is ametric
used tomeasure the similarity between two sets of points, describing the distance between two point sets. Its
definition is as follows

( ) ( ( ) ( )) ( )=H D G h D G h G D, max , , , 49

where [ ]= ¼D d d, , i1 and [ ]= ¼G g g, , j1 represent two sets of points.

( ) ( ) = -
Î Î

h D G d g, max min 50
d D g G

2

( ) ( ) = -
Î Î

h G D g d, max min 51
g G d D

2

In the definition of the hausdorff distance, ( )H D G, is referred to as the two-way hausdorff distance, while
( )h D G, and ( )h G D, are termed as one-way hausdorff distance. ( )H D G, measures themaximummismatch

between two sets of points.
Different shapes of extended objects were obtained for the simulation experiments by approximating the

shapes of somenatural objects. Specifically, two typical natural objects were chosen, depicted infigure 4,
alongside their corresponding approximated shapes. Figure 5 exhibits the approximated shapes derived from
the natural objects with their respectivemeasurements. Following this, validation is carried out acrossmultiple
simulated scenarios utilizing these distinct extended shapes. The subsequent analysis focused on assessing the
effect of adaptively selecting hyperparameters on EOTperformance. This evaluation encompassed an analysis
based on various performance evaluationmetrics from100Monte Carlo (MC) experiments.

5.1. Simulation scenario 1
In scenario 1, two different shapes are considered. Both shapes of the extended objects follow a nearly constant
velocity (CV)motionmodel. The object’smotion state transition equation is given by (1), where

( )=F F
F
0

0
52

b

e
⎡
⎣

⎤
⎦

( )=Q
Q

Q

0

0
53k

k
b

k
e

⎡

⎣
⎢

⎤

⎦
⎥
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0
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2 2
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⎥

Figure 4.Two typical objects alongwith their shape approximations: (a) approximated pentagon shape (b) approximated cross shape.
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whereT= 1s represents the sampling period, and the experiment spans a total of 50 sampling instances, I2×2 is
denotes the identitymatrix; τ= 1× 10−4 denotes the forgetting factor [12];σ= 0.1m s−2 signifies the standard
deviation of the process noise. The initial state of the objectmotion is ¯ [ ]= - -x 200, 400, 8, 8k

b T. The number
ofmeasurements generated by each object follows a Poisson distributionwith amean of 20, and the scaling

factor ( )~ s s , ,k m k m, ,
2

3

1

18
. The standardGPmodel has parameters set asσf= 0.5, l= 2π,σr= 0.2. For theQL-

GPmodel, a table searchmethod is utilized to explore suitable hyperparameters values. Based on the standard
GPmodel’s parameter setting, the range for hyperparameters is set as s s s 0.001 10f f

MN
f ,

s s s 0.001 10r r
MN

r , 0.001l� lMN� 10l. Through experimental evaluation, balancing algorithm complexity
and performance, the search table size depicted infigure 2 is configured as 6× 6, ensuring an enhanced object
estimation performancewhile reducing the computational burden. In theQL algorithm,α= 0.1, γ= 0.9,
ε= 0.1 are designated parameters, where ε is referred to as the exploration coefficient.

Figure 6 delineates specific aspects of the pentagram-shaped EOTunder theCVmotionmodel. Figure 6(a)
portrays the object’s trajectory, encapsulating its initiation and termination points. Figure 6(b) is an enlarged
view of partial extended state estimation. Themagnified views of the extended object estimation at 35s and 50s,
displayed infigures 6(c)–(d), specifically focus on estimating the extended object’s shape.While all fourmethods
can outline the contours of the pentagram-shaped extended object, theQL-GP algorithmperforms better in
capturing finer details than the othermethods. Figures 6(c)–(d) illustrate that the shape estimation algorithm

Figure 5.Two typical objects alongwith their shape approximations: (a) approximated pentagon shape (b) approximated cross shape.
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based onQL-GPprogressively exhibitsmore prominent effectiveness over time and algorithm iterations in
estimating the shape of the extended object.

To further scrutinize the distinctions among different algorithms, numerical analyses were utilized to
evaluate the centroid and shape estimation performance of the extended objects, as illustrated infigures 7 and 8.
These graphical depictions present RMSE and hausdorff distance data. The graphical outcomes notably
highlight the superior performance of theQL-GP algorithm in both centroid and shape estimations relative to
PSO-GP,GP, andRHM. Specifically, whileGP’s estimation performance trails behind PSO-GP andQL-GP,
RHMdemonstrates the least effective performance among these algorithms.

Amore complex scenario-transforming a pentagram into a cross shape-is employed to distinguish
differences between algorithms better. Estimating shape variations ismore challenging than estimating a single
shape. The initial state of the object is ¯ [ ]=x 0, 0, 20, 8k

b T. Figure 9 illustrates the details of estimating the
transformation from a pentagram to a cross shape under theCVmotionmodel. Figure 9(b) displays
measurements at themoment of shape transformation, while figures 9(c)–(d) depicts the estimation results of
the shape at thatmoment. It can be observed that, before the shape transformation, the three algorithms based
on theGPmodel performedwell in shape estimation.However, after the shape transformation, none of the four
algorithms immediately adapted to this change, resulting in suboptimal shape estimation. Importantly, from

Figure 6.The tracking results of a singleMCexperiment for the pentagram-shaped object (a)displays the object’smotion trajectory,
(b) extension estimates, (c) extension estimate at 35s, (d) extension estimate at 50s.

Figure 7.RMSEof centroid estimation.
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figures 9(e)–(f), it is evident that, with algorithm iterations, theQL-GPmethod approached the actual shape
more closely during the contour estimation process, followed by the PSO-GP, both outperforming the
traditional GP andRHMalgorithms. This result further demonstrates the effectiveness of theQL-GP algorithm
in adapting to scenarios involving changes in the shape of extended object.

Figures 10 and 11 intuitively depict the performance differences among different algorithms using RMSE
and hausdorff distance, respectively. It can be observed from the figures that sudden changes in object shape
pose higher demands on algorithmperformance. At themoment of shape change, both centroid RMSE and
hausdorff distance exhibit significant errors. An important observation is that theQL-GP algorithm
demonstrates superior performance, with better estimation capabilities than PSO-GP, GP, andRHM
algorithms. It is noteworthy that after the adaptive parameter adjustment in theQL algorithm, there is a
noticeable performance improvement, emphasizing the crucial role of parameter selection in extended object
shape estimation, withQL-basedmethod outperforming PSO-basedmethod.

Figure 8.Hausdorff distance for shape estimation.

Figure 9.The tracking results of a singleMCexperiment for the pentagram to cross-shaped object (a) displays the object’smotion
trajectory, (b)measurements, (c) extension estimate at 10s, (d) extension estimate at 11s, (e) extension estimate at 30s, (f) extension
estimate at 50s.
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5.2. Simulation scenario 2
In this scenario, the validation of different algorithms still employs the cross and pentagon shapes. However,
these shapes exhibit distinctmotion patterns this time, augmenting the complexity and estimation difficulty.
The transitionmatrix has undergone alterations despitemaintaining the samemotion equation for the object as

in Scenario 1. For linearmotion, the transitionmatrix remains consistent with Scenario 1, that is, =F FCV
b b. In

the case of approximate coordinated turn (CT)motion for the pentagram-shaped object’smovement, the
transitionmatrix is described as

( )=

-

-

-

-
F

wT wT
wT wT

1 0

0 1

0 0 cos sin
0 0 sin cos

56CT
b

wT

w

wT

w

wT

w

wT

w

sin 1 cos

1 cos sin

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

where the object follows aCTmodewith a turn rate ofw=π/10 rad/s from11s to 20s and similarly from31s to
40s, butwith a turn rate ofw=−π/10 rad/s, and in theCVmodel for the remaining sampling times. The initial

Figure 10.RMSEof centroid estimation.

Figure 11.Hausdorff distance for shape estimation.
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state of the objectmotion is ¯ [ ]= - -x 200, 400, 16, 16k
b T. The settings for other parameters related to the

object’smotion and the parameters for theQL algorithm remain consistent with Scenario 1.
Figures 12(a)–(b) respectively illustrate themotion trajectory of the object and a locallymagnified view

during the second turning process of the object. Figures 12(c)–(d) illustrates detailed tracking estimation results,
emphasizing the consistently superior performance of theQL-GP algorithm in extended object shape
estimation. Thefigures show thatwhether the object is turning ormoving in a straight line, theQL-GP
algorithmprovides better estimates of the object shape compared to PSO-GP, GP, andRHM.Additionally,
figure 13 presents the RMSEof the center point estimates, indicating that the center point estimates ofQL-GP
aremore accurate compared to PSO-GP, GP, andRHM. Figure 14 illustrates the hausdorff distance of shape
estimation, indicating thatQL-GP outperforms PSO-GP,GP, andRHM in shape estimation. Although the
PSO-GP algorithm also optimizes GP hyperparameters, the optimization effect ofQL-GP ismore outstanding.

In the subsequent experiment, a differentmotion scenario is designed for the cross-shaped object. In
particular, the object follows aCTmodewith a turn rate ofw=π/18 rad/s from11s to 28s and similarly from
41s to 50s. In addition, as the centroid of the extended objectmoves with a certain turning rate, the expansion

Figure 12.The tracking results of a singleMCexperiment for the pentagram-shaped object (a) displays the object’smotion trajectory,
(b) extension estimates, (c) extension estimates at 32s, (d) extension estimates from50s.

Figure 13.RMSEof centroid estimation.
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state of the object also undergoes rotation at the same turning object, posing a greater challenge for the
estimation of EOT.

Figure 15 illustrates the details of the cross-shaped object tracking estimation. Figures 15(b)–(c) is local
enlargements andmeasurement generation during the object turning process. Figures 15(d)–(f) depicts the
effects of different algorithms on shape estimation during both the turning and straight-linemotion of the
object. It can be observed that the performance of PSO-GP is improved compared toGP, but there is still a gap
compared toQL-GP.QL-GP exhibits the best estimation performance, particularly in delineating the details of
the extended object shape.

Infigures 16 and 17, the RMSEof extended object centroid estimation and the hausdorff distance for shape
evaluation are presented. A detailed examination of the figures reveals whetherQL-GP consistently
demonstratesmoreminor errors in centroid or shape estimation, which establishes its superior performance
compared to PSO-GP,GP, andRHM.Notably, during the initial rotation of the object, both centroid RMSE and
hausdorff distance exhibit an increasing trend, suggesting an impact of the object’s rotation on the estimation.

Figure 14.Hausdorff distance for shape estimation.

Figure 15.The tracking results of a singleMCexperiment for the cross-shaped object (a) displays the object’smotion trajectory, (b)
extension estimates, (c)measurements, (d) extension estimates at 25s, (e) extension estimates at 35s, (f) extension estimates at 50s.
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However, all four algorithms converge swiftly, delivering precise estimates of the object’s centroid and extended
state. QL-GP, in particular,maintains superior performance, underscoring its robust adaptability across diverse
environments.

The heatmap depicted infigure 18 showcases the action-state selection heatmap of theQL-GP algorithm
under the scenario of an extended object following aCVmodel within a pentagon-shaped trajectory. Each
heatmap component denotes the reward value associatedwith selecting a particular actionwithin a specific state,
with distinct reward values represented by varying colors. Shades of red correspond to higher reward values,
while shades of purple indicate lower reward values. Analyzing the heatmapmakes it apparent which states and
actions result in the highest rewards, thereby identifying the optimal set of GPhyperparameters for achieving
superior performance in EOT.

Subsequently, two experiments are conducted using theCVmotionmodel: (1) an ablation studywas
performed against a background of the cross to assess the impact of different hyperparameters on the estimation
of extended object shapes; (2) an investigation into the effect of differentmeasurement quantities on the shape
estimation ofQL-GP, PSO-GP andGPmodels is conducted against a background of pentagrams. First, the
impact of hyperparameters on shape estimationwas evaluated, as shown infigure 19.

Figure 19 illustrates the consequences of fixing one hyperparameter while adapting the other two using the
QL-GP algorithm, offering insights into the individual effects of hyperparameters on shape estimation. In the

Figure 16.RMSEof centroid estimation.

Figure 17.Hausdorff distance for shape estimation.
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figure, the two dashed lines, top to bottom, represent the numerical values ofmeans andmedians ofQL-GP
algorithm. It’s evident from the graph thatfixingσr= 0.2 orfixingσf= 0.5while adapting the other parameter
using theQL algorithm significantly affects the shape estimation. Compared to the standardGPmodel,
performance appears to be superior whenσr= 0.2, indicated by the substantial decrease in bothmedian and
mean values. However, whileσf = 0.5 shows the smallestmedian, itsmean value for hausdorff distance is the
largest. Fixing l= 2π and adaptingσr andσfusing theQL algorithmbarely affects the results of shape estimation,
closely resembling the standardGPmodel. This underscores the substantial impact of l on extended object shape
estimation.However, to achieve the best estimation performance, it remains crucial to simultaneously optimize
all three hyperparameters, as seen in both PSO-GP andQL-GP.Notably, QL-GP exhibits superior performance
compared to PSO-GP, highlighting the effectiveness of the proposed algorithm.

Finally, a comparative analysis is conducted between theQL-GP, PSO-GP, andGPmodels to estimate the
shape of the extended object with varyingmeasurement numbers. Figure 20 showcases themean of hausdorff
distance in shape estimation forQL-GP, PSO-GP, andGPmodels under differentmeasurement numbers.
Observing the data in the graph reveals that, with fewermeasurements, QL-GP, PSO-GP, andGPmodels exhibit
significant errors in estimating the shape of the extended object. However, as the number ofmeasurements
increases, the performance of all threemodels improves. Particularly noteworthy is that the performance of the
PSO-GPmodel consistently outperforms theGPmodel, displaying smaller hausdorff distances, whileQL-GP
shows superior estimation, with the smallestmean hausdorff distance. This highlights the advantage of the

Figure 18.QL-GP action-state selection heatmap.

Figure 19. Influence of various hyperparameters on shape estimation.
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proposedQL-GP algorithm,which enhances the capability of estimating the shape of extended objects by
adaptively optimizingGPmodel hyperparameters throughRLmethods.

Table 1 presents the average RMSE and hausdorff distance for the four algorithms across different tracking
scenarios. The table shows thatQL-GP and PSO-GP, optimized for hyperparameters, showbetter estimation
performance compared toGP andRHM.Moreover, QL-GP exhibits superior optimization performance
compared to PSO-GP, further confirming the effectiveness of the proposed algorithm.

Table 2 summarises the single execution time for each algorithm in tracking a cross-shaped extended object
in Scenario 2, conducted on a unified experimental platform (3.9 GHz Intel Core i3 7100, Python 3.11.5). The
results reveal that, althoughRHMand traditional GPmethods incur lower computational costs, their lack of
adaptability to complex scenarios (e.g., dynamic object deformation or unknown parameters) significantly
constrains their tracking and estimation accuracy in such environment.WhileQL-GP exhibits a higher runtime
thanRHMand traditional GP, it achieves hyperparameter optimisationwith only amodest additional
computational cost, striking an effective balance between tracking accuracy and computational efficiency.
Furthermore, its average computational load is lower than that of PSO-GP,which relies on global search.

Figure 20.Themean hausdorff distancewith varying numbers ofmeasurements.

Table 1.Performance of different algorithms in different scenarios.

Scenario

Extended

shape algorithm RMSE(m)

hausdorff

distance

(m)

1 pentagram QL-GP 0.4714 1.1311

PSO-GP 0.4868 1.1468

GP 0.5072 1.1551

RHM 0.5276 1.2354

pentagram

to cross

QL-GP 0.5113 1.178

PSO-GP 0.5255 1.1965

GP 0.5502 1.2064

RHM 0.6112 1.3152

2 pentagram QL-GP 0.5038 1.1349

PSO-GP 0.5241 1.1586

GP 0.5412 1.1972

RHM 0.5675 1.2456

cross QL-GP 0.4877 1.0909

PSO-GP 0.5012 1.1099

GP 0.5167 1.1191

RHM 0.5433 1.2069
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Consequently, QL-GP ensures performance improvement whilemaintaining real-time capability and resource
efficiency, offering a highly practical solution for EOT in engineering applications.

6. Conclusion

The proposedQL-GP algorithm is designed to bolster theGPmodel’s proficiency in estimating the contour of
extended object by dynamically optimizing its hyperparameters. This novel approach seamlessly incorporates
QL into theGP framework, empowering it to learn the requisite hyperparameters autonomously, circumventing
the conventional reliance on predefined empirical values. Embracing a RL paradigm,QL-GP adapts its
hyperparameters through environmental interactions, surpassing the performance of the conventional GP
model. Simulation results affirm the remarkable capabilities of theQL-GP algorithm in accurately estimating
both the centroid and contour of extended object. It should be noted that the training-execution separation
strategy relies on the statistical consistency between the online environment and the training environment.
When real-world scenarios deviate from the training data distribution, such as encountering newobject
deformation patterns or significant changes inmeasurement noise, thefixed policymay struggle to adapt,
leading to reduced estimation accuracy (e.g., increased hausdorff distance andRMSE). To enhance themethod’s
adaptability in unknown environments, future work could incorporate lightweight online incremental
adjustmentmechanisms, enabling the policy tofine-tuneQ-values during execution based on environmental
feedback. Alternatively, a periodic policy retraining framework could be employed, using data collected online
to update the offline policy, therebymaintaining long-termmodel stability. Furthermore, incorporating domain
randomisation strategies during the training phase, by expanding the diversity of object and sensor conditions in
simulated environments, could improve the policy’s generalisation and robustness when facing novel scenarios.
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Appendix

For the state-spacemodels (1) and (12), prediction and update are performed using theCKF algorithm.
(1) predict step

˜ ˜ ( )∣ ∣=- - -x Fx 57k k k k1 1 1

( )∣ ∣= +- - -P FP F Q 58k k k k k1 1 1
T

where ˜ ∣- -xk k1 1 and ∣- -Pk k1 1 represent the initial state and covariance.

Table 2.Compute load comparison.

Algorithms Single execution time (s)

QL-GP 0.2562

PSO-GP 0.2794

GP 0.1827

RHM 0.0948
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(2) update step
i) generate basic cubature points

[ ] ( )x =
n

2
1 59i

t
i

where =wi n

1

t
, i= 1, 2,K, nt, and nt is the total number of cubature points, nt= 2nx (nx represents the

dimensionality of the state).
ii) compute cubature points

( )∣ ∣=- -S P 60k k k k1 1

˜ ( )∣ ∣ ∣c x= +- - -x S 61k k
i

k k k k i1 1 1

iii)propagate cubature points through the observation equation
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i

k k
i

s s a a1 1 ,k k

iv) compute the predicted observation
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v) calculate the covariancematrix
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vi) compute the gain

( ) ( )∣ ∣= - -
-W P P 67k k k

xz
k k
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1 1
1

vii) calculate the estimated value

˜ ˜ ( ) ( )∣ ∣ ∣= + -- -x x W z z 68k k k k k k k k1 1

( ) ( )∣ ∣ ∣= -- -P P W P W 69k k k k k k k
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k1 1
T

Given that theCKF offers higherfiltering accuracy and stability compared to the EKF, theCKF is chosen for
nonlinearfiltering.
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Abstract: Aiming at the uncertainty of target motion and observation models in multi-maneuvering
target tracking (MMTT), this study presents an innovative data-driven approach based on a Gaussian
process (GP). Traditional multi-model (MM) methods rely on a predefined set of motion models to
describe target maneuvering. However, these methods are limited by the finite number of available
models, making them unsuitable for handling highly complex and dynamic real-world scenarios,
which, in turn, restricts the adaptability and flexibility of the filter. In addition, traditional methods
often assume that observation models follow ideal linear or simple nonlinear relationships. However,
these assumptions may be biased in actual application and so lead to degradation in tracking per-
formance. To overcome these limitations, this study presents a learning-based algorithm-leveraging
GP. This non-parametric GP approach enables learning an unlimited range of target motion and
observation models, effectively mitigating the problems of model overload and mismatch. This
improves the algorithm’s adaptability in complex environments. When the motion and observation
models of multiple targets are unknown, the learned models are incorporated into the cubature
Kalman probability hypothesis density (PHD) filter to achieve an accurate MMTT estimate. Our
simulation results show that the presented approach delivers high-precision tracking of complex
multi-maneuvering target scenarios, validating its effectiveness in addressing model uncertainty.

Keywords: data-driven; multi-maneuvering target tracking; Gaussian process; model-free tracking

1. Introduction

Maneuvering target tracking (MTT) involves monitoring the velocity, acceleration,
position, and other state information of a moving target by using sensors that predict and
track the target’s trajectory using algorithms. This technology has extensive applications in
video surveillance, robotic vision, and military operations [1–6]. MTT remains challenging
due to external environment and disturbance effects, where the target motion may exhibit
irregular and highly dynamic characteristics [7].

Traditional MTT methods, which are model-driven (MD), describe the dynamic char-
acteristics of the target through reasonable assumptions and modeling of target motion.
These methods utilize recursive filtering techniques to process sensor measurements and
system noise. The interactive multiple model (IMM) algorithm is a typical representative
of this category. It employs multiple motion models simultaneously to describe different
target motion models. It dynamically adjusts the weights of each model during filtering
to achieve optimal state estimation of the target [8–13]. To further improve the flexibility
and adaptability of MTT, ref. [14] proposed the variable-structure IMM algorithm, which
handles changes in target motion models more effectively. However, these methods are
primarily designed for single-target tracking problems. With an increasing number of
targets in the surveillance area, the applicability of these methods decreases significantly.

The multi-model (MM) approach is an effective solution for multi-maneuvering target
tracking (MMTT), which is widely applied to solving multi-target tracking problems with
various motion patterns. Several MMTT filtering algorithms have been developed, based
on this approach. For example, refs. [15,16] introduced the MM probability hypothesis
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density (PHD) filter; ref. [17] proposed an MM cardinalized PHD filter, to address the
problem of inaccurate target cardinality estimation in MMTT; ref. [18] proposed a variable-
structure MM-PHD (VSMM-PHD) filter to improve the efficiency and accuracy of MMTT.
Unlike the traditional MM-PHD filter, VSMM-PHD uses a different set of models for
each target at different times, better adapting to changes in target motion. In addition,
refs. [19–21] developed various MM MeMBer filters to meet the needs of different tracking
scenarios. However, as the uncertainty of target trajectories increases and the diversity of
target motion patterns increases, model-based methods become increasingly inadequate
for handling such complex variations. These methods are subject to certain limitations
in practical application. Firstly, model-based methods rely heavily on initial conditions.
Inaccurate initial settings can adversely affect estimation performance. Secondly, although
increasing the number of models can improve tracking accuracy, an excessive number of
models significantly increases the computational cost and complexity.

To overcome the limitations of the traditional methods, the data-driven (DD) approach,
which is mainly based on a Gaussian process (GP) [22], provides promising alternatives.
By contrast, GP-based techniques can learn the underlying models and model parameters
from training data through non-parametric regression, thus eliminating the dependence on
motion models in the classic MTT approach. The advantage of this strategy is its ability to
adapt to different target motion models and produce more reliable state estimates. In recent
years, GP-based target-tracking methods have increasingly become a popular research
area, and they provide a substitute for traditional methods. A GP is a non-parametric
machine learning regression method based on Bayesian inference. The distribution of
output variables is modeled through a GP, which updates this distribution, using obser-
vational data. As a flexible model, a GP can adapt to various input and output data in
multi-dimensional spaces and perform adaptive optimization based on the data. Moreover,
a GP can seamlessly integrate state space models and Bayesian filtering. For instance,
refs. [23,24] demonstrates using the GP to learn prediction and observation models from
training data; ref. [25] combines Kalman filtering (KF) with a GP to create an efficient GP
estimator for a spatiotemporal dynamic GP. Furthermore, ref. [26] modeled unknown per-
turbations as the GP and proposed an adaptive KF to improve the estimation performance.

Recent studies have applied the GP to MTT to address issues related to unknown
target motion models or mismatches between motion models and actual target motion.
For example, ref. [27] proposed a model-free MTT method that leverages the flexibility
of the GP to enable switching between a large number of models and state estimates.
Another study [28] introduced a DD method for MTT and smoothing, which showed
significant performance improvements compared to traditional MD methods; ref. [29]
presented a new GP-based approach to learning motion models and applied it within
particle filtering to track targets in different surveillance regions. Furthermore, ref. [30]
used a GP to approximate the transition density of the Bayesian optimal Bernoulli filter
and proposed a particle implementation of the Bernoulli filter to handle unknown target
motion model transitions, while [31] proposed a hybrid strategy that combines DD and
MD approaches and effectively improves the tracking performance of strong maneuverable
targets by integrating the advantages of both methods. Despite the success of these GP-
based approaches in a variety of application scenarios, research for model-free MMTT in
the context of random finite set (RFS) theory [32] has not yet been implemented. Further
exploration of this area is essential to advance the development of MMTT technology.

To this end, this study proposes a novel MMTT algorithm to improve tracking accuracy
in complex environments. The main contributions of this paper are as follows:

(1) A data-driven MMTT state estimation method is proposed by combining a GP and
the PHD filter. The method models the MMTT motion and observation models as
nonlinear functions over time. It uses a GP to learn the unknown characteristics of the
target motion and observation models from training data.

(2) Based on the GP model learning, a cubature Kalman filter (CKF) [33] is utilized
to propagate the uncertainty of the system to achieve accurate estimation. The GP
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possess provide model-learning capability, while the CKF efficiently handles nonlinear
system through the ‘cubature sampling’ technique. This innovative design allows the
GP-PHD filter to achieve excellent tracking accuracy and stability in uncertain and
complex environments.

(3) To verify the effectiveness of the proposed algorithm, two groups of simulation
experiments with different scenarios are designed. The results demonstrate that,
compared to the traditional MD method, the GP-based method offers significant
advantages in an environment with unpredictable and highly dynamic target motion.

Furthermore, the existing GP-based MTT algorithms are limited to scenarios involving
a single target. However, the proposed algorithm overcomes this limitation, enabling simul-
taneous tracking of multi-maneuvering targets. This capability is particularly important in
scenarios with numerous targets and frequent dynamic changes. The proposed method
imposes no restrictions on the number of targets. It can effectively handle target generation,
disappearance and maneuvering behavior, demonstrating its applicability and flexibility in
complex MMTT scenarios.

The remainder of the paper is organized as follows. Section 2 introduces the problem
definition and background, and Section 3 introduces the Gaussian process. A detailed
implementation of the proposed algorithm is given in Section 4. Simulation results are
provided in Section 5, and Section 6 concludes the paper.

2. Problem Definition and Background
2.1. System Model

Consider a discrete-time dynamic model with a transfer dynamics equation and
observation equation as

xt+1 = f (xt) + ϕt (1)

zt = g(xt) + ςt (2)

where xt = [ζt, ζ̇t, φt, φ̇t]T represents the state for a target in two-dimensional space at time
t,
(
ζt, ζ̇t

)
represents the position along the x- and y-axis, (φt, φ̇t) denotes the corresponding

velocity; zt denotes sensor measurement. The f and g are nonlinear process transfer
functions and observation functions; ϕt and ςt are the zero mean, white additive Gaussian
process and measurement noise, respectively.

2.2. Multi-Target Bayesian Filtering

Based on the RFS theory [32], the state and measurement sets for multiple targets
are represented as RFS Xt = {xt,1, . . . , xt,nx} and Zt = {zt,1, . . . , zt,nz}, respectively; nx
and nz specify the number for targets and measurements, respectively. According to the
Chapman–Kolmogorov Equation [34], the multi-target prediction equation at time t can be
derived as

ft|t−1 (Xt|Z1:t−1 ) =
∫

ft|t−1

(
Xt

∣∣∣Xt|t−1

)
ft−1

(
Xt|t−1 |Z1:t−1

)
δXt|t−1 (3)

where ft|t−1 and ft−1

(
Xt|t−1 |Z1:t−1

)
denote a multi-target state transfer function and state

at time t − 1, respectively. According to Bayes’ rule, after a new set Zt of measurements is
received at time t, the multi-target update equation is given by

ft|t
(

Xt|t |Z1:t

)
=

Lt|t
(

Zt|t

∣∣∣Xt|t
)

ft|t−1

(
Xt|t |Z1:t−1

)
∫

Lt|t
(

Zt|t

∣∣∣Xt|t
)

ft|t−1

(
Xt|t |Z1:t−1

)
δXt|t

(4)

2.3. PHD Filter

Suppose νt and νt|t−1 denote the intensity functions corresponding to multi-target
posterior density pt alongside predicted density pt|t−1 , respectively. The multi-target
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intensity function at time t − 1 is given by the νt, and its prediction equation of the PHD
filter can be expressed as

νt|t−1 (x) =
∫

ps,t
(
x′
)

ft|t−1
(

x
∣∣x′ )νt−1

(
x′
)
dx′ +

∫
βt|t−1

(
x
∣∣x′ )νt−1

(
x′
)
dx′ + γt(x) (5)

where ps,t(x′) denotes the probability of surviving, ft|t−1 (x|x′ ) represents the transition
probability density of a single target. At time t, βt|t−1 (x|x′ ) and γt(x) represent the
intensity of the spawned and birth targets, respectively. Given the set of measurements Zt
at time t, the update Equation for the PHD filter is

νt|t (x) = (1 − pd,t(x))νt|t−1 (x) + ∑
z∈Zt

pd,t(x)gt(z|x )νt|t−1 (x)
κt(z) +

∫
pd,t(x′)gt(z|x′ )νt|t−1 (x′)dx′ (6)

where pd,t(x) denotes detection probability, gt(z|x ) represents the measurement likelihood
of a single target, and κt(z) signifies the intensity for clutter.

3. Gaussian Process

Using a training dataset, the GP is a complex non-parametric learning algorithm
primarily used to learn unknown functions. The dataset contains input–output pairs, and
the GP provides a mapping between them. The critical aspect that comprises GP involves
the flexibility of modeling as it facilitates simulating the behavior of a system in the face
of uncertainty.

3.1. Basic Gaussian Process Model

The GP represents a distribution of the function based on the training data. Suppose
there is a set of training data Td = ⟨X, y⟩, where d-dimensional input vector xi are arranged
in the matrix X = [x1, x2, . . . , xn], where n denotes the number of training points, and
y = [y1, y2, . . . , yn] is the vector containing the scalar training output. Assume that the
measurement values are derived from the noise process

yi = h(xi) + ε (7)

where ε is additive Gaussian white noise with zero mean and variance is σ2
n . The Gaussian

predictive distribution on the output y∗ for training data Td = ⟨X, y⟩ and test inputs x∗, the
mean and variance are specified by the GP, i.e.,

GPm(x∗, Td) = kT
∗K−1y (8)

GPv(x∗, Td) = k(x∗, x∗)− kT
∗K−1k∗ (9)

In this case, k∗ is a vector formed by the kernel values between the test input x∗ and
the training input X, where k indicates the kernel function for the GP, and the training
input values are represented by the n × n dimensional kernel matrix K, which means
that, k∗[i] = k(x∗, xi) and K[i, j] = k

(
xi, xj

)
. It should be emphasized that process noise,

both the correlation between the test input and the training data, influence the prediction
uncertainty as reflected by variance GPv.

The exact application scenario determines the kernel function to be utilized, with the
squared exponential or the Gaussian kernel with additive noise being the most popular

k
(
x, x′

)
= σ2

f e−
1
2 (x−x′)A(x−x′)T

+ σ2
nδ (10)

and the signal variance is given by σ2
f , thus regulating the degree of prediction uncertainty

in the area of low training data density. The length scale of the process is contained in
the diagonal matrix A, for example, A = diag

([
1
/

a2
1, 1

/
a2

1, . . . , 1
/

a2
d
])

. In different input
dimensions, the length scale reacts to how smooth the operation is overall. σ2

n is the final
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GP parameter, which controls the noise of the whole process. Figure 1 illustrates a one-
dimensional GP example. In the figure, the red × denotes the training point, the blue curve
represents the prediction result, and the blue shading represents uncertainty. It can be seen
from the figure that the uncertainty is lower near the training points and increases in areas
away from the training points.

0 2 4 6 8 10 12 14
−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5
 Train
 Predict
 Uncertainty

f(
x)

x

Figure 1. One-dimensional GP.

3.2. Hyperparameter Learning

The hyperparameters of the GP are represented by θ =
[

A, σf , σn

]
. By maximizing

the log marginal likelihood of the training output for a given input, they can be trained

θmax = arg max
θ

{log(p(y|X, θ ))} (11)

It is possible to express the logarithmic component in (11) as

log(p(y|X, θ )) = −1
2

yT
(

K(X, X) + σ2
n I
)−1

y − 1
2

log
∣∣∣K(X, X) + σ2

n I
∣∣∣− n

2
log 2π (12)

Numerical optimization methods such as conjugate gradient ascent can be employed to
solve this optimization problem [21]. To perform this optimization, it is essential to use the
partial derivatives of the log-likelihood, as given below

∂

∂θt
log(p(y|X, θ )) =

1
2

tr
[(

K−1y
)(

K−1y
)T ∂K

∂θt

]
(13)

Each element of ∂K[i,j]
∂θt

in (13) represents a partial derivative of a kernel function in regard
to its hyperparameters

∂k
(
xi, xj

)
∂σf

= 2σf e−
1
2 (xi−xj)A(xi−xj)

T
(14)

∂k
(

xi, xj
)

∂σn
= 2σnδ (15)
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∂k
(
xi, xj

)
∂Aii

= −1
2
(
xi[i]− xj[i]

)2
σ2

f e−
1
2 (xi−xj)A(xi−xj)

T
(16)

Due to the non-convex nature of this optimization problem, finding the global optimal
solution cannot be guaranteed. However, in practical applications, such optimization
problems often yield satisfactory results.

3.3. Learning Prediction and Observation Models Using Gaussian Process

The GP is possibly employed straight to the Bayesian filter in (3), and it has been
shown to satisfy the conditions for learning predictive and observational models. In the
context of the application in this work, the model needs to provide both expected mean
and predicted uncertainty or noise. The GP inherently satisfies both objectives in its
unique manner.

The training data are obtained by dynamically sampling and observing the system.
They are expected to be representative of the system, i.e., they can span the state space
encountered during normal operation. A set of input–output relations forms the training
data for each GP. In the predictive model, state and control variables (xt, ut) are mapped to
state transitions ∆xt = xt+1 − xt. Then, the previous state is added to the state transition
to determine the subsequent state. The state xt is mapped into observation zt using the
observation model. Consequently, the training dataset for prediction and observation
should have the following form

Tp =
〈
(X, u), X′〉 (17)

To = ⟨X, Z⟩ (18)

where the matrix containing the real states is indicated by X, and the matrix created when
these states experience a transfer of control in application u is X′ = [∆x1, ∆x2, . . . , ∆xt].
The observation matrix for the corresponding state X is denoted by Z. The prediction and
observation models for the GP are subsequently obtained as

p(xt|xt−1, ut−1 ) ≈ N
(
GPm

(
[xt−1, ut−1], Tp

)
, GPv

(
[xt−1, ut−1], Tp

))
(19)

p(zt|xt ) ≈ N(GPm(xt, To), GPv(xt, To)) (20)

It is important to note that the mean and variance of these models, for both input
and training data, are nonlinear functions, even though they correspond to a Gaussian
distribution. Moreover, due to their local Gaussian character, these models are seamlessly
integrated into Bayesian filters.

The GP is typically defined in the case of scalar outputs. However, the GP Bayesian
filter is represented for the vector output model by learning a distinct GP for each output
dimension. Since the output dimensions are no longer interdependent, the resulting noise
covariance matrix of the GP becomes diagonal.

4. Gaussian Process Bayesian Filter

In the following phase, a GP model will be introduced into the Bayesian filter to
address the uncertainty in the motion and observation models of MMTT.

4.1. Gaussian Process for System Model

Some existing MD methods represent the motion and observation states of a target
through one or more defined equations of motion and observations. However, GP-based
approaches eliminate the need for precise equations of motion and observation. This
reduces the reliance on the target motion and observation models by encoding the target
state through the learned GP state and observation models.
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The GP state model GP f and observation model GPh can be used to express the state
and measurement equations as shown below

xt = GP f
m
(
[xt−1, ut−1], Tp

)
+ ϕt−1 (21)

zt = GPh
m(xt, To) + ςt (22)

where
ϕt−1 ∼ N

(
0, GP f

v
(
[xt−1, ut−1], Tp

))
(23)

ςt ∼ N
(

0, GPh
v (xt, To)

)
(24)

4.2. GP-CK-PHD Gaussian Mixture Implementation

Based on the Gaussian mixture (GM) recursive construction of the standard PHD
filter, the posterior intensity of the multi-target state is expressed as a weighted sum of
multiple non-Gaussian functions, derived through the recursive propagation in (5) and (6).
Gaussian functions can approximate each non-Gaussian component, and similar to the CKF
method, the ‘cubature sampling’ approach can be used to calculate the GM approximating
components of the posterior intensity at subsequent time steps while approximating the
weight of each component.

Therefore, this study proposes a nonlinear GM implementation based on the GP-PHD
filter to address the challenges posed by uncertain motion and observation models in
MMTT. This method leverages the GP learning approach and employs cubature sampling
for propagation, making it an effective solution for tackling the problems of uncertain
motion and observation models under nonlinear conditions in MMTT.

Considering the properties of nonlinear systems, it is impossible to represent the
posterior intensity explicitly in GM form, so it is necessary to approximate the non-Gaussian
component of the posterior intensity using an appropriate Gaussian distribution. The GM
form for the birth RFS intensity is

γt(x) =
Jγ,t

∑
a=1

wa
γ,tN

(
x; ma

γ,t, Pa
γ,t

)
(25)

where Jγ,t, wa
γ,t, ma

γ,t, Pa
γ,t, a = 1, . . . , Jγ,t are the model parameter given to determine the

birth intensity. The particular procedure is described below:
(1) Consider the following as an approximation of the posterior intensity at time t − 1

can be approximated by

νt−1(x) ≈
Jt−1

∑
a=1

wa
t−1N

(
x; ma

t−1, Pa
t−1

)
(26)

Then, at the time t, the predicted intensity is

νt|t−1(x) = νs,t|t−1(x) + γt(x) (27)

where

νs,t|t−1(x) ≈ ps,t

Jt−1

∑
j=1

wj
t−1N

(
x; mj

s,t|t−1 , Pj
s,t|t−1

)
(28)

According to the Cubature rule, 2n weighted Cubature sampling points
[

xl
t|t−1 , wl

t|t−1

]
are selected, and the quantity of sampling points is l = 0, 1, . . . , 2n. Then, the model of the
unknown system is linearized, where

xl,t−1 = xt−1 ±
√

Pt−1αl (29)
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xl
t|t−1 = GPm

(
[xl,t−1, ut−1], Tp

)
(30)

Qt = GPv
(
[xt−1, ut−1], Tp

)
(31)

mj
s,t|t−1 =

1
2n

2n

∑
l=0

xl
t|t−1 (32)

Pj
s,t|t−1 =

1
2n

2n

∑
l=0

(
xl

t|t−1 − mj
s,t|t−1

)(
xl

t|t−1 − mj
s,t|t−1

)T
+ Qt (33)

(2) Suppose that a Gaussian mixture can be used to roughly represent the predicted
intensity at time t, i.e.,

νt|t−1 (x) ≈
Jt|t−1

∑
j=1

wj
t|t−1 N

(
x; mj

t|t−1 , Pj
t|t−1

)
(34)

Then the posterior intensity at time t is likewise in the structure of a GM, denoted as

νt(x) = (1 − pd,t)νt|t−1 (x) + ∑
z∈Zt

νd,t(x; z) (35)

where

νd,t(x; z) =
Jt|t−1

∑
j=1

wj
t(z)N

(
x; mj

t|t (z); Pj
t|t

)
(36)

wj
t(z) =

pd,tw
j
t|t−1 qj

t(z)

κt(z) + pd,t

Jt|t−1

∑
j=1

wj
t|t−1 qj

t(z)

(37)

wj
t|t−1 = ps,tw

j
t−1 (38)

qj
t(z) = N

(
z; η

j
t|t−1 , Sj

t

)
(39)

mj
t|t (z) = mj

s,t|t−1 + K j
t

(
z − η

j
t|t−1

)
(40)

xl
t|t = mj

s,t|t−1 ±
√

Pj
s,t|t−1αl (41)

zl
t|t−1 = GPm

(
xl

t|t , To

)
, l = 0, . . . , 2n (42)

Rt = GPv

(
mj

t|t−1 , To

)
(43)

η
j
t|t−1 =

1
2n

2n

∑
l=0

zl
t|t−1 (44)

Sj
t =

1
2n

2n

∑
l=0

(
zl

t|t−1 − η
j
t|t−1

)(
zl

t|t−1 − η
j
t|t−1

)T
+ Rt (45)

Pj
xz,t =

1
2n

2n

∑
l=0

(
xl

t|t−1 − mj
s,t|t−1

)T(
zl

t|t−1 − η
j
t|t−1

)T
(46)

K j
t = Pj

xz,t

(
Sj

t

)−1
(47)

Pj
t|t = Pj

t|t−1 − K j
tS

j
t

(
K j

t

)−1
(48)
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Given the GM intensity νt|t−1 and νt, the appropriate weights can be summed jointly
to yield the associated expected number of targets n̂t|t−1 and n̂t.

According to the prediction step, the mean value of the predicted number of targets is

n̂t|t−1 = n̂t−1 ps,t +
Jγ,t

∑
j=1

wj
γ,t (49)

According to the update step, the mean value of the updated target number is

n̂t = n̂t|t−1 (1 − pd,t) + ∑
z∈Zt

Jt|t−1

∑
j=1

wj
t(z) (50)

(3) Pruning & Merging
The GP-PHD filter encounters the same computational challenges as the standard

GM-PHD filter, especially the growth of the Gaussian components over time. To address
this issue, an efficient pruning strategy is employed to reduce the number of Gaussian
components passed to subsequent time steps [15]. The specific steps of the GP-PHD
algorithm are described in Algorithm 1.

Algorithm 1 The GP-PHD algorithm

Input:
{

wa
t−1, ma

t−1, Pa
t−1

}Jt−1
a=1, Zt, Tp, To

1: Predict
2: (1) predict newborn targets
3: a = 0
4: for j = 1 : Jγ,t do
5: a = a + 1
6: wi

t|t−1 = wj
γ,t, mi

t|t−1 = mj
γ,t, Pi

t|t−1 = Pj
γ,t

7: end for
8: (2) predict existing targets
9: for j = 1 : Jt−1 do

10: a = a + 1
11: use (29)–(33) calculate the predictive parameters mj

s,t|t−1 and Pj
s,t|t−1 for the birth

targets
12: end for
13: Jt|t−1 = i
14: Update
15: for j = 1 : Jt|t−1 do
16: wa

t = (1 − pd,t)wa
t|t−1 , ma

t = ma
t|t−1 , Pa

t = Pa
t|t−1

17: end for
18: q = 0
19: for b = 1 : length(Zt) do
20: q = q + 1
21: for j = 1 : Jt|t−1 do

22: wj
t = pd,tw

j
t|t−1 qj

t(z)

23: use (36), (38)–(48) calculate the update parameters mj
t|t and Pj

t|t
24: end for
25: use (37) calculate the update parameters wj

t
26: end for
27: Jt = qJt|t−1 + Jt|t−1

Output:
{

wi
t, mi

t, Pi
t
}Jt

i=1
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5. Simulation Experiments
5.1. Performance Evaluation

To evaluate the effectiveness of the proposed GP-PHD filtering algorithm in this part,
employ the Generalized Optimal Subpattern Assignment (GOSPA) distance [35], which is
defined as

d(c,α)
p (X, Y) ≜ [min

γ∈Γ
( ∑
(i,j)∈γ

d
(
xi, yj

)p
+

cp

α
(|X|+ |Y| − α|γ|))]

1
P (51)

The parameters are assigned to c = 50, p = 2, α = 2.

5.2. Simulation Results

(1) Scenario 1: For a two-dimensional surveillance region [−800, 800]× [−800, 800] m
contains clutter and an unknown number of targets which evolve over time. Each target
moves autonomously according to its motion model

xt = FCV/CTxt−1 + ϕt (52)

FCV =


1 ∆ 0 0
0 1 0 0
0 0 1 ∆
0 0 0 1

 (53)

FCT =


1 (sin θ)

θ 0 − (1−cos θ)
θ

0 cos θ 0 − sin θ

0 (1−cos θ)
θ 1 (sin θ)

θ
0 sin θ 0 cos θ

 (54)

with ϕt ∼ N(0, Qt)

Qt = σ2


∆4/4 ∆3/2 0 0
∆3/2 ∆2 0 0

0 0 ∆4/4 ∆3/2
0 0 ∆3/2 ∆3/2

 (55)

where σ = 0.1, ∆ = 1 s represents the sampling interval. Model 1 is a CV model (M1);
Model 2 has a turn rate of θ = −9 °/s and represents a left-turning model (M2); Model
3 is a right-turn model and the turn rate is θ = 6 °/s (M3). For each target, the survival
probability and detection probability are ps,t = 0.97 and pd,t = 0.95, respectively. The
observation consists of the orientation and distance

zt =

 arctan
(

ζy
ζx

)√
ζ2

x + ζ2
y

+ ςt (56)

where ςt ∼ N(0, Rt), Rt = diag
([

σ2
θ , σ2

r
]T

)
, σθ = 2× (π/180) rad/s, σr = 10 m. The clutter

model is modeled using a uniform Poisson model with a clutter rate λc = 10. Additionally,
a GM of the form is also utilized as the birth model of the target

γt(x) =
5

∑
i=1

wi
bN

(
x; mi

b, Pi
b

)
(57)

where wi
b = 0.1 and

m1
b =

[
50 0 250 0

]T , m2
b =

[
−250 0 −250 0

]T ,

m3
b =

[
−250 0 250 0

]T , m4
b =

[
250 0 −250 0

]T ,

m5
b =

[
0 0 150 0

]T , Pi
b = diag

(
[200, 100, 200, 100]T

)
.
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The length of the training data L1 = 1000, and the length of testing data
L2 = 100. The real trajectories used for training and testing are distinct, i.e., the train-
ing and testing data are from different datasets but follow the same motion model. For the
targets’ motion process, the testing target moves in M2 at 20 ∼ 40 s, M3 at 60 ∼ 80 s, and
M1 at other moments. Figure 2 displays the trajectory of the test targets. Furthermore, the
efficacy of the proposed approach is evaluated by averaging 500 independent Monte Carlo
(MC) experiments.

−800 −600 −400 −200 0 200 400 600 800
−800

−600

−400

−200

0

200

400

600

800

y 
(m

)

x (m)

 target1
 target2
 target3
 target4
 target5
 Intial targets position
 Final targets position

Figure 2. True trajectory of maneuvering targets .

Figures 3 and 4 illustrate the cardinality estimation and cardinality estimation error
with detection probability pd = 0.95, respectively. The results in Figure 3 indicate that both
the GP-PHD, VSMM-PHD, and MM-PHD filters outperform the single-model PHD filter
in terms of performance and stability of cardinality estimation. When there is a significant
model mismatch, the cardinality estimate error of the single model PHD filter increases
observably and, therefore, cannot accurately estimate the actual number of targets in the
environment. In contrast, the GP-PHD, VSMM-PHD, and MM-PHD filters show similar
performance in MMTT cardinality estimation. A closer analysis reveals that the GP-PHD
filter outperforms the others in target cardinality estimation. The histogram with error
bars for cardinality estimation errors of several algorithms is shown in Figure 4, which
is intended to visually and accurately present the mean value of cardinality estimation
errors and their fluctuations of each algorithm so as to provide strong support for the
comparison of different algorithms in terms of cardinality estimation accuracy. In this
figure, the height of the histogram represents the mean value of the cardinality estimation
error, while the error bars serve as a quantitative indicator of the fluctuation or uncertainty
of the data, and the longer the error bars are, the greater the fluctuation or uncertainty
of the data. After careful analysis, it can be clearly observed that the proposed GP-PHD
algorithm performs the best in terms of the mean value of cardinality estimation error with
the smallest mean value, which fully proves the excellent performance of the algorithm in
the task of multi-maneuvering target cardinality estimation. Meanwhile, the VSMM-PHD
and MM-PHD filters exhibit similar performance in cardinality estimation, but the VSMM-
PHD filter shows a slight advantage in the mean value of cardinality estimation error. In
contrast, the other single-model algorithms perform poorly in terms of both the mean
cardinality estimation error and the range of fluctuation, which are large and fluctuate
significantly, demonstrating significant shortcomings in cardinality estimation performance.
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This phenomenon further underscores the accuracy and stability of the GP-PHD algorithm
for cardinality estimation of multi-maneuvering targets in complex environments.
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Figure 3. Cardinality estimation comparison under pd = 0.95.

GP-PHD

VSMM-PHD

MM-PHD

GM-PHD-M
1

GM-PHD-M
2

GM-PHD-M
3

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

C
ar

di
na

lit
y 

es
tim

at
io

n 
er

ro
r

 GP-PHD
 VSMM-PHD
 MM-PHD
 GM-PHD-M1
 GM-PHD-M2
 GM-PHD-M3

Figure 4. Cardinality estimation error comparison under pd = 0.95.

Figures 5 and 6 show the GOSPA distance with detection probability pd = 0.95, under
various clutter conditions. Figure 5 demonstrates that the GP-PHD filter has an advantage
over the VSMM-PHD, MM-PHD, and other single-model filters. By better adapting to
changes in maneuvering target kinematics, the GP-PHD filter results in a smaller GOSPA
distance. This is due to the GP’s ability to model the target’s dynamic properties flexibly,
automatically learn the target’s motion models, adapt to different motion trajectories, and
thus reduce the position estimation error. In addition, the precise modeling of the target
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motion can also effectively cope with the uncertainty of the target potential, thus reducing
the occurrence of missed targets and false detections. This property plays a crucial role in
reducing the GOSPA distance. Therefore, the GP-PHD filter outperforms other algorithms
in terms of GOSPA distance. For instance, during the 40–60 s and 60–80 s, when the motion
model of the maneuvering target changes, the GP-PHD filter maintains stable estimation
performance with minimal degradation in accuracy. In contrast, the VSMM-PHD and
MM-PHD filters do not perform as well as the GP-PHD filter because the multi-model
approach generally suffers from model assumption limitations and model switching lags.
These issues lead to increased errors in target location and cardinality estimation, thereby
adversely affecting the GOSPA distance. Furthermore, when a single-model PHD filter is
used for estimation, significant estimation errors are often observed due to the mismatch
between the model and the actual target motion. Figure 6 illustrates the average GOSPA
distance under varying clutter conditions. The average GOSPA distance for all algorithms
tends to increase as the clutter density increases. However, the average GOSPA distance of
the GP-PHD filter is less sensitive to the clutter density, maintaining the best estimation
performance across all conditions. This further highlights the advantages of the GP-PHD
filter in MMTT and its strong adaptability to complex environments.
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Figure 5. GOSPA distance under pd = 0.95.

To thoroughly assess the performance of the proposed algorithm in a low-signal-to-
noise ratio (SNR) environment, Figure 7 demonstrates the average GOSPA distance of the
algorithm under different settings of the measurement noise covariance. An increase in
the measurement noise covariance matrix Rt, a key parameter affecting the SNR, leads to a
reduction in SNR. It can be observed through Figure 7 that the GP-PHD filter exhibits the
smallest GOSPA distance in each noise level test, highlighting its significant advantage in
target tracking accuracy and robustness to noise interference. This advantage stems from
the GP filter’s non-parametric modeling capability, which not only effectively learns the
features of the target model but also adapts to the unknown characteristics of the noise
covariance. Meanwhile, the VSMM-PHD and MM-PHD filters perform acceptably under
initial low-noise conditions. Still, the GOSPA distance of these two filters increases rapidly
with the growth in the measurement noise covariance, indicating a significant deficiency in
their adaptability in high-noise environments. The performance degradation of the other
single-model PHD filters is more significant in the presence of increased noise, underscoring
the limitations of the single-model algorithm in terms of flexibility and estimation accuracy.
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Figure 6. Average GOSPA distance under different clutter number under pd = 0.95.

Figure 7. Average GOSPA distance under different Rt under pd = 0.95.

Figures 8–10 evaluate the tracking performance of different algorithms with a detec-
tion probability of 0.7. Figures 8 and 9 show that a lower detection probability significantly
affects the cardinality estimation of multi-maneuvering targets, with all algorithms ex-
hibiting some bias. However, the cardinality estimation of the GP-PHD filter remains
closer to the actual situation. In contrast, the VSMM-PHD and MM-PHD filters show more
significant deviations, while the other single-model methods deviate even more. Figure 9
further illustrates this phenomenon using cardinality estimation error statistics. Despite
the impact of low detection probability, the GP-PHD filter maintains better robustness in
cardinality estimation and outperforms traditional MD algorithms. Figure 10 compares the
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GOSPA distance and shows that the proposed GP-PHD filter outperforms both MM-PHD
and single-model PHD filters. This also highlights that the GP-PHD filter is beneficial in
MMTT estimate. The GP-PHD filter demonstrates superior performance by maintaining a
lower GOSPA distance even under challenging conditions with low detection probability.
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Figure 8. Cardinality estimation comparison under pd = 0.7.
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Figure 9. Cardinality estimation error comparison under pd = 0.7.
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Figure 10. GOSPA distance under pd = 0.7.

Table 1 presents the average GOSPA distance of various filtering algorithms for
500 MC experiments at a detection probability of 0.7 under different clutter conditions.
As the amount of clutter increases, the average GOSPA distance for all filters increases
accordingly. However, the proposed GP-PHD filter exhibits a low average statistical error
in these scenarios, highlighting its superiority in estimating multi-maneuvering target
motion states when facing uncertain motion and observation models. In contrast, the MD
MM-PHD filter performs slightly worse than the GP-PHD filter algorithm, while the other
three single-model PHD filters perform poorly in low detection probability scenarios due
to mismatched motion models. This difference shows that the GP-PHD filter maintains
robust performance even under challenging conditions with low detection probability and
high clutter rates.

Table 1. Average GOSPA distance statistics in different λc.

λc = 10 λc = 20 λc = 30 λc = 40

GP-PHD 18.81 28.82 39.19 53.52
VSMM-PHD 24.26 36.43 47.57 64.93

MM-PHD 27.03 38.68 50.13 67.65
GM-PHD-M1 39.46 49.49 62.61 74.69
GM-PHD-M2 39.85 52.84 64.05 77.04
GM-PHD-M3 45.07 54.24 68.35 79.02

(2) Scenario 2: A more complex MMTT environment is designed to further validate
the effectiveness of the proposed approach. In this experimental setup, the maneuverabil-
ity of the targets is significantly increased, imposing higher demands on the estimation
performance of the MTT algorithms. The targets’ motion models still include M1, M2, and
M3, but the turning rates of M2 and M3 have significantly changed with θ = −12 °/s and
θ = 12 °/s. This complex environment makes the trajectories of targets more diverse and
uncertain, which poses greater challenges to the adaptability and robustness of tracking
algorithms. Through this setup, the performance of the GP-PHD filter in highly dynamic
and complex environments can be comprehensively evaluated and compared with other
traditional MD algorithms. In addition, a GM of the form is employed, as well as the target
birth model
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γt(x) =
5

∑
i=1

wi
bN

(
x; mi

b, Pi
b

)
(58)

with wi
b = 0.1 and

m1
b =

[
50 0 250 0

]T , m2
b =

[
−250 0 −250 0

]T ,

m3
b =

[
−250 0 250 0

]T , m4
b =

[
250 0 −250 0

]T ,

m5
b =

[
−100 0 −100 0

]T .

The remaining of the multi-target motion and tracking environment parameters are set
as in Scenario 1. The testing targets move in M2 during 10 ∼ 30 s and 41 ∼ 60 s, M3 during
31 ∼ 40 s and 61 ∼ 90 s, and M1 during the other intervals. The efficacy of the proposed
approach is further validated through the aggregating 500 independent MC experiments.
In Scenario 2, the actual trajectory used for testing is shown in Figure 11. As can be seen in
the figure, the maneuverability of the targets has significantly increased due to changes in
their turning rates. The intense maneuver introduces more significant uncertainty, which
poses a more substantial challenge for tracking moving targets.

Figure 12 compares the cardinality estimation for MMTT in a highly dynamic scenario.
It is observed that the high maneuverability of the target movements significantly influences
the cardinality estimation of multiple targets. The GP-PHD, VSMM-PHD, and MM-PHD
filters exhibit varying degrees of deviation in their cardinality estimation. However, the GP-
PHD filter, with its ability to learn motion models, better adapts to different maneuvering
variations and outperforms both the VSMM-PHD and MM-PHD in multi-target cardinality
estimation. Other single-model approaches generally fail to account for such maneuvering
variations and, in most cases, do not accurately estimate the cardinality of multiple targets.
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Figure 11. True trajectory of maneuvering targets.

Figure 13 further elucidates the differences between the algorithms using the cardinal-
ity estimation error statistics. The results indicate that although the cardinality estimation
error statistics of the GP-PHD, VSMM-PHD, and MM-PHD filters exhibit similar per-
formance, notable differences still exist. Compared to the VSMM-PHD and MM-PHD
filters, the GP-PHD filter demonstrates smaller mean and median of the error statistics
of cardinality estimation, highlighting its higher stability and accuracy in multi-target
cardinality estimation. For the VSMM-PHD and MM-PHD filters, it is observed that
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there is no significant difference between the two in terms of cardinality estimation error,
with the VSMM-PHD filter exhibiting a slight advantage. Other single-model filters ex-
hibit issues such as scattered data, high variability, and numerous outliers, which render
them inadequate for such a highly dynamic environment. The performance illustrated in
Figures 12 and 13 underscores the robustness and adaptability of the GP-PHD filter in
tracking highly maneuverable targets. The GP-PHD filter’s ability to learn and adapt to
different motion models ensures a more accurate and reliable cardinality estimate, even in
challenging scenarios with significant target maneuverability.
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Figure 12. Cardinality estimation comparison under pd = 0.95.
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Figure 13. Cardinality estimateion error comparison under pd = 0.95.
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Figures 14 and 15 present the GOSPA distance and the average GOSPA distance for
MMTT. Figure 14 shows that the GP-PHD, VSMM-PHD, and MM-PHD filters exhibit
smaller GOSPA distance than other single-model filters, indicating higher accuracy in
estimating target positions, missed detections, and false alarms. Variations in target states
lead to fluctuations in GOSPA distance, as observed in periods such as 40 ∼ 50 s and
50 ∼ 70 s, where changes in target motion states and increased target counts result in
significant increases in GOSPA distance. Notably, the GP-PHD filter shows a more sta-
ble GOSPA distance variation and is less sensitive to environmental changes than the
other filters.

Figure 14. GOSPA distance under pd = 0.95.

Figure 15. Average GOSPA distance under pd = 0.95 .

Figure 15 displays the average GOSPA distance, with the GP-PHD filter exhibiting
the smallest average GOSPA distance, further confirming its superiority in MMTT. These
results highlight the robustness and adaptability of the GP-PHD filter in complex scenarios.
Compared to traditional methods, the GP-PHD filter can estimate MMTT states more
accurately and achieve a smaller GOSPA distance, thereby underscoring its effectiveness.
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Overall, the GP-PHD filter maintains a smaller GOSPA distance even under significant
changes in target motion, demonstrating its superiority in handling dynamic and complex
environments. It can adapt to various target motion models while ensuring precise tracking,
greatly enhancing the potential application of the GP-PHD filter.

Table 2 presents the average GOSPA distance for different detection probability condi-
tions. The table shows that as detection probability decreases, the estimated performance
of both GP-PHD and other filters shows a declining trend. However, the performance of
the GP-PHD filter consistently outperforms that of VSMM-PHD, MM-PHD, and single-
model PHD filters. This advantage is particularly important in real-world applications,
where environmental factors can cause fluctuations in detection probability, making it
essential to reliably and accurately track targets under diverse and challenging conditions.
The GP-PHD filter maintains higher tracking accuracy even at low detection probabil-
ities, indicating its adaptability and robustness in highly uncertain environments. In
contrast, VSMM-PHD, MM-PHD, and single-model PHD filters exhibit noticeable per-
formance degradation under low detection probability conditions and struggle to track
multiple maneuvering targets reliably. This further underscores the advantage of the GP-
PHD filter in MMTT applications, especially in dynamic and uncertain target motion and
observation models.

Table 2. Average GOSPA distance statistics in different pd.

pd = 0.95 pd = 0.85 pd = 0.8 pd = 0.75 pd = 0.7

GP-PHD 22.03 23.87 25.63 27.72 30.64
VSMM-PHD 23.15 24.04 26.49 28.93 32.75

MM-PHD 23.62 25.31 27.92 30.22 34.93
GM-PHD-M1 42.51 44.86 47.14 49.81 52.39
GM-PHD-M2 33.81 35.63 36.74 39.23 41.98
GM-PHD-M3 37.88 40.62 44.17 46.31 49.46

Pruning plays a crucial role in the proposed algorithm, and it largely determines
the computational efficiency of the algorithm. Figure 16 deeply analyzes the impact of
pruning on the performance of the algorithm in practical applications by analyzing the
execution time. Both cases are implemented in the MATLAB (2021b) environment on a
computer equipped with a 3.9 GHz CPU (Inter Core i3-7100) (Santa Clara, CA, USA). From
the comparison of the data in the figure, it is obvious that the algorithm with pruning
algorithm maintains a stable and efficient performance at all time points. In contrast, the
running time of the unpruned algorithm increases sharply with the increase in the number
of Gaussian components. This trend significantly reduces the applicability of the algorithm
in practical scenarios. Therefore, introducing the pruning step is of great significance in
ensuring the real-time and practicality of the algorithm.

(3) Summary: Through a series of simulation experiments in different scenarios, the
proposed GP-PHD filter demonstrates superior robustness when compared to the tradi-
tional tracking methods, and it effectively adapts to the complexity and uncertainty of
the target motion in the tracking scenarios more effectively. This advantage is primarily
reflected in the following aspects: (1) The GP-PHD filter can adaptively capture the dy-
namic behavior of the target without reliance on specific model assumptions, due to the
modeling flexibility of GP. This characteristic makes the method particularly suitable for
handling complex and variable target motion scenarios and can effectively address sudden
maneuvers and nonlinear motion trajectories of the target. (2) The GP model has the ability
to deal with similarities and differences in target motion, which makes the GP-PHD filter
able to accurately distinguish and track the trajectories of different targets in complex
scenarios when facing multi-target interactions. (3) The GP model can effectively deal
with the uncertainty and noise in the observation, and the filter can still maintain excellent
tracking performance even under conditions of low detection probability or serious clutter
interference. Therefore, the GP-PHD filter shows its unique advantages and wide applica-
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bility in dealing with the challenges in the field of MMTT and offers an effective solution to
the MMTT problem in complex environments.
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Figure 16. Runtime comparison.

6. Conclusions

This study proposes a model-free GP-PHD filter to effectively address the challenges
of target motion and observation model uncertainty in MMTT. The filter leverages the GP
to learn the unknown maneuvering targets’ motion and observation models and employs
the ’cubature sampling’ method to create GM approximation of the posterior intensity for
the next time step. Additionally, the study provides a concrete implementation of this
filter utilizing the GM method. The experiments compare the performance of the GP-PHD
filter with the VSMM-PHD, MM-PHD, and single-model GM-PHD filters. The results
demonstrate that the GP-PHD filter exhibits robust adaptability in learning uncertain
target motion and observation models, outperforming the VSMM, MM, and single-model
methods. These advantages make the GP-PHD filter a preferred solution for MMTT. Its
ability to learn and adapt to various target motion models ensures more accurate and
reliable tracking in complex scenarios with highly maneuverable targets. In future research,
applying the GP-PHD filter in multi-extended target tracking will be further explored for
more challenging tracking tasks.
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摘要:针对运动过程和观测过程均受到异常噪声干扰的复杂不确定性多目标跟踪问题,本文创新性地提出了学
生t混合泊松多伯努利混合滤波器. 首先,直接将广域分布的异常噪声特性建模为学生t分布.随后,将泊松多伯努利
混合滤波器的泊松点过程(PPP)和多伯努利混合(MBM)的概率密度参数合理的近似为学生t混合形式. 其次,基于多
目标概率密度的学生t混合模型,详细推导了泊松多伯努利混合滤波器学生t混合共轭先验形式,建立了学生t混合泊
松多伯努利混合的闭式递推框架. 最后,通过带显著拖尾分布特性的过程噪声和量测噪声共同干扰的复杂多目标
跟踪仿真实验,验证了所提滤波算法的有效性.
关键词: 随机有限集;多目标跟踪;学生t混合;厚尾噪声;泊松多伯努利混合
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A Student’s t Poisson multi-Bernoulli mixture filter in
the presence of heavy-tailed noise
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(1. School of Electrical and Information Engineering, Lanzhou University of Technology, Lanzhou Gansu 730050, China;
2. School of Automation Science and Engineering, Xi’an Jiaotong University, Xi’an Shaanxi 710049, China)

Abstract: Aiming at the complex uncertainty multi-target tracking where both the motion process and observation
process are disturbed by anomalous noise, this paper innovatively proposes a Student’s t mixture Poisson multi-Bernoulli
mixture filter. First, the anomalous noise characteristics of the wide-area distribution are directly modeled as the Student’s
t distribution. Subsequently, the probability density parameters of the Poisson point process (PPP) and the multi-Bernoulli
mixture (MBM) of the Poisson multi-Bernoulli mixture filter are reasonably approximated by the Student’s t mixture
form. Moreover, based on the Student’s t mixture model which approximates the multi-target probability density, the
Student’s t mixture conjugate prior form of Poisson multi-Bernoulli mixture filter is derived in detail and a closed-form
recursive framework of Student’s t mixture Poisson multi-Bernoulli mixture is established. Finally, the effectiveness of the
proposed filtering algorithm is verified by complex multi-target tracking simulation experiments under the joint interference
of process noise and measurement noise with significant trailing distribution characteristics.

Key words: random finite set; multi-target tracking; Student’s t mixture; heavy-tail noise; Poisson multi-Bernoulli
mixture
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1 引引引言言言

多目标跟踪(multi-target tracking, MTT)是雷达信
号处理中的一个关键性问题,例如,在自动驾驶、环境

监测、空中交通管制和导航制导等领域中发挥着核心

作用[1–4]. 多目标跟踪的一个实质性困难是目标和量

测之间的数据关联,数据关联是一个时变最优决策问
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题,对其决策的质量在很大程度上决定了多目标跟踪
问题的求解质量. 在已有的研究算法中,联合概率数
据关联 (joint probabilistic data association, JPDA)[5]、

多假设跟踪 (multiple hypothesis tracking, MHT)[6]和

随机有限集[7–8]是多目标跟踪最为重要的解决方案.
特别的,由于随机有限集–多目标跟踪基于完备、严密
的随机有限集概率统计方法,在解决大量非传统安全
防御体系与信号处理新模式的多源多目标跟踪融合

问题上具有天生的优势,所以对该问题的研究成为近
年来多目标跟踪研究的主流. 在有限集统计(finite set
statistics, FISST)理论框架下,一些基于随机有限集理
论的多目标滤波器被开发出来,可从其航迹的身份属
性上将它们分为两类: 无标签多目标滤波器和标签多
目标滤波器. 其中,基于随机有限集的无标签多目标
滤波器主要由概率假设密度滤波器(probability hypo-
thesis density, PHD)[9]、势概率假设密度滤波器(card-
inalised PHD, CPHD)[10]和多伯努利(multi-Bernouolli,
MB)滤波器[11–12]组成. 而基于随机有限集的标签多
目标滤波器主要包括标签多伯努利滤波器(labeled
MB, LMB)[13]、广义标签多伯努利滤波器(generalized
LMB, GLMB)[14–15]、标签多伯努利混合滤波器(LMB
mixture, LMBM)[16]和边缘化δ-GLMB滤波器(margi-
nalized δ-GLMB, Mδ-GLMB)[17]. 这些方法的一个关
键特征是赋予了多目标跟踪问题更为统一严密且易

于处理和管理的优越属性,这也是避免直接应对数据
关联的巧妙近似化以后的结果,即根据量测和目标的
对应关系进行了进一步的广义推理. 特别的,对于标
准的多目标似然函数,广义标签多伯努利和标签多伯
努利混合密度已经被证明是共轭的[16]. 此外,以上所
有提到的随机有限集滤波器都可以通过采用高斯

混合 (Gaussian mixture, GM)[18–19]或者序贯蒙特卡罗

(sequential Monte Carlo, SMC)[20–22]技术来有效实现,
对多目标跟踪问题提供了标准的求解模式.

最近,有学者提出一种新的无标签多目标滤波器,
即泊松多伯努利混合 (Poisson multi-Bernoulli mix-
ture, PMBM)滤波器,它是泊松随机有限集和多伯努
利混合 (multi-Bernouolli mixture, MBM)随机有限集
的卷积[23–24]. 与其它基于随机有限集的无标签滤波
器相比,泊松多伯努利混合滤波器的一个独特且重要
的特征是共轭先验,这意味着在多目标跟踪模型中,
如果多目标密度在初始时刻是共轭先验的形式,那么
所有后续的预测和更新的多目标密度也将是共轭先

验的形式[25–26]. 共轭先验的重要性在于,在假设模型
下,可以知道理论上密度的精确形式,这与直接计算
多目标预测和更新相比,共轭先验提供了一种更为方
便的方法. 因此,泊松多伯努利混合滤波器在许多应
用中也被广泛的采用[27–33]. 多目标跟踪滤波方法发
展至今,泊松多伯努利混合滤波器在诸多有效的随机

有限集–多目标跟踪方法中脱颖而出,且更加有效,原
因在于: 1)泊松多伯努利混合更能有效的表示未检测
目标(潜在目标)的信息; 2)泊松多伯努利混合密度伴
随着更少的全局假设,相较于广义标签多伯努利有更
加高效的递推结构[24, 27–28].

为建立通用和易处理的系统噪声的随机建模方式,
基于随机有限集的多目标滤波器都将过程噪声和量

测噪声假设为高斯分布,但在许多实际跟踪应用中,
这些噪声可能会频繁的出现异常值,直观上,这些异
常值可能是偏离了它们本应该存在位置的样本,在分
布特性上呈现出明显的拖尾现象.在多目标跟踪中,
噪声的异常值可能由系统环境中突然的扰动或传感

器的偶发故障等引起,而目标运动的随机机动也会带
来过程噪声的异常. 拖尾或厚尾噪声的存在使得多目
标跟踪系统的随机建模过程出现很大的偏差,严重影
响了多目标滤波器的跟踪估计性能.为了使滤波器更
适应厚尾噪声环境,有学者提出了高斯假设下通过重
加权同时处理厚尾过程噪声和量测噪声的方法,但在
高斯假设下,该方法处理厚尾非高斯噪声的能力受
限[34–35]. 粒子滤波器可以将过程噪声和量测噪声近
似为任意分布,但是在高维系统中,粒子滤波的计算
非常复杂[36]. 高斯和滤波器(Gaussian sum filter, GSF)
也是一种处理厚尾噪声的方法,但除了实现过程中分
量扩张带来的计算复杂度,该方法也难以利用有限的
高斯和灵活适应拖尾噪声的异常变化[37]. 最近几年,
学生t分布由于能够更为直观和合理的表征异常噪声
的拖尾分布特性而被高度关注. 与高斯噪声相比,厚
尾噪声分布在离均值较远的地方的可能性增大,而学
生t分布能较好的包容这些噪声异常值,进而推动滤波
器对厚尾噪声干扰表现出更好的鲁棒性. 对此,国内
外一些学者已经提出了一些基于学生t分布的滤波器
和平滑器[38–40]. 在这些滤波器和平滑器中,噪声被建
模为学生t分布,而为保持递推滤波的封闭性近似,后
验分布近似为高斯分布.此外,有学者也提出了另一
种完全基于学生t分布的滤波器,该滤波器将噪声建模
为学生t分布,并将后验概率密度也近似为学生t分布,
以此来获得在厚尾过程噪声和量测噪声条件下的跟

踪滤波问题的闭式解[41–43]. 所以,结合最新的泊松多
伯努利混合滤波器,利用其研究异常噪声条件下基于
学生t分布建模的复杂多目标跟踪问题,形成更高效的
多目标密度(包括未检测到的目标)的联合递推,具有
非常重大的现实意义.

本文的主要贡献是考虑到异常噪声的影响下含未

检测目标的复杂多目标跟踪问题,提出学生 t混合
(Student’s t mixture, STM)泊松多伯努利混合滤波器.
首先,为了能更好的表征具有厚尾过程噪声和量测噪
声的多目标跟踪系统,将目标的状态和量测模型建模
为学生t分布,其能对异常噪声体现更好的包容性. 其
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次,本文所提算法的重点是如何构造STM-PMBM共
轭先验,来为多目标概率密度函数的封闭求解提供便
利. 根据泊松多伯努利混合滤波器的特性,多目标预
测密度中未检测到的目标由泊松分布近似,检测到的
目标由多伯努利分布近似,将它们的概率参数均近似
表示为学生t混合分布,多目标先验和后验密度视为具
有学生 t混合空间分布的泊松多伯努利混合,并进一
步研究如何应对运动过程和观测过程都受异常噪声

干扰的复杂多目标跟踪问题.根据泊松多伯努利混合
滤波器的递推框架,在学生t混合近似多目标密度分量
的条件下,详细推导并提出了高度复杂不确定条件下
泊松多伯努利混合滤波器的学生t混合实现. 最后通过
仿真实验,验证了所提算法的有效性.

2 背背背景景景

2.1 多多多目目目标标标贝贝贝叶叶叶斯斯斯滤滤滤波波波

假设k − 1时刻的多目标转移函数和多目标状态

分别为Tk|k−1 (·|·)和fk−1(X|Z1:k−1),其中Z1:k−1是

从1到k − 1时刻接收到的有限组量测值的集合,定
义为Z1:k−1 = (Z1, · · · ,Zk−1),根据Chapman-Kolm-
ogorov方程[7]可以得到k时刻的多目标预测方程为

fk|k−1(Xk | Z1:k−1) =∫
Tk|k−1(Xk |Xk|k−1)×

fk−1(Xk|k−1 | Z1:k−1)δXk|k−1, (1)

其中: 多目标的状态Xk={xk,1, · · · ,xk,N(k)} ⊂ X ,
xk,N(k)表示k时刻目标的状态, N(k)表示k时刻目标

的数目, X表示状态空间. 目标状态xk,N(k)= [xik,p
xik,v]

T包含位置xik,p和速度xik,v. Tk|k−1(Xk|Xk|k−1)

表示多目标转移密度[7].

当k时刻接收到一个新的量测集合Zk时,根据贝
叶斯规则, k时刻的多目标更新方程为

fk(Xk | Z1:k) =

Lk(Zk |Xk)fk|k−1(Xk | Z1:k−1)∫
Lk(Zk |Xk)fk|k−1(Xk | Z1:k−1)δXk

, (2)

其中: 多目标量测Zk= {z1
k, · · · , z

M(k)
k }⊂Z , zM(k)

k

表示k时刻目标量测, M(k)表示k时刻量测的数目, Z
表示量测空间. Lk(Zk |Xk )是多目标量测似然,其

标准形式为Lk(Zk |Xk ) ,
δβk+1

δZ
(∅ |X )=[

δβk+1

δZ
(Z |X ) ]Z =∅,另一种不同形式的等价表达式为

l(Z|X)=e−λc
∑

Zc
■

Z1···
■

Zn=Z

[c(·)]Zc
n∏
i=1

l̂(Zi|xi).

上式中包含的积分是集合积分[7],定义为∫
f(X)δX =

∞∑
n=0

1

n!

∫
Xn

f({x1, · · · ,xn})dx1 · · ·dxn,

为了便于表示,将fk(Xk |Z1:k )缩写为fk(X).

2.2 泊泊泊松松松多多多伯伯伯努努努利利利混混混合合合随随随机机机有有有限限限集集集

定义1和定义2分别给出了未检测到的目标和潜在
检测到的目标的定义,可以帮助更好的理解泊松多伯
努利混合随机有限集.

定定定义义义 1 在k时刻存在但从未被检测到的目标定

义为未检测到的目标,记为Xu
k .

定定定义义义 2 对于新的量测,其可以产生于第1次检
测到的新目标,也可以是对应于另一个先前检测到的
目标或者杂波.考虑到它可能存在或者不存在,可称
它为潜在检测到的目标,记为Xd

k .

多目标状态随机有限集Xk定义为在量测集合为

Z1:k的条件下,随机有限集Xu
k和Xd

k的不相交并集,
即, Xu

k ∪Xd
k = Xk且Xu

k ∩Xd
k = ∅. 因此,泊松多

伯努利混合随机有限集的后验密度可以通过有限集

统计理论卷积定义为

fk(X) =
∑

Y ⊆X

fp
k (Y )fmbm

k (X − Y ), (3)

其中fp
k (·)是一个泊松密度,定义为

fp
k (X) = e−

∫
µk(x)dx[µk(·)]X , (4)

其中µk(x)是强度函数. 对于一个非空集合X和函

数f(x), [f(x)]X =
∏

x∈X

f(x),且[f(·)]∅ = 1. 此 外,

fmbm
k (·)是一个多伯努利混合密度,定义为

fmbm
k (X) ∝

∑
j∈I

∑
X1

■
···

■
Xn=X

n∏
i=1

wj,if j,i(Xi),

(5)

其中: ∝表示比例符号, wj,i和f j,i(Xi)定义为假设权

值和第j个全局假设中第i个伯努利密度, f j,i(Xi)定

义为

f j,i(Xi) =

■|■|■
1− rj,i, Xi = ∅,
rj,if j,i(x), Xi = {x},
0, 其他,

(6)

其中: rj,i表示存在概率;如果状态密度存在, f j,i(x)
表示状态密度.可以看出,泊松多伯努利混合随机有
限集是多个多伯努利的多目标密度的归一化加权和,
参数化表示为{wj,i, rj,i, f j,i(x)}j∈I ,i∈I j ,其中I是多

伯努利的索引集合(也叫做全局假设集合).特别的,当
只有一个全局假设,即|I | = 1时,多伯努利混合随机
有限集退化为多伯努利随机有限集

fmb
k (X) ∝

∑
X1

■
···

■
Xn=X

n∏
i=1

w1,if1,i(Xi). (7)

2.3 泊泊泊松松松多多多伯伯伯努努努利利利混混混合合合递递递推推推

2.3.1 预预预测测测步步步

定理1推导出了泊松多伯努利混合滤波器的预测
步骤[23]. 该定理表明: 泊松点过程(Poisson point pro-
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cess, PPP)分量(4)的预测遵循标准概率假设密度的预

测步骤,并且以与多目标多伯努利(multiple target mu-

lti-Bernoulli, MeMBer)滤波器等效的方式独立预测多

伯努利轨迹(不包括新生目标的出现,因为使用的是泊

松点过程新生模型而不是多伯努利新生模型)[9, 19].

定定定理理理 1 假设 k − 1时刻的后验分布形式如式

(3)–(6)所示. 那么k时刻的预测分布有相同的形式

λu
k|k−1 (x) = λb(x) +∫
fk|k−1 (x |x′ )P s(x′)λu

k−1|k−1 (x
′)dx′, (8)

nk|k−1 = nk−1|k−1 , h
i
k|k−1 = hik−1|k−1∀i, (9)

wi,a
i

k|k−1 = wi,a
i

k−1|k−1∀i, a
i, (10)

ri,a
i

k|k−1 = ri,a
i

k−1|k−1 <f
i,ai

k−1|k−1 , P
s> ∀i, ai, (11)

f i,a
i

k|k−1(x) =∫
fk|k−1(x|x′)P s(x′)f i,a

i

k−1|k−1(x
′)

<f i,aik−1|k−1, P
s>

∀i, ai, (12)

其中: λb(x)表示泊松点过程新生强度, fk|k−1(x|x′)

表示目标转移概率密度函数, P s(x)表示目标的存活

概率, λu
k−1|k−1(x

′)表示上一时刻泊松点过程密度,

nk|k−1表示预测轨迹的数目, hik|k−1表示轨迹 i中的

目标假设的数目, wi,a
i

k|k−1表示假设权值, ri,a
i

k|k−1表示存

在概率, f i,a
i

k|k−1(x)表示概率密度函数.

2.3.2 量量量测测测更更更新新新步步步

定理 2推导出了泊松多伯努利混合滤波器的量测

更新步骤[23]. 泊松点过程强度的更新方程如式(13)所

示,这与不带量测的概率假设密度更新相同[9, 19].

定定定理理理 2 假设预测分布的形式如式(8)–(12)所示.

那么更新分布 (通过量测集合Zk = {z1
k, · · · , z

mk

k }
更新)有相同的形式,其中P d(x)表示目标的检测概

率,更新轨迹的数目nk|k = nk|k−1 +mk,

λu
k|k (x) =

{
1− P d(x)

}
λu
k|k−1 (x, ). (13)

对于从先前持续存在轨迹 (i ∈ {1, · · · , nk|k−1})
的一个假设,其可能包含在先前每个假设组合中,也

可能是漏检,或者是使用mk个新的量测值的其中一

个进行更新,因此假设的数目变为hik|k=h
i
k|k−1(1+

mk). 对于漏检假设(i∈{1, · · · , nk|k−1}, ai∈{1, · · · ,
hk|k−1 })

wi,a
i

k|k =

wi,a
i

k|k−1(1−r
i,ai

k|k−1+r
i,ai

k|k−1<f
i,ai

k|k−1, 1−P
d>), (14)

ri,a
i

k|k =
ri,a

i

k|k−1<f
i,ai

k|k−1, 1−P d>
1−ri,aik|k−1 +r

i,ai

k|k−1 <f
i,ai

k|k−1 , 1−P d>
, (15)

f i,a
i

k|k−1 (x) =

{
1− P d(x)

}
f i,a

i

k|k−1 (x)

<f i,aik|k−1 , 1− P d>
. (16)

对于当前轨迹假设的更新 (i ∈ {1, · · · , nk|k−1},
ai= �ai+hik|k−1 j, �ai ∈ {1, · · · , hik|k−1 }, j ∈ {1, · · · ,
mk},即用量测zjk更新先前假设�ai)

wi,a
i

k|k =w
i,�ai

k|k−1 r
i,�ai

k|k−1 <f
i,�ai

k|k−1 , f(z
j
k |·)P d>, (17)

ri,a
i

k|k = 1, (18)

f i,a
i

k|k (x) =
f(zjk |x)P d(x)f i,�a

i

k|k−1 (x)

<f i,�aik|k−1 , f(z
j
k |·)P d>

. (19)

最后,对于新的轨迹, i ∈
{
nk|k−1 + j

}
(即新轨迹

从量测zjt开始)

hik|k = 2, (20)

wi,1k|k = 1, ri,1k|k = 0, (21)

wi,2k|k = λfa(zjk) + <λu
k|k−1, f(z

j
k|·)P d>, (22)

ri,2k|k =
<λu

k|k−1, f(z
j
k|·)P d>

λfa(zjk) + <λu
k|k−1 , f(z

j
k|·)P d>

, (23)

f i,2k|k(x) =
f(zjk|x)P d(x)λu

k|k−1(x)

<λu
k|k−1, f(z

j
k|·)P d>

, (24)

其中: 式(20)表示有两个目标假设,其中第一个假设包
含了量测与另一轨迹相关联的情况,因此,新轨迹的
存在概率为0,如式(21)所示; λfa(x)表示杂波量测泊

松点过程的强度; ai表示索引用于第 i个目标的假设;
f(z |x)表示目标量测似然.

3 学学学生生生t混混混合合合实实实现现现
在本节中,本文详细推导过程噪声和量测噪声均

为厚尾噪声条件下基于学生t分布的泊松多伯努利混
合滤波器. 首先,将过程噪声和量测噪声均建模为学
生t分布.其次,在每个时刻,多目标滤波器的概率密
度函数f(xk |z1:k )同样服从学生t分布.之后,详细推
导了泊松多伯努利混合滤波器的学生t混合实现算法.

3.1 系系系统统统建建建模模模

对于如下状态空间模型所示的线性随机系统:

xk+1 = Fkxk +wk, (25)

zk = Hkxk + vk, (26)

其中: xk ∈ Rdx表示k时刻的状态, zk ∈ Rdz表示量
测, wk和vk分别表示适当维度的过程噪声和量测噪

声. 系统矩阵Fk和Hk是已知的,且初始状态x0和噪

声是边缘t分布.由于过程噪声和量测噪声都存在异常
值,假设过程噪声和量测噪声向量具有厚尾分布,因
此将过程噪声和量测噪声模拟为学生t分布

p(wk) = St(wk; 0,Qk, v1), (27)
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p(vk) = St(vk; 0,Rk, v2), (28)

其中: St(x;µ,Σ, v)表示均值为µ、尺度矩阵为Σ、

自由度参数为v的学生t概率密度函数; Qk和Rk分别

表示过程噪声和量测噪声的尺度矩阵; v1和v2分别表
示过程噪声和量测噪声的自由度参数. 假设系统的初
始状态x0服从均值向量为x̂0|0 ,尺度矩阵为P0|0 ,自
由度参数为v3的学生t分布,即

p(x0) = St(x0; x̂0|0 ,P0|0 , v3), (29)

此外,假设x0, wk, vk互不相关.

3.2 闭闭闭式式式递递递推推推

在所提出的STM-PMBM滤波器中,假设杂波参数
和目标的生成模型为已知先验,类似于泊松多伯努利
混合滤波器[23]. 然后通过将状态模型的学生t分布形
式代入泊松多伯努利混合滤波器递推式,可以直接推
导出厚尾噪声条件下 STM-PMBM滤波器的闭式解.
图1为该算法的流程图.

潜在检测到的目标:

X dk建模为MBM

未检测到的目标:

X uk建模为PPP

系统建模系统建模

运动
状态

厚尾
噪声

过程噪声:学生t分布

pp(w(( k) = St (w St ( St ( k;0,QkQQ ,v1))

量测噪声:学生t分布

p(vk) = St (vk;0,Rk,v2)

STM-PMBM滤液STM-PMBM滤液

预测

Poisson过程 MBM过程

f i,aik|k-1
fk|k-1(x|x′)P s(x′) f i,a

i
k-1|k-1

(x) =
(x′)dx′

f i,aik-1|k-1P s(x′)dx′
-

更新

PPP强度
u
k|k(x( )=

  
u
k|k-1(x){1-Pd(x)}

先前可能检测到
的目标的漏检

{wi,aik|k ,r i,a
i

k|k ,f i,a
i

k|k (x(( )}

现有轨迹

{wi,aik|k ,r i,a
i

k|k ,f i,a
i

k|k (x(( )}
新轨迹

{wi,2k|k ,r i,2k|k,f i,2k|k (x)}

短匹配

状态提取

u
k|k-1 P ss

NuuNN

i=1
wu,iSt(xSt( ; Fx pu,i-FxFx =

图 1 STM-PMBM滤波算法

Fig. 1 STM-PMBM filtering algorithm

3.2.1 预预预测测测步步步

假设多目标存活概率P s(x)是一个常值, k − 1时

刻泊松点过程强度,泊松点过程新生强度,目标状态

转移方程分别为

λu
k−1|k−1 (x

′) =
Nu∑
i=1

wu,iSt(x
′; x̄p

u,i,P
p
u,i, v4), (30)

λb(x) =
Nb∑
i=1

wp
b,iSt(x; x̄

p
b,i,P

p
b,i, v5), (31)

fk|k−1 (x |x′ ) = St(x;Fx′, Q, v6), (32)

其中Nu, Nb, x̄p
u,i, P

p
u,i, x̄

p
b,i, P

p
b,i, wu,i, w

p
b,i是给定的

模型参数. 将式(30)–(32)代入式(8)可得

λu
k|k−1 (x) =

λb(x) +
∫
St(x;Fx′,Q, v6)P

s(x′)×
Nu∑
i=1

wu,iSt(x
′; x̄p

u,i,P
p
u,i, v4)dx

′. (33)

为求解上式中的积分形式,根据Chapman-Kolm-

ogorov方程和Roth等人的学生t随机变量的仿射变换

得到引理1[42–43].

引引引理理理 1 若P和Q均为正定矩阵,则有∫
St(x;Fξ,Q, v7)St(ξ;m,P , v8)dξ =

St(x;Fm,FPF T +Q, v8). (34)

根据引理1,式(33)的泊松点过程预测强度可以表
示为

λu
k|k−1 (x) =

λb(x) + P s ×
Nu∑
i=1

wu,iSt(x;F x̄p
u,i,FP p

u,iF
T+Q, vp,4), (35)

其中vp,4 = v4. 假设k − 1时刻多伯努利混合的概率

密度函数为

f i,a
i

k−1|k−1 (x
′) = St(x′; x̄j,i,Pj,i, v9). (36)

根据式(10)–(11)得到伯努利分量预测的权值和存
在概率为

wi,a
i

k|k−1 = wi,a
i

k−1|k−1 , (37)
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ri,a
i

k|k−1 = P sri,a
i

k−1|k−1 , (38)

将式(32)(36)代入式(12),根据引理1得到预测多伯努
利混合过程伯努利分量的密度为

f i,a
i

k|k−1 (x) =∫
fk|k−1 (x |x′ )P s(x′)f i,a

i

k−1|k−1 (x
′)dx′∫

f i,a
i

k−1|k−1 (x
′)P s(x′)dx′

=

P s
∫
St(x;Fx′,Q, v6)St(x

′; x̄j,i,Pj,i, v9)dx
′

P s
∫
f i,a

i

k−1|k−1 (x
′)dx′

=

St(x;F x̄j,i,FPj,iF
T +Q, vp,9), (39)

其中vp,9=v9. 接下来,算法1(见表1)给出了本文所提
STM-PMBM滤波算法预测部分的伪代码.

表 1 预测算法
Table 1 Prediction algorithm

输入: nk−1|k−1 , (r
i,a
k−1|k−1

, x̄ik−1|k−1 ,P
i
k−1|k−1 ),

nu
k−1|k−1 , (λ

u
k−1|k−1 , x̄

u,i
k−1|k−1

,P u,i
k−1|k−1

),

v4, v5, v9.
1 预测当前轨迹:
2 nk|k−1 = nk−1|k−1

3 for i = 1 : nk|k−1 do
4 根据式(38)–(39)计算得到 k时刻当前轨迹的预

测参数(ri,a
i

k|k−1
, x̄ik|k−1 ,P

i
k|k−1 );

5 end for
6 预测当前PPP强度:
7 nu

k|k−1 = nu
k−1|k−1 + nb

8 for i = 1 : nu
k|k−1 do

9 根据式(35)计算得到k时刻PPP分量的预测强度
(λuk|k−1 , x̄

u,i
k|k−1

,P u,i
k|k−1

);
10 end for
11 将新生强度合并到PPP:
12 for i = 1 : nb do
13 根据式 (31)计算得到 k时刻合并后的PPP强度

(λ
u,i+nu

k−1|k−1

k|k−1
, x̄

u,i+nu
k−1|k−1

k|k−1
,P

u,i+nu
k−1|k−1

k|k−1
);

14 end for
输出: nk|k−1 , (ri,a

i

k|k−1
, x̄ik|k−1 ,P

i
k|k−1 ), n

u
k|k−1 ,

15 (λu,i
k|k−1

, x̄u,i
k|k−1

,P u,i
k|k−1

), vp,4, v5, vp,9.

3.2.2 量量量测测测更更更新新新步步步

假设多目标检测概率P d(x)是恒定的, f(zjk |·) =
St(z;Hx,R, v10),则泊松部分的预测密度(35)可以
写为

λu
k|k−1 (x) =

Nµ∑
i=1

wµ,iSt(x; x̄µ,i,Pµ,i, vp,4), (40)

其中: Nµ, x̄µ,i, wµ,i, Pµ,i是泊松部分给定的模型参
数,且多伯努利混合参数为wi,a

i

k|k−1 , f i,a
i

k|k−1(x)=St(x;

x̄j,i,Pj,i, vp,9), r
i,ai

k|k−1 . 给定量测集合Zk, STM-PM-
BM滤波器的更新分为以下4部分.

1)更新泊松点过程强度.

λu
k|k (x) = {1− P d(x)}λu

k|k−1 (x). (41)

2)更新先前可能检测到的目标的漏检.

wi,a
i

k|k =

wi,a
i

k|k−1 (1− r
i,ai

k|k−1 + ri,a
i

k|k−1 <f
i,ai

k|k−1 , 1− P
d>) =

wi,a
i

k|k−1 (1− r
i,ai

k|k−1 + ri,a
i

k|k−1 (1− P
d)), (42)

ri,a
i

k|k =
ri,a

i

k|k−1 <f
i,ai

k|k−1 , 1− P d>
1− ri,aik|k−1 + ri,a

i

k|k−1 <f
i,ai

k|k−1 , 1− P d>
=

ri,a
i

k|k−1 (1− P d)
∫
f i,a

i

k|k−1 (x)dx

1− ri,aik|k−1 + ri,a
i

k|k−1 (1− P d)
∫
f i,a

i

k|k−1 (x)dx
=

ri,a
i

k|k−1 (1− P d)

1− ri,aik|k−1 + ri,a
i

k|k−1 (1− P d)
, (43)

f i,a
i

k|k (x)=

{
1− P d(x)

}
f i,a

i

k|k−1 (x)

<f i,aik|k−1 , 1− P d>
=

(1− P d)f i,a
i

k|k−1 (x)

(1− P d)
∫
f i,a

i

k|k−1 (x)dx
= f i,a

i

k|k−1 (x), (44)

其中wi,a
i

k|k , ri,a
i

k|k , f i,a
i

k|k (x)分别表示更新后的假设权值,

存在概率和概率密度函数.

3)更新当前轨迹.

wi,a
i

k|k = wi,�a
i

k|k−1 r
i,�ai

k|k−1 <f
i,�ai

k|k−1 , f(z
j
k |·)P d> =

wi,�a
i

k|k−1 r
i,�ai

k|k−1P
d
∫
f i,�a

i

k|k−1 (x)f(z
j
k |·)dx =

wi,�a
i

k|k−1 r
i,�ai

k|k−1P
dSt(z;Hx̄j,i,HPj,iH

T+R, vp,9),

(45)

ri,a
i

k|k = 1, (46)

f i,a
i

k|k (x) =
f(zjk |x)P d(x)f i,�a

i

k|k−1 (x)

<f i,�aik|k−1 , f(z
j
k |·)P d>

=

P df(zjk |x)f i,�a
i

k|k−1 (x)

P d
∫
f i,�a

i

k|k−1 (x)f(z
j
k |·)dx

=

St(z;Hx,R, v10)St(x; x̄j,i,Pj,i, vp,9)∫
St(z;Hx,R, v10)St(x; x̄j,i,Pj,i, vp,9)dx

, (47)

为求解上式分子中两个学生t分布的乘积形式,引入引

理2[42–43].

引引引理理理 2 若P和R均为正定矩阵,则有

St(z;Hx,R, v11)St(x;m,P , v12) =

q(z)St(x; �m, �P , �v12), (48)
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其中:
q(z) = St(z;Hm,S, v12), (49)

�m = m+ PHTS−1(z −Hm), (50)

�P =
v12 + ∆2

z

�v12
P (I −HTS−1H), (51)

S = HPHT +R, �v12 = v12 + dz, (52)

∆2
z = (z −Hm)TS−1(z −Hm), (53)

其中dz表示系统的量测维度.根据引理1和引理2,式

(47)可以简化为

f i,a
i

k|k (x) =
q1(z)St(x;m1,P 1, �v9)

St(z;Hx̄j,i,HPj,iHT +R, vp,9)
,

(54)

其中:

q1(z) = St(z;Hx̄j,i,S1, vp,9), (55)

m1 = x̄j,i + Pj,iH
TS−1

1 (z −Hx̄j,i), (56)

P 1 =
vp,9 +∆2

z1

�v9
Pj,i(I −HTS−1

1 H), (57)

S1 = HPj,iH
T +R, (58)

�v9 = vp,9 + dz, (59)

∆2
z1

= (z −Hx̄j,i)
TS−1

1 (z −Hx̄j,i). (60)

4)更新新生成的轨迹.

wi,2k|k = λfa(zjk) + <λu
k|k−1 , f(z

j
k |·)P d>, (61)

其中:

<λu
k|k−1 , f(z

j
k |·)P d> =∫

λu
k|k−1 (x)f(z

j
k |·)P d(x)dx =

P d
∫ Nµ∑
i=1

wµ,iSt(x; x̄µ,i,Pµ,i, vp,4)×

St(z;Hx,R, v10)dx =

P d
Nµ∑
i=1

wµ,iSt(z;Hx̄µ,i,HPµ,iH
T +R, vp,4),

(62)

将式(62)代入式(61)得

wi,2k|k = λfa(zjk) + <λu
k|k−1 , f(z

j
k |·)P d> =

λfa(zjk) + P d
Nµ∑
i=1

wµ,i ×

St(z;Hx̄µ,i,HPµ,iH
T +R, vp,4), (63)

ri,2k|k =
<λu

k|k−1 , f(z
j
k |·)P d>

λfa(zjk) + <λu
k|k−1 , f(z

j
k |·)P d>

, (64)

将式(62)代入式(64),得

ri,2k|k =
<λu

k|k−1 , f(z
j
k |·)P d>

λfa(zjk) + <λu
k|k−1 , f(z

j
k |·)P d>

=

P d
Nµ∑
i=1

wµ,iSt(z;Hx̄µ,i,HPµ,iH
T +R, vp,4)

wi,2k|k
,

(65)

f i,2k|k (x) =
f(zjk |x)P d(x)λu

k|k−1 (x)

<λu
k|k−1 , f(z

j
k |·)P d>

, (66)

其中,根据引理2

f(zjk |x)λu
k|k−1 (x) =

Nµ∑
i=1

wµ,iSt(x; x̄µ,i,Pµ,i, vp,4)St(z;Hx,R, v10) =

Nµ∑
i=1

wµ,iq2(z)St(x;m2,P2, �v4), (67)

q2(z) = St(z;Hx̄µ,i,S2, vp,4), (68)

m2 = x̄µ,i + Pµ,iH
TS−1

2 (z −Hx̄µ,i), (69)

P2 =
vp,4 +∆2

z2

�v4
Pµ,i(I −HTS−1

2 H), (70)

S2 = HPµ,iH
T +R, (71)

�v4 = vp,4 + dz, (72)

∆2
z2

= (z −Hx̄µ,i)
TS−1

2 (z −Hx̄µ,i), (73)

将式(67)代入式(66),得

f i,2k|k (x) =
f(zjk |x)P d(x)λu

k|k−1 (x)

<λu
k|k−1 , f(z

j
k |·)P d>

=

P d
Nµ∑
i=1

wµ,iq2(z)St(x;m2,P2, �v4)

P d
∫
λu
k|k−1 (x)f(z

j
k |·)dx

=

Nµ∑
i=1

wµ,iq2(z)St(x;m2,P2, �v4)

Nµ∑
i=1

wµ,iSt(z;Hx̄µ,i,HPµ,iH
T +R, vp,4)

.

(74)

以上即STM-PMBM滤波器的递推过程,但是从式
(59)和式(72)中可以看出,后验概率密度的自由度参
数随着时间的推移在持续的增加,并且随着自由度参
数的增加, t分布会退化近似为高斯分布,厚尾特性将
丢失.因此,为了保留后验概率密度函数的厚尾特
性和封闭的学生t分布形式,本文使用二阶矩匹配的方
法[40–41]修正后验概率密度函数的均值m和协方差矩

阵P ,得到近似后验概率密度函数St(xk;m
′,P ′, v),

即

m′
k|k =mk|k ,

v

v−2
P ′
k|k =

v′

v′−2
Pk|k , (75)

v′ = v + dz. (76)

为了完整起见,算法2(见表2)给出本文所提STM-
PMBM滤波算法更新部分的伪代码.
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表 2 更新算法
Table 2 Update algorithm

输入: nk|k−1 , (r
i
k|k−1 , x̄

i
k|k−1 ,P

i
k|k−1 ), n

u
k|k−1 ,

1 (λuk|k−1 , x̄
u,i
k|k−1

,P u,i
k|k−1

), vp,4, v5, vp,9, Zk =

(z1, · · · , zmk).
2 更新当前轨迹
3 for i = 1 : nk|k−1 do
4 生成漏检假设

5 根据式 (42)–(44)计算得到 k时刻: wi,1
k|k , ri,1

k|k ,

x̄i,1
k|k , P i,1

k|k ;
6 使用量测更新生成假设

7 for j = 1 : mk do
8 根据式(45)–(47)(54)–(60)计算得到k时刻:

wi,j
k|k , ri,j

k|k , x̄i,j
k|k , P i,j

k|k ;
9 end for

10 end for
11 用量测更新泊松点过程,为每个量测生成新的轨迹:
12 for i = 1 : nu

k|k−1 do
13 Sk = HP u,i

k|k−1
HT +R

14 Kk = P u,i
k|k−1

HT/Sk
15 Pk = P u,i

k|k−1
−KkHP u,i

k|k−1

16 end for
17 for j = 1 : mk do
18 i = nk|k−1 + j

19 for k = 1 : nu
k|k−1 do

20 根据式 (61)–(74)计算得到 k时刻: wi,2
k|k ,

ri,2
k|k , x̄

i,2
k|k ,P

i,2
k|k ;

21 end for
22 end for
23 更新未知目标的强度
24 nu

k|k = nu
k|k−1

25 for i = 1 : nu
k|k−1 do

26 根据式(41)计算得到 k时刻: λu,i
k|k , x̄

u,i
k|k ,P

u,i
k|k ;

27 end for
输出: nu

k|k, λu,i
k|k, x̄

u,i
k|k, P

u,i
k|k, nk|k, wi,a

k|k, r
i,a
k|k, x̄

i,a
k|k,

P i,a
k|k.

4 仿仿仿真真真实实实验验验

4.1 多多多目目目标标标跟跟跟踪踪踪性性性能能能评评评价价价指指指标标标

对于多目标跟踪滤波器的性能评价,本文选用最
新的广义最优子模式分配(generalized optimal subpat-
tern assignment metric, GOSPA)距离来评价本文所提
滤波算法的性能[44], GOSPA定义为

d(c,2)p (X,Y ) ,

[min
γ∈Γ

(
∑

(i,j)∈γ
d(xi,yj)

p
+
cp

2
(|X|+ |Y | − 2 |γ|))] 1p ,

(77)

其中: Γ表示所有可能的二维赋值集的集合, c表示截
断距离, p衡量了对定位分量中的异常值惩罚的敏感
性. 从上式可以看出, (d(c,2)p (·, ·))2可以被分解为 3种

形式: c2l (·, ·)=
∑

(i,j)∈γ
d(xi,yj)

p
表示定位误差(locali-

zation error, LE), c2m(·, ·) =
cp(|X| − |γ|)

2
表示漏检

误差(missed targets error, ME), c2f (·, ·)=
cp(|Y |−|γ|)

2
表示虚警误差(false targets error, FE).在本文仿真中,
设置c = 8, p = 1, α = 2.

4.2 仿仿仿真真真场场场景景景

为了验证本文所提算法的有效性,通过设计复杂
的多目标跟踪实验,将STM-PMBM滤波算法与GM-
PMBM, STM-PHD, GM-PHD滤波算法进行跟踪性能
的充分比较. 设置 [−400, 400]m× [−400, 400]m的
多目标跟踪监控区域内有 5个受异常噪声干扰的目
标,每个目标在总检测时长的中间时刻进行初始化,
并向前向后传递. 目标的状态由位置和速度组成,即,
xk = [px,k py,k vx,k vy,k]

T,观测向量为zk = [zx,k
zy,k]

T. 此外,目标的运动模型如式(25)–(26)所示. 状
态转移矩阵和量测矩阵设置为

Fk =

[
1 T

0 1

]
⊗ I2, H = [1 0]⊗ I2. (78)

初始未知目标的强度被假设为λu
0|0(x)=10St{x;

0,P , vu}, 其中P = diag{[1502 602 1502 602]
T};

新生强度λb(x) = 0.05St {x; 0,P , vb};每次扫描的
平均杂波数λfa = 10. 目标的存活概率P s = 0.99,检
测概率P d = 0.99. 总检测时长Td = 50 s,检测时间
间隔T = 1 s,自由度参数均设为 3. 每个目标在总检
测时长中间时刻的初始状态分别设置为: m1 = [135

10 105 8]T, m2 = [125 − 8 85 5]
T, m3 = [−140

−5 −95 −10]T, m4=[−160 9 100 6]
T, m5=[210

−11 − 200 9]T.

4.2.1 当当当仅仅仅有有有量量量测测测噪噪噪声声声为为为厚厚厚尾尾尾噪噪噪声声声时时时

为了验证厚尾噪声条件下的多目标跟踪性能,考
虑量测噪声受异常噪声干扰,即多目标的观测过程呈
现明显的拖尾现象.在仿真实验中,过程噪声建模为
wk ～ N (wk; 0,Qk),其中

Qk = q

■||■
T 3

3

T 2

2
T 2

2
T

■||■⊗ I2, (79)

其中q=0.01. 厚尾量测噪声建模为vk～St(vk; 0,Rk,

v2),即

vk ～
{
N (0,Rk), w.p. 1−pm,
N (0, 100Rk), w.p. pm,

(80)

其中: w.p.表示以一定的概率出现, pm = 0.1表示量

测噪声异常值出现的概率, Rk = σ2I2表示量测噪声

协方差矩阵,其中σ = 2 m. 为了验证本文所提算法
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的性能,进行了100次独立的蒙特卡洛 (Monte Carlo,
MC)实验,针对k时刻的特定指标求其统计平均值.

图2是多目标运动的真实轨迹. 为了清楚的体现4
种算法的差异,分别对MC实验中多目标势估计, GO-
SPA距离和定位误差进行统计分析,统计结果如图3–
5所示.

目标新生时刻位置

目标真实轨迹

400

300

200

100

0

-100

-200

-300

-400

Y 
/ 
m

-400 -300 -200 -100 0 100 200 300 400

X / m
图 2 多目标运动轨迹

Fig. 2 Multi-target motion trajectory

从图3中可以看出,在异常的量测噪声的影响下,
对于多目标势的估计,随着时间的推移和目标数目的
渐变, STM-PMBM滤波器还是比GM-PMBM, STM-
PHD, GM-PHD滤波器更能准确的估计空间目标势及
其变化,显示了前者在复杂的厚尾噪声条件下拥有更
好的多目标检测性能.

势

STM-PMBM

GM-PMBM

GM-PHD

STM-PHD

真实目标数

7

6

5

4

3

2

1

0
5 10 20 25 30 35 40 45 5015

t / s
0

图 3 多目标势估计统计

Fig. 3 Multi-target cardinality estimation statistics

从图4中可以看出,本文所提算法的GOSPA距离
较小,由于GOSPA考虑了多目标状态估计、势估计、
漏检率、错误航迹生成率等综合的多目标跟踪性能,
所以更能客观的反映出:本文所提算法受异常观测噪
声影响下,对比传统算法依然可表现出更为优越的跟
踪性能,所提算法在复杂跟踪环境下的鲁棒性和自适
应性得以充分验证. 而传统的GM-PMBM, STM-PH-
D, GM-PHD滤波算法的GOSPA距离统计在此仿真环
境下表现出种种问题,包括目标势发生瞬变时GOS-
PA的迅速提升(对势变化的适应性很差),整体GOS-
PA距离统计的不稳定,这都体现了传统算法很难应对
受异常观测噪声干扰下的多目标跟踪问题.图5多目

标定位误差统计下,在仅量测噪声为厚尾噪声在情况
下, 4种滤波器都表现出较稳定的定位性能.
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图 4 GOSPA距离统计

Fig. 4 GOSPA distance statistics
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图 5 多目标位置估计误差统计

Fig. 5 Multi-target location estimation error statistics

图6是在厚尾噪声水平pm变化的条件下, 4种滤波
器的GOSPA距离平均值统计,以此来说明异常噪声水
平的增大对4种滤波器的影响.从图6中可以看出, 4个
滤波器的GOSPA距离的平均值都随着pm的增加而增
加,但本文所提算法的多目标整体跟踪性能评价GOS-
PA在任何的异常噪声水平下都明显优于传统算法. 注
意到,所提算法的GOSPA距离随着噪声异常水平的增
加,要显著低于传统算法GOSPA的增长速率,这即说
明了本文算法有效抑制异常噪声的能力,也充分验证
了所提算法在广域异常量测噪声条件下多目标跟踪

性能的鲁棒性.
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Fig. 6 GOSPA distance mean statistics for different pm
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4.2.2 过过过程程程噪噪噪声声声和和和量量量测测测噪噪噪声声声都都都为为为厚厚厚尾尾尾噪噪噪声声声的的的情情情况况况

为了进一步验证本文算法的有效性,设计更为复
杂的异常噪声条件,即过程噪声和量测噪声都为厚尾
噪声的仿真实验,既包括了复杂过程(多目标机动),也
考虑了量测的厚尾特性. 其中,未知动态模型或目标
位置和速度的突变,会产生厚尾过程噪声;而传感器
自身的不可靠性会产生厚尾量测噪声. 厚尾过程噪声
可被建模为wk ～ St(wk; 0,Qk, v1),即

wk ～
{
N (0,Qk), w.p. 1− pp,
N (0, 100Qk), w.p. pp,

(81)

其中pp = 0.1表示过程噪声异常值出现的概率,

Qk =

■||■
T 3

3

T 2

2
T 2

2
T

■||■⊗
[
σ2
q 0

0 σ2
q

]
, (82)

其中σq = 1m/s. 目标量测方程的建模及其他参数的
设置与仿真1相同.在厚尾过程噪声下,多目标运动将
呈现明显的随机机动趋势,如图7所示,跟踪复杂度大
大增加. 因此,本文同样对MC实验中多目标势估计、
GOSPA距离和多目标估计位置误差具体分析这4种算
法的差异,统计结果如图8–10所示.
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图 7 多目标运动轨迹

Fig. 7 Multi-target motion trajectory
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Fig. 8 Multi-target cardinality estimation statistics

从图8中可以看出,即便在更为复杂的异常噪声条
件下,多目标不仅伴随着拖尾严重的观测噪声分布,

还伴随着过程噪声的异常噪声而出现的目标的随机

机动运动.在这种复杂的跟踪条件下, GM-PMBM,
GM-PHD滤波器对多目标势估计的误差更大,对目标
势变化的适应性变得更差,对监控区域的目标检测能
力大大下降,传统滤波器很难在如此恶劣的随机不确
定性条件下获得较好的估计性能, STM-PHD相较于
传统的高斯滤波器有更好的估计效果.相比较之下,
本文所提算法对于异常的过程噪声和量测噪声的共

存体,依然能够在目标检测上体现出极强的鲁棒性,
所以图8中的势估计平均统计是平稳和更加精确的.

图9是多目标跟踪的GOSPA距离,可以看出,传统
的GM-PMBM滤波器由于轻尾分布描述特性无法准
确表征异常噪声分布,这表示为难以识别目标的随机
机动和量测过程的离群异动,跟踪性能相较于本文所
提算法大幅度降低. STM-PHD和GM-PHD滤波器由
于当目标出现漏检或虚假检测时跟踪估计性能较差,
导致GOSPA距离较大.而本文算法的GOSPA即便在
如此复杂不确定性条件下,表现出相较于传统算法明
显的跟踪估计优势,体现了滤波器在异常噪声干扰下
极强的稳健性和适应性. 图10多目标定位误差统计下,
本文所提算法的位置估计误差相对较小,展现出更好
的多目标跟踪估计性能.
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Fig. 9 GOSPA distance statistics
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Fig. 10 Multi-target location estimation error statistics

图11是在厚尾量测噪声水平 pm为 0.1时,不同厚
尾过程噪声水平pp条件下4种滤波器GOSPA距离的
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平均值统计.从图中可以看出,随着过程噪声异常噪
声水平的增大,由于多目标机动概率显著增大,传统
算法的GOSPA呈显著增长趋势,而本文算法抑制异常
过程噪声的能力尤为突出,体现了明显的多目标异常
运动(机动)的跟踪优势. 图12是在pp为0.1时, 4种滤波
器在不同pm条件下GOSPA距离的平均值统计.从图
12中依旧可以看出,随着异常量测噪声水平增大时,
仍然体现出更好的跟踪性能.
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Fig. 12 GOSPA distance mean statistics for different pm

图11和图12相辅相成,联合构成了广域异常噪声
(异常过程噪声与异常量测噪声)的复杂跟踪环境,无
论在任何异常的噪声水平下,本文所提算法都能体现
出比传统算法更好的多目标跟踪性能,滤波器抑制异
常噪声、滤波器在复杂环境下的鲁棒性和稳健性得以

充分证明.

5 结结结论论论

本文主要研究在过程噪声和量测噪声都为厚尾噪

声的条件下,提出学生t泊松多伯努利混合滤波器进行
异常噪声条件下的多目标跟踪. 仿真实验表明,与传
统算法相比,本文方法在处理非高斯的厚尾噪声时有
其独特的优势,这为广域复杂不确定性多目标跟踪问
题找到了一个更为行之有效的解决方案.在未来的工
作中,可以基于现代高分辨率传感器,进一步开展本
文算法在扩展目标跟踪应用中的拓展性研究.
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高斯过程认知学习的多机动目标泊松多伯努利混合滤波器
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摘   要：针对复杂不确定环境下的多机动目标跟踪(MMTT)问题，该文提出一种基于高斯过程(GP)数据驱动的多

目标跟踪方法。GP作为一种非参数贝叶斯方法，可通过有限样本灵活推断无限维函数，更能够灵活地自适应复

杂多变的目标机动模式。通过GP算法学习多机动目标不确定的运动与观测模型，能有效克服传统多模型(MM)方

法中因预设模型过多或模型失配所导致的性能退化问题。然后，利用泊松多伯努利混合(PMBM)建立多目标跟踪

滤波的共轭先验递推结构，并使用GP学习未知的多目标动力学和观测模型，从而最终提出高斯过程多机动目标

PMBM滤波器。仿真结果表明，该方法在复杂多变的MMTT任务中展现出较高的跟踪精度，验证了其在处理

MMTT问题上的有效性和鲁棒性。
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1    引言

多目标跟踪(Multi-target Tracking, MTT)是
雷达信号处理领域中的一项核心技术和挑战，其主

要功能是同时实现对多个目标的检测、跟踪与识

别。当前，多目标跟踪技术已广泛应用于军事[1,2]、

移动机器人[3,4]以及导航[5,6]等各专业领域。尽管多

目标跟踪技术取得了显著进展，但其在实际应用中

仍面临两大主要挑战：一是量测的不确定性 [7,8]，

即目标和量测之间的关联问题；二是目标运动的不

确定性[9–12]，即目标可能表现出未预期的运动行为

或机动。这两方面的不确定性共同作用，对稳定、

高精度多目标跟踪提出了很大的挑战。

近年来，随机有限集(Random Finite Set,
RFS)[13]理论因能够有效处理目标数目不确定及多

目标跟踪中的数据关联问题而受到了广泛关注，逐

渐成为解决多目标跟踪难题的主要方案。在有限集

理论框架下，已发展出形式多样的多目标滤波算

法，包括概率假设密度(Probability Hypothesis
Density, PHD)滤波器[14]、势概率假设密度(Car-
dinality PHD, CPHD)滤波器[15]、多伯努利(Multi-
Bernoulli, MB)滤波器[16]、标签多伯努利(Labeled
MB, LMB)滤波器[17]、广义标签多伯努利(General-
ized LMB, GLMB)滤波器[18]以及泊松多伯努利混

合(Poisson Multi-Bernoulli Mixture, PMBM)滤波

器[19,20]。这些滤波器均可通过高斯混合[21]和序贯蒙

特卡罗(Sequential Monte Carlo, SMC)[22]方法实

现。在这些滤波器中，PMBM滤波器因其独特的

共轭先验和高效的递推结构脱颖而出。

现有的多目标滤波器普遍假设所有目标遵循共

同的动态模型[9]，然而在实际应用中，目标的运动

模式未知且机动变化。单一确定模型难以准确描述

机动目标的运动学行为，很容易导致滤波器性能下

降或发散。针对这一问题，多模型(Multiple Model,
MM)方法作为一种有效的手段，已在多机动目标

跟踪(Multiple Maneuvering Target Tracking,
MMTT)中得到了广泛应用。相继提出了多种适用

于MMTT的滤波算法[23–29]。此外，基于PMBM共

轭先验结构，文献[30]提出多模型泊松多伯努利混

合(MM-PMBM)滤波器。尽管MM方法在提高目标

跟踪适应性方面取得了显著进展，但随着现代目标

轨迹不确定性增加，传统基于模型的方法在应对复

杂应用场景时仍存在相当大的局限性。

为了克服传统模型驱动方法在多机动目标跟踪

中的局限性，高斯过程(Gaussian Process, GP)[31]

作为一种数据驱动策略，为该领域带来了创新性的
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解决方案。与传统的基于模型的方法相比，GP通
过非参数回归直接从训练数据中学习底层模型及其

参数，从而减少了对预定义模型的依赖性。此外，

GP易于与状态空间模型和贝叶斯滤波框架集成，

为传统的贝叶斯滤波方法提供了重要的补充。

近期的研究将GP应用于机动目标跟踪，旨在

解决未知目标运动模型或运动模型失配的问题。文

献[32]介绍了一种无模型的机动目标跟踪方法，实

现了在大量运动模型之间的动态切换，并进行状态

估计。另一项研究提出了一种数据驱动的机动目标

跟踪和平滑方法，在跟踪性能上有了显著提升[33]。

在文献[34]中，研究者提出了一种基于GP的新型运

动模型学习方法，以实现对不同监视区域内目标的

有效跟踪。文献[35]则利用GP来近似贝叶斯最优伯

努利滤波器中的转移密度，以应对单个未知目标运

动模型的转换问题。文献[36]提出了一种结合数据

驱动与模型驱动方法的混合策略，有效提升了对强

机动目标的跟踪性能。尽管基于GP的方法在多种

应用场景中取得了显著成效，但在RFS框架下，针

对无模型多机动目标跟踪的研究尚未开展。因此，

进一步探索这一领域对于推动多机动目标跟踪技术

的发展具有重要意义。

鉴于此，本文提出一种新颖的多机动目标跟踪

算法，旨在提高复杂环境下高机动目标的跟踪精

度。该方法通过GP从训练数据中学习未知的多目

标运动模型和观测模型，并结合容积Kalman滤波

器(Cubature Kalman Filter, CKF)[37]进行非线性

状态传播。利用GP学习的动态模型递归PMBM分

量，本文提出一种GP-PMBM滤波器，并最终利用

高斯混合技术推导其解析实现，以有效应对多机动

目标跟踪中的复杂性和不确定性问题。仿真实验表

明，相较于传统的模型驱动方法，基于高斯过程的

方法在复杂多机动场景下展现出优异的跟踪性能。 

2    问题背景
 

2.1  多目标贝叶斯滤波

k Nk x1
k,x

2
k, ...,x

Nk

k

Mk z1
k, z

2
k, ..., z

Mk

k

假设在 时刻，有 个目标状态

和 个量测 ，则相应的多目标状态

和观测由以下有限集给出

Xk=
{
x1
k,x

2
k, ...,x

i
k,x

i+1
k , ...,xNk

k

}
∈X , i=1, 2, ..., Nk

(1)

Zk=
{
z1
k, z

2
k, ..., z

j
k, z

j+1
k , ..., zMk

k

}
∈Z, j = 1, 2, ...,Mk

(2)

X Z
Xk Zk = {Z1,Z2, ...,Zk}
k

其中， 和 分别表示状态空间和观测空间。此

外， 为多目标状态， 为从

1到 时刻采集到的量测集。

k − 1 fk−1

(
X
||Zk−1

)
给定 时刻的多目标后验密度 ，

预测多目标密度可以通过Chapman-Kolmogorov方
程[13]得到

fk|k−1

(
X
|||Zk−1

)
=

∫
φk|k−1 (X |X ′ )

· fk−1

(
X ′ ||Zk−1

)
δX ′ (3)

φk|k−1 (X |X ′ ) X ′ X

k

Zk

其中， 是从 到 的多目标转移密

度，并且 时刻的更新多目标密度可以根据量测集

和贝叶斯准则得到

fk
(
X
||Zk

)
=

Lk (Zk |X ) fk|k−1

(
X
||Zk−1

)∫
Lk (Zk |X ) fk|k−1

(
X
||Zk−1

)
δX

(4)

Lk (Zk |X )其中， 表示多目标似然函数。此外，式

中所涉及的积分为集合积分[13]∫
f (X) δX =

∞∑
n=0

1

n!

∫
f
({

x1,x2, ...,xn
})

· dx1dx2...dxn (5)
 

2.2  PMBM滤波器

µ (x) = λf (x) λ

f (x)

PMBM滤波器是一种基于RFS的滤波方法，

它的递归需要分别预测和更新泊松点过程(Poisson
Point Process, PPP)和MBM。PPP通过其强度函

数或者一阶矩进行参数化 ，其中 表

示泊松率， 是单目标概率密度函数，同时PPP

的势服从泊松分布。泊松RFS对应的多目标密度为

f (X) = e−
∫
µ(x)dx[µ (·)]X (6)

f (X)伯努利RFS密度 可以表示为

f (X) =

■|■|■
1− r, X = ∅
rp (x) ,X = {x}
0, |X| ≥ 2

(7)

r ∈ [0, 1] p (x) x其中， 表示存在概率， 表示目标 存

在时的概率密度函数。MB RFS是独立伯努利RFS
的不相交并集

X =
∪n

i=1
Xi (8)

n其中， 表示伯努利分量的数量，则MB分布可以

表示为

fmb (X) =
∑

X1∪X2∪...∪Xn=X

n∏
i=1

f i
(
Xi
)

(9)

{
wj,i,

{
rj,i, pj,i (x)

}
i∈Ij

}
j∈I

I j

MBM RFS密度是MBs的多目标密度的归一化

加权和，参数化为 ，其

中 是MBM中MB的索引集合， 是关于所有全局

假设的索引。MBM的多目标分布为
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fmbm (X) ∝
∑
j∈I

∑
X1∪X2∪...∪Xn=X

n∏
i=1

wj,if j,i
(
Xi
)

(10)

∝其中，‘ ’表示比例。根据泊松RFS和MBM RFS
密度，PMBM密度表示为

f (X) =
∑

Xu∪Xd=X

fp (Xu) fmbm (Xd) (11)

fp (·) Xu Xd

Zk

其中， 表示泊松RFS密度， 和 分别表

示未检测到的目标和潜在检测到的目标。根据量测

集合 ，PMBM滤波器的递推过程包括预测和更

新步，具体可参考文献[20]。 

2.3  高斯过程

T = {(u1,v1) ,

(u2,v2) , ..., (un,vn)}

GP是一种用于机器学习和统计学的非参数化

模型。GP的主要优点包括建模的灵活性，提供不

确定性估计的能力以及从训练数据中学习噪声和平

滑参数的能力。假设有一组训练数组

，该数据来自受噪声影响的过程

vi = f (ui) + ε (12)

ui d vi

ε ∼ N
(
0, Iσ2

)
U=[u1,u2, ...,un]

V = [v1,v2, ...,vn]

v U

其中， 表示 维输入向量， 为对应的标量输出，

表示高斯噪声项。令

和 分别表示输入和输出集合，并

且输出 的联合分布是输入 的函数，则其可以表

示为一个零均值的多元高斯分布

p (v) = N
(
0,K (U ,U) + σ2

nI
)

(13)

K (U ,U) Kij =

k (ui,uj) k (u,u′)

σ2
nI

其中， 是核矩阵，其元素表示为

； 表示核函数，它是对输入和输

出之间紧密程度的度量； 表示引入的高斯噪

声，核心是为了在已知训练数据的基础上对高斯函

数进行线性化。

核函数的选择取决于具体的应用，在所提方法

中，选择常用的平方指数作为核函数。平方指数核

在平滑性和参数解释性等方面的综合优势，使其成

为机动目标跟踪建模的理想选择[31,33,34]。平方指数

核函数表示为

k (u,u′) = σ2
f exp

((
−1

2
(u− u′)W (u− u′)

T
))
(14)

σ2
f W其中， 是信号的方差， 是一个对角矩阵，包

含了每个输入维度的长度尺度。

⟨U ,v⟩ u∗

v∗
给定一组训练数据 和一个测试输入 ，

高斯过程定义了一个关于输出 的高斯预测分布，

其均值为

GPm (u∗, ⟨U ,v⟩) = kT
∗
[
K (U ,U) + σ2

nI
]−1

v (15)

协方差为

GPΣ (u∗, ⟨U ,v⟩) = k (u∗,u∗)

− kT
∗
[
K (U ,U) + σ2

nI
]−1

k∗
(16)

k∗ u∗ U

σf σn W

θ = [σf , σn,W ]

其中， 是测试输入 和训练输入 之间的核向

量。式(14)和式(16)中的参数 ,  和 表示高斯

过程超参数，记为 。这些超参数可

以在给定输入的情况下通过最大化训练输出的对数

似然来学习，即

θmax = argmax
θ

{lg (p (v |U , θ ))} (17)

其可以使用共轭梯度等数值优化方法[31]来完成。 

3    高斯过程多机动目标跟踪
 

3.1  学习运动和观测模型

f h

假设多目标运动状态和观测状态分别按照状态

转移函数 和观测函数 进行演化，即

xk = f (xk−1) +wk (18)

zk = h (xk) + vk (19)

wk ∼ N (0,Qk) vk ∼
N (0,Rk)

Qk Rk

f h

其中， 表示加性高斯过程噪声，

表示加性高斯观测噪声。高斯过程可以直

接用于学习动态系统的运动和观测模型。这里学习

的目标是不仅可以学习相关噪声协方差 和 ，

还可以学习状态转移函数 和观测函数 。

∆xk = xk − xk−1

xk

zk

每个GP的训练数据是一组输入输出关系。运

动模型将状态映射为状态转移 。

通过将上一时刻的状态与状态转移进行整合，可以

找到下一时刻的状态。观测模型从状态 映射到

观测 。运动和观测训练数据集的形式可以分别表

示为

Df = ⟨X,X ′⟩ (20)

Dh = ⟨X,Z⟩ (21)

X X ′ = [∆x1,∆x2, ...,∆xk]

Z

其中， 是真实状态矩阵，

表示状态转移矩阵， 是观测输出矩阵。

f h GPf GPhGP近似 和 的过程分别用 和 表示，即

xk = GPfm (xk−1,Df ) +wk (22)

zk = GPhm (xk,Dh) + vk (23)

wk ～ N
(
0, GPfΣ (xk−1, Df )

)
vk～

N
(
0,GPhΣ (xk,Dh)

)
GPfm

f GPhm h GPfΣ GPhΣ Q R

其 中 ， ,  

。理想的学习效果是 趋

近于 ， 趋近于 ， 和 分别趋近于 和 。
 

3.2  高斯过程PMBM滤波器

在这一部分中，重点研究如何实现提出的GP-
PMBM算法。与其他PMBM滤波器的实现方式类
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似，基于高斯混合技术来实现GP-PMBM滤波器。

首先需要做一些必要的假设。

pS,k (x) = pS (x) pD,k (x) = pD (x)

(1) 每个目标的存在概率和检测概率与目标的

状态无关，即 ， 。

(2) 新生目标的强度是一个高斯混合形式，即

λbk (x) =

Jλ
k∑

b=1

wλ,b
k N

(
x;mλ,b

k ,P λ,b
k

)
(24)

Jλk wλ,bk b

mλ,b
k P λ,b

k b

其中， 是高斯分量的个数， 是第 个高斯分

量的权重， 和 分别表示第 个高斯分量的

均值和协方差。

k − 1 µk−1 (x)(3) 假设 时刻的先验强度 是一个

高斯混合形式，即

µk−1 (x) =

Jµ
k−1∑
b=1

wµ,b
k−1N

(
x;mµ,b

k−1,P
µ,b
k−1

)
(25)

pj,ik−1 (x)并且假设单目标强度 是一个高斯分布

的形式，即

pj,ik−1 (x) = N
(
x,mj,i

k−1,P
j,i
k−1

)
(26)

然后给出GP-PMBM滤波器预测过程和更新过

程的解析解。

(1) 预测步：对于泊松点过程，预测泊松强度

可以表示为

µk|k−1 (x) = λbk (x) +

Jµ
k−1∑
b=1

wµ,bk|k−1

· N
(
x;mµ,b

k|k−1,P
µ,b
k|k−1

)
(27)

其中，

wµ,bk|k−1 = pS,kw
µ,b
k−1 (28)

2n l = 1, 2, ...,

2n

根据容积规则，选择 个容积点，

，未知模型可以计算为

xl,k−1 = mµ,b
k−1 ±

√
P µ,b
k−1αl (29)

xlk|k−1 = GPfm (xl,k−1,Df ) (30)

mµ,b
k|k−1 =

1

2n

2n∑
l=0

xlk|k−1 (31)

Qk = GPfΣ (xl,k−1,Df ) (32)

P µ,b
k|k−1 =

1

2n

2n∑
l=0

(
xlk|k−1 −mµ,b

k|k−1

)
·
(
xlk|k−1 −mµ,b

k|k−1

)T
+Qk (33)

对于多伯努利混合，每个伯努利分量预测过程为

wj,ik|k−1 = wj,ik−1 (34)

rj,ik|k−1 = pS,kr
j,i
k−1 (35)

pj,ik|k−1 (x) = N
(
x;mj,i

k|k−1 ,P
j,i
k|k−1

)
(36)

其中，

mj,i
k|k−1 =

1

2n

2n∑
l=0

xj,i,lk|k−1 (37)

P j,i
k|k−1 =

1

2n

2n∑
l=0

(
xj,i,lk|k−1 −mj,i

k|k−1

)
·
(
xj,i,lk|k−1 −mj,i

k|k−1

)T
+Qj,i

k (38)

xj,il,k−1 = mj,i
k−1 ±

√
P j,i
k−1αl (39)

xj,i,lk|k−1 = GPfm
(
xj,il,k−1,Df

)
(40)

Qj,i
k = GPfΣ

(
xj,il,k−1,Df

)
(41)

(2) 更新步：

(a) 更新泊松分量：首先将预测泊松强度重新

写为

µk|k−1 (x) =

Jµ
k|k−1∑
b=1

wµ,bk|k−1N
(
x;mµ,b

k|k−1 ,P
µ,b
k|k−1

)
(42)

则更新后的泊松强度为

µk (x) =

Jµ
k∑

b=1

wµ,bk N
(
x;mµ,b

k ,P µ,b
k

)
(43)

wµ,bk = (1− pD (x))wµ,bk|k−1 mµ,b
k = mµ,b

k|k−1

P µ,b
k = P µ,b

k|k−1

其中， ,   ,

。

(b) 更新伯努利分量：考虑以下3种情况

① 更新首次检测到的目标

rpk (z) = ek (z)/ρ
p
k (z) (44)

ppk (x |z ) =
1

ek (z)

Jµ
k∑

b=1

wµ,bk|k−1N
(
x;mp,b

k ,P p,b
k

)
(45)

其中，

ek (z) =

Jµ
k|k−1∑
b=1

wbkN
(
z;mb

k,P
b
k

)
(46)

ρpk (z) = ek (z) + c (z) (47)

mp,b
k = mµ,b

k|k−1 +Kp
k

(
z −mb

k

)
(48)

P p,b
k = P µ,b

k|k−1 −Kp
kS

p
k(K

p
k)

T (49)
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xp,l
k = mµ,b

k|k−1 +
√

P µ,b
k|k−1αl (50)

zp,l
k|k−1 = GPhm

(
xp,l
k ,Dh

)
(51)

Rp
k = GPhΣ

(
mµ,b
k|k−1 ,Dh

)
(52)

mb
k =

1

2n

2n∑
l=0

zp,l
k|k−1 (53)

Sp
k =

1

2n

2n∑
l=0

(
xp,l
k −mb

k

)(
xp,l
k −mb

k

)T
+Rp

k (54)

P b
k = Sp

k (55)

P p
xz,k =

1

2n

2n∑
l=0

(
mµ,b
k|k−1 − xp,l

k

)
−
(
mb
k − zp,l

k|k−1

)T
(56)

Kp
k = P p

xz,k(S
p
k)

−1 (57)

② 更新漏检

wj,i,0
k = wj,i

k|k−1

(
1− rj,ik|k−1 + rj,ik|k−1 (1− pD (x))

)
(58)

rj,i,0k =
rj,ik|k−1 (1− pD (x))

1− rj,ik|k−1 + rj,ik|k−1 (1− pD (x))
(59)

pj,i,0k (x) = N
(
x;mj,i,0

k ,P j,i,0
k

)
(60)

mj,i,0
k = mj,i

k|k−1 P j,i,0
k = P j,i

k|k−1其中， ,  。

③ 更新潜在检测到的目标

wj,ik (z) = wj,ik|k−1 r
j,i
k|k−1N

(
z;mj,i,u

k ,P j,i,u
k

)
(61)

rj,ik (z) = 1 (62)

pj,ik (x |z ) = N
(
x;mj,i

k ,P
j,i
k

)
(63)

其中，

mj,i
k = mj,i

k|k−1 +Ku
k

(
z −mj,i

k

)
(64)

P j,i
k = P j,i

k|k−1 −Ku
kS

u
k(K

u
k)

T (65)

Ku
k = P u

xz,k(S
u
k)

−1 (66)

P u
xz,k =

1

2n

2n∑
l=0

(
mj,i
k|k−1 − xu,l

k

)
−
(
mj,i
k − zu,l

k|k−1

)T
(67)

Su
k =

1

2n

2n∑
l=0

(
xu,l
k −mj,i

k

)(
xu,l
k −mj,i

k

)T
+Ru

k (68)

mj,i,u
k =

1

2n

2n∑
l=0

zu,l
k|k−1 (69)

P j,i,u
k = Su

k (70)

Ru
k = GPhΣ

(
mj,i
k|k−1 ,Dh

)
(71)

xu,l
k = mj,i

k|k−1 +
√

P j,i
k|k−1αl (72)

zu,l
k|k−1 = GPhm

(
xu,l
k ,Dh

)
(73)

由于当前的更新过程只得到了单目标假设，因此，

接下来通过对所有可能的单目标假设进行组合，得

到新的全局假设。为了降低计算的复杂度，利用

Murty’s算法实现这一过程，具体的实现步骤见文

献[20]。 

4    仿真分析
 

4.1  评价指标

为全面评估算法的性能，将所提数据驱动的自

学习算法和传统多模型算法以及基于深度学习LSTM
的数据驱动算法构造对照组，并使用广义最优子模

式分配(Generalized Optimal SubPattern Assign-
ment, GOSPA)误差[38]作为评价指标，其定义为

d(c,α)p (X,Y ) ≜

■■min
γ∈Γ

■■ ∑
(i,j)∈γ

dp(xi,yj)

+
cp

α
(|X|+ |Y | − 2 |γ|)

)] 1
p

(74)

c = 50 p = 2 α = 2其中， ,  ,  。 

4.2  仿真结果

[−2 000, 2 000] m×
[−2 000, 2 000] m

xk = [px,k, ṗx,k, py,k, ṗy,k]
T

[px,k, py,k]

[ṗx,k, ṗy,k]

(1)  场景1。2维监控区域

中包含杂波和不确定数量的目

标。每个目标的状态由2维位置和速度组成，即

，其中 表示目

标的位置， 表示目标的速度。每个目标

根据匀速直线(Constant Velocity, CV)或协同转弯

(Coordinated Turn, CT)模型切换运动

xk = FCV/CTxk−1 +wk

FCV =

■||■
1 ∆ 0 0
0 1 0 0
0 0 1 ∆
0 0 0 1

■||■，

FCT =

■|||||■
1

(sin θ)
θ

0 − (1− cos θ)
θ

0 cos θ 0 − sin θ

0
(1− cos θ)

θ
1

(sin θ)
θ

0 sin θ 0 cos θ

■|||||■
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wk ∼ N (0,Qk)其中，

Qk = σ2

■||■
∆4/4 ∆3/2 0 0
∆3/2 ∆2 0 0
0 0 ∆4/4 ∆3/2
0 0 ∆3/2 ∆3/2

■||■
σ = 0.1 ∆ = 1 s

θ = −9(◦)/s
θ = 6(◦)/s

pS,k = 0.97 pD,k = 0.95

其中， ,  表示采样间隔。模型1是常

速模型，模型2的转弯率为 ，模型3的转

弯率为 。对于每个目标，存活概率和检

测概率分别为 ,  。观测模型为

zk =

■|■
√
(px,k − px,0)2 + (py,k − py,0)2

arctan
(
px,k − px,0
py,k − py,0

) ■|■+ vk

px,0 py,0

(0, 0)m vk ∼ N (0,Rk) Rk = diag
([
σ2
r , σ

2
θ

]T)
σr =

10 m σθ = (π/180) rad/s

λc = 10

其中， ,   表示传感器的位置，设置为

;  ,  , 

,  。杂波的分布建模为泊松

模型，泊松率为 。此外，采用高斯混合形

式作为目标的新生模型

γk (x) =
6∑
i=1

wibN
(
x;mi

b,P
i
b

)
wib = 0.1 m1

b = [−300 0 100 0]
T

m2
b = [800 0 400 0]

T
m3

b = [50 0 −600 0]
T

m4
b = [−800 0 −400 0]

T
m5

b = [400 0 500 0]
T

m6
b = [−500 0 600 0]

T
P i
b =

diag
(
[200, 100, 200, 100]

T
)

其中， ，均值分别为 ,

,   ,

,   ,

， 协 方 差 矩 阵 为

。

L1 = 1 000

L2 = 80

此外，训练数据的长度 ，测试数据

的长度 。用于训练和测试的真实轨迹是不

同的，即训练数据和测试数据来自不同的数据集，

但遵循相同的运动模型。在目标运动过程中，测试

目标在10～30 s以模型2运动，在40～50 s以模型

3运动，在其他时间步以模型1运动。测试目标的运

动轨迹如图2所示。

图1展示了多机动目标的真实运动轨迹，包括

目标的出生位置和消亡位置。图2则展示了单次实

验中，所提出的GP-PMBM滤波器的跟踪估计结

果。结果表明，所提算法能够在复杂动态环境中较

准确地估计目标状态。接下来，通过500次蒙特卡

罗(Monte Carlo, MC)实验，进一步验证了所提方

法的有效性。

图3对比分析了多种算法在GOSPA误差指标上

的堆叠面积随时间的动态演变趋势。经细致观察，

不难发现所提出的GP-PMBM滤波器在GOSPA误
差指标上的堆叠面积显著低于其他算法。相比之下，

LSTM-PMBM算法虽然利用时序依赖建模在匀速

运动阶段实现了较高的跟踪一致性，但在目标机动

过程中，其误差面积增长明显快于GP-PMBM滤波

器。此外，MM-PMBM和MM-GLMB滤波器在目

标状态突变场景下表现出较大的误差波动，显示出

一定的性能瓶颈；而MM-PHD滤波器由于仅传播

概率密度函数，导致估计精度和稳定性均较差。这

一结果表明，GP-PMBM滤波器在处理复杂机动的

多目标跟踪问题上展现了更优的适用性和鲁棒性，

适合在目标运动状态频繁变化的复杂环境中应用。

图4比较了不同算法的目标势估计结果及其标

准差，直观反映了各算法在目标势估计中的动态变

化及性能差异。从图中可以看出，GP-PMBM滤波

 

 
图 1 多机动目标真实轨迹

 

 
图 2 跟踪结果

 

 
图 3 GOSPA堆叠面积
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器表现出较高的估计精度，其标准差显著低于其他

算法，体现了对目标场景变化很好的适应性和稳定

性。LSTM-PMBM算法的势估计性能略逊于GP-
PMBM滤波器，但整体性能优于传统的MM-
PMBM方法。MM-PMBM滤波器虽然在大部分时

段内具有较小的整体误差，但在目标势发生剧烈变

化时，其误差波动较为明显。MM-GLMB与MM-PHD
滤波器在剧烈变化场景中的估计性能较弱，说明其

估计稳定性不足。

为了进一步验证所提算法在复杂跟踪环境中的

性能，图5展示了5种滤波算法在不同杂波率下的平

均GOSPA误差。仿真结果表明，随着杂波率的增

加，各算法的跟踪性能均呈下降趋势，但降幅存在

显著差异。具体而言，GP-PMBM滤波器在整个杂

波率范围内均表现出最佳性能，其平均GOSPA误

差始终保持在最低水平；而LSTM-PMBM算法则

表现出次优性能，其误差增长趋势介于GP-PMBM

与传统多模型方法之间，体现出较强的虚警抑制能

力和一定的稳健性。相对而言，MM-PMBM和MM-

GLMB滤波器的性能位居其后，而MM-PHD滤波

器不仅平均GOSPA误差最高，误差随杂波率增加

而显著上升。

图6展示了不同算法在不同检测概率条件下的

平均GOSPA距离。图中数据表明，随着检测概率的

降低，所有算法的平均GOSPA误差都出现了显著的

增加。原因在于，较低的检测概率会增加目标漏检

的情况，从而影响算法的准确性。然而，GP-PMBM
滤波器在不同检测概率下的多机动目标跟踪性能最

优，特别是在检测概率较低的情况下，仍能保持相

对较好的跟踪效果，表现出较强的鲁棒性。

(2) 场景2。为了进一步验证所提方法的有效性，

在场景2中构建了更为复杂的多机动目标跟踪环境。

 

 
图 4 多机动目标势估计

 

 
图 5 不同杂波条件下的平均GOSPA
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θ = 9(◦)/s θ = −15(◦)/s

在该场景中，监视区域中目标的数量更多，目标的

机动性进一步增强，这对多机动目标跟踪算法的估

计性能提出了更高的要求。目标的运动模式仍然包

括模型1～模型3，但是模型2和模型3的转弯率发生

了显著的变化，分别为 和 。

这种复杂的环境设置使得目标的运动轨迹更加多样

化，且更难以预测，从而对跟踪算法的适应性和鲁

棒性提出了更大的挑战。通过与其他模型驱动的算

法进行比较，可以全面评估所提算法在高动态复杂

环境中的性能。此外，目标的初始位置和存活时间

如表1所示。测试目标在10～30 s以模型2运动，在

31～50 s和61～80 s以模型3运动，在其他时间步以

模型1运动。多机动目标运动和跟踪环境的其余参

数设置与场景1相同。

图7和图8分别展示了在单次蒙特卡罗实验中多

机动目标的真实轨迹及GP-PMBM滤波器的跟踪结

果。图中清晰展现了目标的高机动性及其在时空域

中的交错，对滤波器的跟踪性能提出了更高的要

求。尽管面临这些挑战，所提出的GP-PMBM滤波

器依然能够较为准确地估计多机动目标的状态。

图9展示了MC实验中多机动目标势估计的热

度图。通过观察热力图可以发现，GP-PMBM和MM-

PMBM滤波器的势估计分布与真实值接近，整体

趋势较为一致，体现了较高的估计精度及对目标动

态变化的良好适应性。相较而言，LSTM-PMBM
算法的势估计性能介于GP-PMBM和MM-PMBM
滤波器之间；而MM-GLMB滤波器的势估计在部

分时间步出现明显偏离，反映出其对目标势变化的

适应性略逊一筹。此外，MM-PHD滤波器的势估

计分布则存在较大偏差，表现为多个时间段内颜色

的显著偏差，这表明其势估计性能较弱且稳定性

不足。

图10展示了各滤波器的GOSPA误差变化趋势。

观察结果表明，当目标势发生剧烈变化时，各滤波

 

 
图 6 不同检测概率条件下的平均GOSPA

 

表 1  目标初始状态和存活时间

目标 初始状态 (m, v/s, m, v/s) 存活时间 (s)

1
[
−300 0 100 0

]T 1～20

2
[

500 0 400 0
]T 3～30

3
[

50 0 −600 0
]T 5～30

4
[
−800 0 −400 0

]T 10～35

5
[

400 0 500 0
]T 15～65

6
[
−500 0 600 0

]T 18～65

7
[

100 0 200 0
]T 50～70

8
[

300 0 −350 0
]T 55～75

9
[

700 0 −800 0
]T 60～80

 

 
图 7 场景2中多机动目标真实轨迹

 

 
图 8 场景2中跟踪结果

 

 
图 9 场景2中势估计分条热度
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器均出现了不同程度的误差突变，这反映出它们对

目标势快速变化的适应能力及在处理目标新增或消

失等复杂情境时的性能差异。实验结果表明，GP-
PMBM, LSTM-PMBM, MM-PMBM和MM-GLMB
滤波器在目标势变化较为频繁的前30个时间步内能

够迅速调整其多目标状态估计，有效降低了因目标

新增或消失所带来的误差积累。 

5    结束语

本文提出了一种无模型的GP-PMBM滤波器，

旨在减少多机动目标跟踪中对特定运动模型选择的

依赖。该滤波器通过GP卓越的学习能力，可以实

现在大量模型之间进行切换，能够有效应对目标运

动模式的复杂变化。实验结果表明，所提出的GP-
PMBM滤波器在跟踪性能上优于基于深度学习的

LSTM数据驱动方法和传统的MM方法。未来的研

究将进一步探索GP-PMBM滤波器在多机动扩展

目标跟踪中的应用潜力，以应对更具挑战性的跟踪

任务。
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Abstract:

Objective　Multiple Maneuvering Target Tracking (MMTT) remains a critical yet challenging problem in

radar signal processing and sensor fusion, particularly under complex and uncertain conditions. The primary

difficulty arises from the unpredictable or highly dynamic nature of target motion. Conventional model-based

methods, especially Multiple Model (MM) approaches, rely on predefined motion models to accommodate

varying target behaviors. However, these methods face limitations, including sensitivity to initial parameter

settings, high computational cost due to model switching, and degraded performance when actual target

behavior deviates from the assumed model set. To address these limitations, this study proposes a data-driven

MMTT method that combines Gaussian Process (GP) learning with the Poisson Multi-Bernoulli Mixture

(PMBM) filter to improve robustness and tracking accuracy in dynamic environments without requiring

extensive model assumptions.

Methods　The proposed method exploits the data-driven modeling capability of GP, a non-parametric

Bayesian inference approach that learns high-dimensional, nonlinear function mappings from limited historical

data without specifying explicit functional forms. In this study, GP models both the state transition and

observation processes of multi-target systems, reducing the dependence on predefined motion models. During

the offline phase, historical target trajectories and sensor measurements are collected to build a training

dataset. The squared exponential kernel is selected for its smoothness and infinite differentiability, which

effectively captures the continuity and dynamic characteristics of target state evolution. GP hyperparameters,

including length scale, signal variance, and observation noise variance, are jointly optimized by maximizing the

log-marginal likelihood, ensuring generalization and expressiveness in complex environments. In the online

filtering phase, the trained GP models are incorporated into the PMBM filter, forming a recursive GP-PMBM

filtering structure. Within this framework, the PMBM filter employs a Poisson point process to represent

undetected targets and a multi-Bernoulli mixture to characterize the posterior state distribution of detected

targets. During the prediction step, the GP-derived nonlinear state transition model is propagated using the

Cubature Kalman Filter (CKF). In the update step, the GP-learned observation model refines state estimates,

enhancing both tracking accuracy and robustness.

Results and Discussions　Extensive simulation experiments under two different MMTT scenarios validate the

effectiveness and performance advantages of the proposed method. In Scenario 1, a moderate 2D surveillance

environment with clutter and a varying number of targets is constructed. The GP-PMBM filter significantly

outperforms existing methods, including LSTM-PMBM, MM-PMBM, MM-GLMB, and MM-PHD filters, based

on the Generalized Optimal Sub-Pattern Assignment (GOSPA) metric (Fig. 3). In addition, the GP-PMBM

filter achieves the lowest standard deviation in cardinality estimation, demonstrating high accuracy and
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stability (Fig. 4). Further experiments under different monitoring conditions confirm the robustness of GP-

PMBM. When clutter rates vary, the GP-PMBM filter consistently achieves the lowest average GOSPA error,

reflecting strong stability under interference (Fig. 5). As detection probability decreases, most algorithms show

significant degradation in accuracy. However, GP-PMBM maintains superior tracking performance, achieving

the lowest GOSPA distance across all detection conditions (Fig. 6). In Scenario 2, target motion becomes more

complex, with increased maneuverability and higher–frequency birth–death dynamics. Despite these challenges,

the GP-PMBM filter maintains superior tracking performance, even under highly maneuverable conditions and

frequent target appearance and disappearance (Fig. 9, Fig. 10).

Conclusions　This study proposes a novel GP-PMBM filtering framework for MMTT in complex environments.

By integrating the data-driven learning capability of the GP with the PMBM filter, the proposed method

addresses the limitations of conventional model-based tracking approaches. The GP-PMBM filter automatically

learns unknown motion and observation models from historical data, eliminating the dependence on predefined

model sets and significantly improving adaptability. Simulation results confirm that the GP-PMBM filter

achieves superior tracking accuracy, improved cardinality estimation, and enhanced robustness under varying

clutter levels and detection conditions. These results indicate that the proposed method is well-suited for

environments characterized by frequent maneuvering changes and uncertain target behavior. Future work will

focus on extending the GP-PMBM framework to multi-maneuvering extended target tracking tasks to address

more challenging scenarios.

Key words: Multi-maneuvering target tracking; Data-driven; Gaussian Process (GP); Poisson Multi-Bernoulli

Mixture (PMBM)
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