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Abstract

®
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To overcome the challenges arising from the estimation of elliptical shape parameters
(orientation and semi-axis length) and unknown multiplicative noise covariance (MNC) in
extended object tracking (EOT), this study proposes an innovative adaptive EOT method based
on the soft actor-critic deep reinforcement learning (DRL) algorithm. Multiplicative noise, as a
complex uncertainty factor, significantly affects the tracking performance of extended objects
(EO), especially the recognition of shapes. Improper processing of MNC may lead to unstable
parameter estimation or significant bias. The remarkable development of artificial intelligence,
especially DRL, has provided a strong drive for intelligent decision making of optimal
estimation. Through the combination of DRL and recursive Kalman filter, the estimation
accuracy of EO orientation and elliptic axis length can be jointly improved, thus optimizing EOT
performance to a large extent. This approach enhances the adaptability of the EOT algorithm
through interactive learning between the agent and the environment with online adaptive tuning
of the MNC and elliptical parameters. The simulation results show the superiority of the method
compared with the existing methods, with significant improvement in estimation accuracy and
robustness. In various test scenarios, the method can estimate the state and shape parameters of
the EO more accurately, in which, for the shape estimation accuracy of the EO, the Gaussian
Wasserstein distance of the proposed algorithm is optimized by 20.3%, 23.7%, and 18.9%,
respectively, compared with the existing optimal method in different experimental scenarios.

Keywords: extended object tracking, deep reinforcement learning,

unknown multiplicative noise covariance, elliptical parameters

1. Introduction

Extended object tracking (EOT) refers to the estimation of
the kinematic state and shape parameters of an object in a
radar or sensor system by monitoring and processing mul-
tiple measurements in real time and is a critical technology
in radar system. In fact, traditional object tracking meth-
ods usually assume that the object only produces a single

* Author to whom any correspondence should be addressed.

measurement and is therefore considered a point object or
small object. Notably, with the rapid development of high-
resolution sensing technology, the object presents a large
physical size and provides rich information about its shape
through multiple measurements. This type of tracking task
is often referred to as ‘EOT, where the key is to simultan-
eously estimate the object’s kinematic (e.g. position, velocity)
as well as its shape characteristics (e.g. orientation angle, axis
length). This lays a solid foundation for the development of
EOT, and significantly expands the prospect of the application
of EOT in complex environment. As an innovation in tracking

© 2025 IOP Publishing Ltd. All rights, including for text and
data mining, Al training, and similar technologies, are reserved.
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technology in recent years, EOT has been applied in areas such
as autonomous driving [1-3], marine surveillance [4-6], and
drone navigation [7, 8]. These applications improve the sys-
tem’s tracking accuracy and improve object identification and
classification capabilities.

Some classical EOT methods, such as those based on ran-
dom hypersurface model [9] and Gaussian process [10], have
garnered widespread acclaim for their superior estimation per-
formance. These techniques excel in scenarios with dense
measurements, enabling effective estimation of complex irreg-
ular object shapes, including star-convex [11] and non-star-
convex [12] geometries. However, their performance signific-
antly deteriorates in environments with sparse measurements,
making them less viable for practical use. Consequently,
approximating an object as an ellipse in sparse measure-
ment environments becomes a more reasonable and pragmatic
approach, simplifying the estimation process while maintain-
ing efficient identification of the basic contour features of the
object.

In previous research, various methods have been proposed
to address the problem of elliptical EOT. In [13], the sym-
metric positive definite random matrix was proposed to model
the extended state of the object. However, this approach did
not consider the potential impact of sensor errors, which
could lead to overestimating the extended state. Subsequently,
literature [14] improved upon this method by incorporat-
ing sensor errors and adjusting the measurement likelihood
function accordingly. Despite this improvement, introducing
additive terms into covariance presents a challenge for easily
managed conjugate priors. To address these issues, literature
[15] proposed a new measurement update method that con-
sidered measurement noise, using variable decibels Bayesian
(VB) technology to derive approximate measurement updates.
Although the performance is improved compared with the
previous methods, the VB method still introduces obvious
kinematic state errors when there is a large prediction error.
In [16], an approximate Bayesian method was proposed to
address unresolved scattering centers of extended or group
objects, combining a measurement noise model to estimate
the object’s kinematic and extended state. However, all these
methods assume linear measurements even though actual sys-
tem often exhibit non-linearity. In [17], a method was pro-
posed for linearizing nonlinear measurements for extended
object (EO) or group object tracking, providing a more real-
istic approach to handle the inherent non-linearity measure-
ment system. Although these methods are capable of accur-
ately estimating the size and orientation of an ellipse, it is often
difficult to distinguish between uncertainties in the semi-axis
and the orientation of the ellipse. This is because when using
the inverse Wishart distribution, the uncertainty in both the
ellipse orientation and the semi-axis length is encoded in a
single scalar degree of freedom. Consequently, new methods
have emerged in recent years aimed at explicitly estimating the
ellipse shape parameters of EOT.

In [18], a novel method for elliptical EOT was proposed,
which parametrizes the ellipse and introduces multiplicat-
ive error term to establish the relationship between measure-
ments and elliptical parameters. Recent research has addressed

the problem of tracking ellipses with fixed but unknown
axis lengths and varying orientations using the expectation-
maximization (EM) approach [19]. This method estimates the
object’s kinematic state and shape parameters within a unified
framework. However, existing methods still have limitations,
such as sensitivity to initial conditions and lack of flexibility.
These limitations may lead to suboptimal performance in prac-
tical applications.

In addition, existing algorithms for elliptical EOT either
ignore the influence of measurement noise or only consider
additive measurement noise but do not consider the impact
of multiplicative noise (MN) on the state estimation of EO.
In practical applications, MN is widespread and more chal-
lenging than additive noise due to its nonzero mean and the
difficulty of determining mean and covariance. This uncer-
tainty poses significant challenges to state estimation and ser-
iously affects the accuracy of filters. Currently, the primary
methods for solving the unknown and time-varying MN cov-
ariance (MNC) problem include adaptive filtering, with VB-
based methods being the research focus. In [20], an unknown
MNC is often modeled as an inverse Gamma or Wishart distri-
bution. For this, two adaptive Kalman filters (KF) are derived
using the VB technique to estimate unknown MNC. In another
study, multiplicative and additive noise are jointly treated, and
the VB method is employed to estimate the covariance of both
types of noise simultaneously [21]. However, these methods
are only tailored to the problem of unknown MNC in point
object tracking. In EOT, the unknown MNC not only intro-
duces bias to the motion state estimation of the EO but also
further interferes with the accurate estimation of the ellipt-
ical shape parameters through the error propagation of the
state estimation. Specifically, the unknown MNC leads to cov-
ariance estimation distortion decreasing the estimation accur-
acy of shape parameters and triggering filtering instability; in
addition, the bias of kinematic state estimation may lead to
shape misfit interfering with morphology perception and sub-
sequent decision making; meanwhile, during the linearization
process, the bias of the linearization point selection is amp-
lified in iteration, significantly increasing the estimation error
and decreasing the tracking accuracy. Although some progress
has been made in related research in point object tracking,
there is no effective solution for the unknown MNC problem in
EOT. Therefore, tracking EO in complex environment remains
a major challenge.

Recently, the application of deep reinforcement learning
(DRL) [22] in object tracking has provided new insights for
adaptive adjustment of elliptical parameters and unknown
MNC. This approach combines deep learning (DL) with rein-
forcement learning (RL), enabling an agent to acquire envir-
onmental states and reward signals through interactive learn-
ing. Consequently, the agent learns how to take action to
achieve optimal objectives. The DRL demonstrates superior
performance in complex decision-making problems and has
been widely applied in robot control [23-25] and autonomous
driving [26-28].

Several recent studies have applied DRL to the radar object
tracking domain [29-31]. For instance, the DRL algorithm
was used for adaptive covariance tuning of the KF, which
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improves the accuracy of state estimation and location in
autonomous driving [32]. Moreover, another study used a
proximal policy optimization algorithm to adaptively estim-
ate the process noise covariance of the KF, improving track-
ing estimation for highly maneuverable drone object [33].
However, previous DRL algorithms have faced limitations
in multitasking learning, handling continuous action spaces,
and maintaining stability. For these challenges, the recently
proposed soft actor-critic (SAC) algorithm addressed these
shortcomings [34]. The SAC algorithm innovatively extends
the traditional actor-critic framework by introducing entropy
regularization, which significantly improves the exploration
ability of strategies. The introduction of entropy regularization
not only motivates the strategies to maintain a high degree of
randomness while pursuing high rewards but also effectively
prevents the intelligence from falling into local optimal solu-
tions in the early learning stage by encouraging the strategies
to be uniformly distributed in the action space. Compared
with other DRL algorithms, the SAC algorithm has signific-
ant robustness, stability, and learning efficiency advantages
[34, 35]. Entropy regularization enhances the exploration of
strategies and improves their robustness. By encouraging the
diversity of strategies, SAC enables intelligence to maintain a
high level of adaptability in the face of changing environments
and, thus, better cope with uncertainties.

The combination of SAC and KF has been studied more.
For example, the literature [36] proposes the RL-EKF frame-
work that utilizes SAC to train the EKF filter gain, which
solves the problem of the traditional method relying on manual
adjustment of the filter gain and improves the navigation
accuracy in a complex ocean dynamic environment. Literature
[37] combines KF, EKF, and interacting multiple model to
optimize communication power and accuracy in remote traffic
state estimation using SAC for efficient autonomous driving.
Literature [38] proposed a framework combining KF and DRL
to predict the state of dynamic objects using KF and optimize
UAV path planning by the SAC algorithm to solve the nav-
igation problem of autonomous UAVs in non-static environ-
ments. However, none of the existing studies have addressed
the EOT domain. In EOT tasks, the kinematic state and shape
parameters of the object usually change, and the high uncer-
tainty of the environment creates additional challenges for the
EOT. Unlike existing methods, the SAC algorithm can dynam-
ically adjust the MNC and elliptical shape parameters accord-
ing to the current environment state to effectively respond to
the EO state and shape changes. In this way, SAC provides a
highly effective means to optimize the filtering parameters in
EOT, resulting in a more accurate estimation of the EO state
and shape. Therefore, it is of great practical significance and
urgent that the SAC algorithm be used to adjust the parameters
dynamically and optimize the tracking performance in com-
plex EOT tasks. And, adaptive estimation of unknown MNC
and EO parameters using DRL algorithms remains an innov-
ative and challenging research topic.

This paper proposes a novel approach that leverages the
SAC algorithm to address adaptive estimation challenges
in elliptical EOT with unknown MNC and elliptical shape

parameters (SAC-EOT). First, the measurement likelihood
affected by MN is modeled as a Gaussian mixture distribu-
tion representing additive and MN. The SAC algorithm is
used to adaptively adjust the unknown and time-varying MNC
through the interaction between the agent and the tracking
environment. Subsequently, the recursive KF is utilized to
estimate the state of EO. The SAC algorithm then adaptively
adjusts the elliptical shape parameters to account for uncer-
tainties in the orientation and axis lengths, thereby reducing
errors introduced during the linearization of the shape para-
meter measurement equation. To achieve this, a novel reward
function of the entropy reward [29] is used. This function is
the sum of the state estimate and the shape estimate of the
entropy state. Finally, simulation experiments and comparis-
ons with existing algorithms demonstrate the effectiveness of
the proposed algorithm. The results show that the proposed
SAC-EOT algorithm achieves higher estimation accuracy and
robustness than traditional algorithms.

2. Problem background

2.1. Elliptical EO model

In the tracking of elliptical EO, the following shape parameters
are considered in light of elliptical motion orientation and axis
lengths

ex = [0,b),b7]" (1)

where 6, denotes the orientation of the elliptical, representing
the angle between the major axis and the positive orientation
of the x-axis, while b! and b? respectively denote the major and
minor axes of the elliptical. Through these parameters, precise
information regarding the shape of the elliptical EO can be
determined. Figure 1 illustrates the parameterized model of
the elliptical EO.

The kinematic parameter of the elliptical EO at time k can
be represented as

. . T
Xie = [Xie e, Xy Xk s Xy (2)

where (xg v, Xx,y) indicating the centroid position and (% y, X y)
indicating the velocity.

2.2. Measurement and kinematic model

At time k, the EO generates a different number of independ-
ent two-dimensional Cartesian detections, denoted as Z; =

. Ny .
{z,(;)}' , each measurement z,({l) originating from its cor-

i=
responding measurement source y,({l). Unlike traditional EOT,
the measurement source here is influenced by both Gaussian
multiplicative measurement noise my ~ N (i, §;) and addit-
ive measurement noise vx ~ N (0,Ry). Therefore, the meas-
urement equation can be represented as

o) =m Hoo + M) + vy 3)
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Figure 1. Parameterization model of the EO.

where Hy=|[ I, 0 | denotes the observation matrix, and
—sinf b o
cosf } { 0 »? } @)

representing the orientation and size of the EO, h,E’) ~
N (0,6") is a multiplicative error term that establishes the
relationship between the measurement source and the object
shape, and 0" = 1/4 x L.

Due to the introduction of MN in the measurements, the
measurement likelihood exhibits non-Gaussian characteristic.
To effectively characterize this non-Gaussian characteristic, a
mixture of Gaussian distributions (MG) is adopted to model
the measurement likelihood

(I =7 (450

+N <z§"> simHoxe, Mo "My, + Tek) (5)

cosf

My = [ sind

where Ry and Ry respectively representing the covariance of
multiplicative and additive measurement noise

Ry = S HyDyH} (6)
Ry = miHPy Hy + Ry ©)
Dk =F [xkxﬂ . (8)

Here Py denotes error matrix. Considering the following
discrete-time linear motion state models

X1 = Frxg +wy (&)

1 = Frep +wj (10)
where F; and F} represent the transition matrix of state and
shape, respectively, wy ~ N (0,P)) and w¢ ~ N (0,PY) rep-
resent the Gaussian process noise.

Figure 2. Structure of the agent-environment interaction.

2.3. DRL

RL can be defined as a Markov decision process (MDP) that
learns policies through interaction with the environment to
maximize cumulative rewards. DRL integrates DL techniques
into RL and approximates the value and policy functions
using deep neural networks, significantly improving the per-
formance of reinforcement learning algorithm. Figure 2 illus-
trates the structure of the agent-environment interaction. By
defining the parameters appropriately, the problem of adjust-
ing the EOT parameters can be formulated within the DRL
framework:

Environment: It is a tracking system for EO, comprising a
radar surveillance area and EOT filtering process. EO moves
within the surveillance area, and sensors receive measure-
ments of it from the environment. In addition, the agent learns
action policies based on information from the environment and
obtains new actions through action policies.

State space S: The input state for the SAC algorithm is defined
as the motion and extended state of the object. These two com-
ponents provide comprehensive information about the envir-
onment and the task, enabling the agent to make decisions and
learn to adapt to the environment. Therefore, at each time step,
the input state is S = {xx, Yk, %k, Vi, €k }-

Action space A: Considering the practical application scen-
arios of EOT, the action space includes unknown MNC dis-
tribution parameter, elliptical direction angle and axis lengths,
which are adjusted to directly affect the state of the elliptical
EO. This action space is a continuous interval, and the agent
adapts to the dynamic changes in the object state by selecting
different actions in this space.

Reward r: For the problem of tracking elliptical EO, the
algorithm’s estimation performance can be evaluated based
on the covariance of estimation errors in the motion state and
shape. Here, the evaluation metric can utilize the entropy state
at time k, defined as

an

esp=|].
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Therefore, the reward function design for the SAC-EOT
algorithm is as follows:

re =log (1+ |esi_1 - es’,‘c{) sign (es;_; — esy)
. (12)
+1log (1+ |esz_1 — esi|) sign (esf_; — esf)

where es” is the entropy of motion state, es® is the entropy of
shape and sign(-) denotes the signum function. When es at
time k is less than at time k — 1, it indicates a smaller uncer-
tainty in the state estimation, resulting in a positive reward.
Conversely, it receives a negative reward. This design effect-
ively drives the agent to learn and achieve the desired behavior.

3. SAC for EOT

3.1. System model

The adaptive elliptical EOT method proposed in this paper
mainly consists of two core components: the estimation of
the EO state based on the recursive KF and the adjustment of
the unknown MNC, elliptical orientation and semi-axis length
based on the SAC algorithm. The key to this method lies in
describing EOT as an MDP and then utilizing SAC to adapt-
ively adjust parameters, thereby enhancing the accurate estim-
ation of EO position and shape in complex environments.

To adjust the parameters in EOT, the following objective
function is defined as

0(©)=) r(x.0) (13)

k=1

where T represents the number of steps in which the agent
interacts with the environment, « is evaluated at time k based
on the state x; and the elliptical parameters, © represents the
vector of parameters to be adjusted. Then, maximizing the
expected value of (13) yields the optimal parameter vector

argmax O (©)
©

(14)

where 0 (0) := E[0(0)].

Next, the process of how SAC is used to adjust EOT para-
meters is explained. First, based on the current state s; € S and
atractable policy 74 (¢ is the parameter of the policy network),
a specific action a; can be determined, i.e. ay ~ 7y (ax|sk).
This action space includes the EOT parameters of the current
training step. Then, these parameters are substituted into the
EOT algorithm to obtain the next state sy ~ p (Sk+1 |Sk, )
and the corresponding reward ry (s, ax). Since SAC utilizes
an experience replay buffer, this state transition set is stored
in the buffer, i.e. B <— BU {sk,ax, r (Sk,ax) ,Sk+1}, where B is
the previously sampled state and action distribution or replay
buffer. Therefore, the objective function for training the soft
Q-value function is given by

1 “ 2
O (1) = Es 58 [2 (0o (s0,00) = 0 (st ) ) } (1)

where ¥ is the parameter of the Q-value network and

Oy (Skvak) = r(sk>ak) + PYESH-]NP [V@’ (Sk—i-l)] . (16)

The policy parameters are learned by

a7

Here, the policy is reparameterized using neural network
transformation

ar = fg (ks sx) (18)

where f4 represents a neural network transformation, vy rep-
resents input noise. Therefore, the optimal policy for SAC is

" =argmax Eg g r (.[5) Z’ka’(sk,ak) +BU(m (- |sk))
m k

19)

where ¥ is the discount factor for future rewards, U(-) rep-
resents entropy and [ represents the temperature coefficient,
determining the relative importance of entropy to reward.
The structure of the SAC algorithm for EOT is illustrated
in figure 3. In this structure, the policy network generates
action based on the current state, using a fully connected feed-
forward neural network with inputs as state vectors of the
object’s kinematic state and shape parameters. The network
contains two hidden layers of 256 neurons with the ReL.U
activation function; the output layer generates the mean and
standard deviation of the actions, the standard deviation is
ensured to be non-negative by the soft plus function, and the
reparameterization trick is used to achieve the sampling of the
continuous action space. The inputs of the Q-network are the
state vectors and action vectors spliced together with the two
fully connected layers of the same structure, and the final out-
put is a scalar to assess the action quality. The target network
is aligned with the Q-network through soft updates to improve
training stability. Based on this structure, the agent determ-
ines the action a; based on the current state s; and the policy
network, and the action space covers EOT-related parameters
such as the unknown MNC distribution parameter, elliptical
direction angle, and axis length. By substituting these paramet-
ers into the EOT algorithm, the intelligent agent can compute
the next state s34 and reward ry, and the state transfer inform-
ation is stored in the experience replay buffer. By sampling
data from the buffer, the training network and the policy net-
work continuously adjust the parameters to realize the effect-
ive application of the SAC algorithm in EOT. This process con-
tinuously improves the performance of the EOT by iteratively
adjusting and optimizing the parameters.
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Figure 3. The structure of SAC for EOT.

3.2. Adjust unknown MNC and elliptical parameters

In order to acquire the unknown MNC, assume that the meas-
urement likelihood follows the MG model, as shown in (5).
However, obtaining the state estimate directly from the meas-
urement likelihood is not feasible. Therefore, the VB method

needs to be employed. According to Bayes’ theorem and vari-

ational approximation, g (x;) = N (xk,x,(d 12 ,Pk?k)) can be used

to approximate g (x), the derivation of variational Bayesian
approximation is shown in the appendix. Using the update

equation of the KF and the measurement received at time %,
denoted as z,((l), the update of the motion state can be repres-
ented as

)= e (P) (&) - s ) 2o

P’([)

. 1 (i T
A :P’(’*l)_ kP ()(P‘(’)) (P’}( ))

k|k—1 k|k k|k k|k (21)

where Pil(k) represents the measurement covariance and Pk| ,E )

represents the cross-covariance between the measurement and
the motion state. With the measurement noise affected by MN,
a new challenge arises in finding the analytical solution for
Pi‘(k and Prlv( ),

In the context of EOT, due to the presence of the shape mat-
rix My in the measurement equation (3), it is necessary to

linearize My h,(f) at é,({"; 1)(71(("',: Y is the evaluation at ﬁ,(:l,: 1))

using the shape parameter e, such that

M) =

I

—(i=1)

- (hg))i Cre < A<i71>)

(22)
—~(i—1) Cklk — €k
Coxk

I

where C; and C, are the Jacobian matrices of M’s first and
second rows, respectively, given by

oM! —b!. sin O cOSO,
G = de [ —big cos O, 0 —sinf,- (23)
OM? bl. cos O Sin0y 0
G = de [ —b%k* sin - 0 cosby | (24)

uau7a

Here, {6 bl b2 } can be obtained from the train-

ing according to the elliptical parameters of the pre-
vious time, M1 = [ bé* CcoS 95,* —bg* Sil‘lea* }, M2 =
k k k k

{ b}l* sin 9,1; bﬁ* cos 9ak* } . Additionally, I and II are uncor-
k k
related, and the covariance of My h,((') can be approximated

by the sum of P! and P!, i.e.

L T
P M(‘_I)Ph<M(1_1))

K|k klk 25

T
i— —~(i—1 —~(i—1
PH = lr{Pg( Y (Cn](clk )) PhCm]({‘k )}7 m,n S {172}

(26)
The cross-covariance and covariance are given by
(i) _ r(i—1) T
P =Pl Hy (27)
PZ‘(Q = H P VHT + P 4+ P4 Ry (28)
Rk = (;kaMkHE + ﬁ’l%HkPk”{_l HZ + Ry. 29)

Similarly, letting 7 = §; and substituting (22) into (21) can
obtain g (6x) = IG (6k; € i, Gyx ) » where

Sk = Eap—1 +1/2 (30)
Gk = P Crr—r + 1/ 2tr[A] 3D
O = Cki 32)
Sulk
where
. . . AT
A= [(z,‘j) — i) ) (D)~ (2 — ) )
A HPY) HE . (33)
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3.3. Update elliptical parameters

Shape update: To update the shape parameters of the ellipt-
ical, one needs to construct a pseudo-measurement using the
2-fold Kronecker product (Kp) (see appendix). Then, based on
the KF update equation and the pseudo-measurement Z,fi), the
shape parameters are updated as

. 200) (320 -1 ; .
e = e MO (m50) (20 -20) e
@) _ peli=1) _ pe2() (pZ2)\ " (peZ@))"
P =PV PO (PED) (PEC) T 6s)
where
2(i) _ QP = T

P = ( it ®Pk\k)(F+F) (36)

eZ(i) _ peli=1) (§(i-1)
P =P (Jk|k ) (37

2M,P"C,

J= 2M,P"C, (38)

M P"C, + M,P"C,

Here, M,j,gi) denotes the covariance of the pseudo-

measurement, M/i\ k( ") is the covariance between the pseudo-
measurement and the shape parameters. The derivation of (47)
can be found in [18]. The covariance matrix of the measure-

ment is denoted by
P12
pn |’

Pf;(i) _ { pn
The 2}5:‘) represents the expected ith predicted pseudo-

39
o (39
measurement and

2\ = Fveat { P} (40)
vect{Pk‘(k } =[pii pr2 P2 2] (41)

Based on the motion state and shape update, the reward
function of the SAC-EOT algorithm at time k can be expressed
explicitly as

)

rkzlog(1—|—

eSk_1 ’Pr(_i) ‘ —es | P

Ir{(i) )

Pi(i)

The SAC algorithm interacts with the environment of EOT,
obtains corresponding reward values based on various selec-
ted actions, and then selects the action with the maximum
reward value as the optimal action, thereby accommodating
the uncertainty in the elliptical parameters and unknown and
time-varying MNC.

X sign (esk 1 'P 2 ’ —esi |P

(42)
+log (1 + ‘esk_l ‘Pk_l‘ —esy

ped)
k

X sign (esk 1 ’P ’ —es | P

Algorithm 1. SAC-EOT.

Input: initial state of kinematic xo, elliptical parameter ey, SAC
parameters B, Og, Ox

Output: Optimized state estimates Xk , €|k

1: Initialization parameters: S, A, rt, Q (s,a;0g),
2: for each time step k=1 to T do

(als;0x )

3:  for each iteration r=1to N do

4 Obtaining measurement Z; from sensors using (3)

S: Selection of action a; according to the current strategy
6: Measurement Update:

7 Calculation of pseudo-measurements Z,f” using (55)
8: Update the state X,E‘ ,3 and covariance Pz‘(,i) using (20)
and (21)

9: Update the elliptical parameter ek| « and covariance Pkfk
using (34) and (35)

10: Calculation of reward r; under (42)

11: Storing Experiences to the replay buffer B

12: Sample replayed experience from the B

13: Update the Critic network Og using (15)

14: Update the Actor network O using (17)

15: Update target network parameter Og <+ 70g + (1 — 7)Op
16:  end for

17:  Time Update:

18:  Compute the time update of the state )E,E?Z 1o P;f,?ll

using (43) and (44)

19:  Compute the time update of the elliptical parameters é,g?,z s
P\, using (45) and (46)

20: end for

3.4. Time update

Since the evolution of the kinematic state of the elliptical EO
is linear, the time update process can be performed using the
standard KF time update, i.e.

+(0) r ()
B = Filie (43)

r(0 r pr(n r
P = FiPS (F) + P (44)

where ( ),E?lz 1 denotes the estimation at time k. Similarly, the

time update of the elliptical parameters are as follows

A0

A(nk)
Chk+1 = Flecekui (45)
e O e(n T W
P, = FP (F)" + Py (46)

The pseudo-code of the proposed algorithm is shown in
algorithm 1 and the source code is available at the following
URL.: https://github.com/kadlfj/drl-for-eot.

4. Simulation

This section sets three different simulation scenarios, and
the proposed algorithm is evaluated using simulated data.
To illustrate the effectiveness of the proposed algorithm
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(Algorithm2) clearly, it is compared with MN-MEM-EKF-
EOT (Algorithm1), MN-SOEKF-EOT (Algorithm3), MN-
EKF-EOT (Algorithm4), and MN-EM-EOT (Algorithm5).
Additionally, two evaluation metrics are adopted to assess the
performance of different algorithms. Firstly, the root mean
square error (RMSE) is used to evaluate the estimation accur-
acy of the object’s motion state. Secondly, the Gaussian
Wasserstein distance (GWD) [39] is employed to evaluate the
comprehensive performance of the object, including both pos-
ition and extension. The GWD is defined as

1/2
GWD? = ||t —xz||§ +tr (El +3; —2(\/27122\/ E1) > .

(47)

Here, x; and x, represent the elliptical’s centroid position,
while ;| and X, denote the positive definite symmetric shape
matrices.

4.1. Experimental results

4.1.1. Scenario 1. Considering tracking an elliptical EO
(modeled after the Nimitz-class aircraft carrier [14]) with the
major axis /; = 170 m, minor axis /, = 40m. The object moves
in a straight line and the motion orientation keeps as 7 / 3. The
sampling interval is 7y = 10s. The number of measurements at
each time is drawn from a Poisson distribution with a mean of
8. The object starts from the origin and moves at a constant
speed of 50km h™—!, with fixed but unknown axis lengths.

For all algorithms, the initial motion state is set
to be xo=[100,100, 10, 717]T, the covariance is Pfj =
diag (900,900, 16,16), the process noise covariance is
diag (100,100,1,1), the MN my, ~ N (i, oy) with mean iy =
2.5 and covariance oy =2+ 0.05cos (wk/ Ts), and the addit-
ive measurement noise covariance Ry = diag (2000, 80). For
MN-MEM-EKF-EOT, The prior covariance of the shape para-
meters is C}, = diag (0.2,202,202), the process noise covari-
ance of the shape parameters is Cy = diag (0.5,0.001,0.001).
For MN-EM-EOT, the iteration threshold is § = 10~°, and the
algorithm iterates 10 times, setting the initial variance of the
orientation angle vector P = diag (0.52,0.52) and the cov-
ariance of the shape process noise Q = diag (0.05%,0.05%).
For MN-EKF-EOT, setting the process noise covariance
C‘g = diag (0.5,60,60) for the shape variable, and for MN-
SOEKF-EOT, setting C‘g = diag (0.04,0.5,0.5).

Figure 4 shows the tracking estimation results for the tra-
jectory and shape of the EO. In the linear motion scenario, des-
pite the influence of multiplicative measurement noise, vari-
ous algorithms can still accurately estimate the position and
shape of the ellipse. However, enlarged local views show pre-
liminary differences between the algorithms. In particular, the
SAC-EOT algorithm outperforms others in evaluating the axis
length and motion orientation of the ellipse. Next, a numerical
analysis is performed to compare the performance differences
between the algorithms further.

Figures 5-8 show the GWD and RMSE results for 500 MC
simulations. These numerical results illustrate the significant
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Figure 4. The estimation of the EOT (single Monte Carlo (MC)
run).
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Figure 5. The average GWD for EOT.

advantages of the proposed algorithm, especially in the initial
tracking phase. The algorithm provides more accurate estim-
ates of EO motion and shape information with faster conver-
gence and better stability. This advantage is particularly evid-
ent in the average GWD distance shown in figure 5, as the
SAC-EOT algorithm provides superior performance in estim-
ating position, orientation, and velocity, as shown in figures 6—
8. The SAC-EOT algorithm effectively overcomes the effects
of time-varying axis lengths and unknown MNC, significantly
improving the overall estimation performance.

Figure 9 explicitly illustrates the effectiveness of sev-
eral algorithms with different numbers of measurements. As
shown, the number of measurements significantly impacts
on the accuracy of EOT estimates, with a higher number
of measurements resulting in improved estimation accuracy.
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Figure 7. The RMSE of the EO orientation angle.

Under various measurement conditions, the proposed SAC-
EOT algorithm consistently outperforms other algorithms in
estimation performance, especially under low measurement
conditions.

Then, to evaluate the convergence characteristics of dif-
ferent algorithms more intuitively, the analysis is carried out
by observing the trend of GWD and calculating its relat-
ive rate of change', and the specific results are presented in

! For each set of data {vi,v2,...,vn}, define the relative rate of change of
adjacent time steps: r; = |vi41 —vi|/vi, i = 1,2,...,N — 1. If 5 consecutive
r; in a given interval i,i +1,...,i 44 satisfy r; < 0.1, the end time step at

which this occurs first is noted as i +4 + 1, i.e. the algorithm reaches con-
vergence at the step i + 5. If five consecutive intervals less than 10% cannot
be found in N — 1 neighboring time steps, the algorithm is considered not to
have converged yet for a given sequence length.
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Figure 9. The average GWD under different number of
measurements.

table 1. The proposed algorithm can quickly converge to a
stable state in the shortest time step from table 1. This result
shows the advantage of the algorithm in terms of convergence,
which can adapt to environmental changes and achieve a stable
tracking effect faster than the other comparative algorithms.
The MN-EKF-EOT algorithm is second only to the proposed
algorithm regarding convergence speed. However, the MN-
EM-EOT algorithm has the slowest convergence speed.

4.1.2. Scenario 2. Considering an EO with the same
shape in Scenario 1, its trajectory consists of a straight
path with one 90° turn and two 45° turns. The ini-
tial motion orientation is 0°. For the MN-MEM-EKF-EOT
algorithm, the prior covariance of shape parameters Ch =
diag (0.4,20%,20%) and the process noise covariance of shape
parameters Cy' = diag (0.05,0.001,0.001). For MN-EM-EQT,
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Figure 10. The estimation of the EOT (single MC run).
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Figure 11. The average GWD for EOT.

O, = diag (0.252,0.252) is specified. The remaining initial
parameters are identical to those in scenario 1.

Figure 10 illustrates the elliptical EOT and estimation result
in scenario with different motion models, including zoomed
views at particular moments. The results show that the pro-
posed method more accurately estimates the state of the EO
during maneuvering than other algorithms.

Figures 11-14 visually compare the performance differ-
ences between algorithms using 500 MC simulations and

angle RMSE (rad)

T
80 100

time (s)

Figure 13. The RMSE of the EO orientation angle.

various evaluation metrics. Figure 11 shows that the pro-
posed SAC-EOT algorithm has better convergence in estim-
ating the shape of the EO, achieving faster and more accurate
state estimation. In addition, the SAC-EOT algorithm provides
more stable estimation performance during object maneuver-
ing, with the estimation error less influenced by changes in
the object’s motion state. In contrast, the performance of other
algorithms is significantly degraded, and more obvious biases
in EO shape estimation are observed, especially in the MN-
SOEKF-EOT and MN-EKF-EOT algorithms.

Figures 12-14 confirm the effectiveness of the proposed
SAC-EOT algorithm. The superior performance of the SAC-
EOT algorithm in estimating the EO shape is demonstrated by
its more accurate estimation of the center of gravity position,
orientation angle, and velocity. Figure 12 shows the estimation
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8 Table 2. Comparative analysis of scenario 2.
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Figure 14. The RMSE of the EO velocity.

of the centroid position during object maneuvering. The SAC-
EOT algorithm shows a more stable centroid position estimate
with less influence from object maneuvering. In contrast, the
MN-EM-EOT algorithm significantly increases the position
estimation error in each maneuvering, indicating lower stabil-
ity under dynamic condition. Figure 13 shows a similar trend.
As the estimation error for the speed of the EO increases, the
position estimation error also increases accordingly. Figure 14
illustrates the error in estimating the motion orientation of
the EO. Accurate orientation estimation is crucial for precise
state estimation, especially during changes in motion orienta-
tion. The SAC-EOT algorithm shows lower error in orientation
estimation for all three turns, while the MN-MEM-EKF-EOT
and MN-SOEKF-EOT algorithms show less stable orientation
estimation. These results show that the SAC-EOT algorithm
outperforms other algorithms regarding stability and accuracy
in complex environments, further supporting its superiority in
EOT.

The improved performance of SAC-EOT is attributed to
several key factors: (1) The SAC-EOT algorithm leverages an
experienced pool to store rich historical data. This data is cru-
cial because it allows the algorithm to learn optimal strategies
over time. The pool of experience helps eliminate uncertainty
in estimating motion orientation and axis length by lever-
aging previous information to make more informed decision.
(2) Through interactive learning, the SAC-EOT algorithm can
adaptively adjust the parameters of MNC and elliptical shape,
thereby significantly improving its robustness. (3) The SAC-
EOT algorithm has a faster convergence speed than other
methods, enabling faster adaptation to changing conditions.

Table 2 shows the average values of various evaluation
metrics for different EOT algorithms under Scenario 2. From
the table, it can be seen that the SAC-EOT algorithm signi-
ficantly outperforms the other algorithms on these metrics.
The MN-EM-EOT and MN-MEM-EKF-EOT algorithms have
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‘ ‘2800
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Figure 15. The average GWD at different time steps.

their strengths and weaknesses, with MN-EM-EOT showing
a clear advantage in GWD. The performance of the MN-
SOEKF-EOT and MN-EKF-EOT algorithms is comparable
but generally falls behind. These results further confirm the
superior performance of the SAC-EOT algorithm on EOT
tasks and demonstrate its robustness and accuracy across vari-
ous evaluation metrics. The SAC-EOT algorithm effectively
handles the uncertainties caused by MN and elliptic para-
meters variations, which provides a key advantage for adapt-
ive EOT estimation. Consequently, the SAC-EOT algorithm
performs exceptionally well in dynamic and complex envir-
onments, highlighting its significant practical value for real-
world application.

Figures 15 and 16 respectively validate the effectiveness
of the proposed algorithm at different time steps and varying
numbers of measurements. In figure 15, with additive meas-
urement noise assumed as, experiments under various time
steps are conducted to test the estimation performance of dif-
ferent algorithms. Different shapes and colors in the figure rep-
resent different GWD values. The results show that the SAC-
EOT algorithm has more reliable performance than others.

Figure 16 illustrates the performance of different
algorithms with different numbers of measurements. The
experimental results show that the SAC-EOT algorithm always
performs best regardless of the number of measurements and
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Table 3. Comparative analysis of scenario 2.

Algorithm convergence time step (s)
MN-MEM-EKF-EOT 11
SAC-EOT 10
MN-SOEKF-EOT 12
MN-EKF-EOT 13
MN-EM-EOT 11

significantly outperforms other algorithms. This indicates that
the SAC-EOT algorithm is adaptable to changes in the number
of measurements. This adaptability is critical for EOT tasks
because the number of available measurements can fluctuate
due to sensor resolution, environmental conditions, or changes
in object dynamics. The results further confirm the signific-
ant advantages of the SAC-EOT algorithm in EOT, espe-
cially under complex and dynamic environmental conditions.
The SAC-EOT algorithm maintains highly accurate estim-
ates across different measurement conditions and effectively
adapts to uncertainty and variability. This feature provides
reliable support for EOT in practical applications and ensures
precise and stable tracking performance even under changing
measurement conditions.

Table 3 compares the convergence time steps of the
algorithms in Scenario 2. The algorithm convergence in
Scenario 2 changes due to the rotation during the object’s
movement. For this reason, the time step at which the
algorithms reached the convergence condition for the first time
was counted. As shown in table 3, the proposed SAC-EOT
algorithm maintains the fastest convergence speed despite the
changes in the tracking environment affecting the convergence
speed of the algorithms, which further validates its excellent
adaptability in different environments. In contrast, MN-EM-
EOT and MN-MEM-EKF-EOT are slightly inferior in terms
of convergence, while MN-EKF-EOT has the slowest conver-
gence rate. This result highlights the efficiency advantage of
the proposed algorithm in complex dynamic environment.

Figure 17. The estimation of the EOT (single MC run).

4.1.3. Scenario 3.  In practical engineering applications, the
motion of the EO is usually accompanied by a change in velo-
city and a change in shape. Therefore, in this scenario, the
EO is accelerated with an acceleration of 0.25 m s~2. The EO
maintains the initial motion direction of 30° in time steps 1—
30, and then, it makes a gradual steering in time steps 31-70,
gradually shifting from 30° to 60°, and then finally restor-
ing to the initial direction again in the remaining time steps.
In addition, the EO undergoes a shape enlargement mutation
at step 41, in which its axis length is mutated to 150% of
the original, and a shape reduction mutation at step 81, in
which the axis length is changed to 50% of the original. The
scenarios in real engineering are simulated by such settings
to verify the performance of the proposed algorithm further.
The rest of the initial parameters are the same as those in
Scenario 1.

Figure 17 demonstrates the motion trajectory of the EO,
the effect of different algorithms on the tracking estimation
of the EO, and the local magnification of the EO estimated
at the original size, zoomed in, and zoomed out. Figure 18
shows the axis length variation of the EO. The GWD of the
EOT estimation is shown in figure 19. From figure 19, it can
be seen that abrupt changes in the shape of the EO cause a
degradation in the estimation performance of the algorithms.
At the moment of sudden shape change, the estimation errors
of several algorithms have a significant increase, but with iter-
ations, they all recover to a stable state. Specifically, it can be
seen from the change of GWD that the proposed algorithm has
the smallest change when the object shape changes abruptly,
which shows strong adaptability to the sudden change of
shape. It can also recover to a stable state quickly after the
sudden shape change, maintaining the optimal estimation per-
formance. The performance of the other algorithms is relat-
ively weak, especially the MN-EKF-EOT algorithm, which is
less capable of adapting to such changes.

Figures 20-22 show the RMSE of the different algorithms
for estimating the EO’s position, orientation, and velocity
tracking, respectively. From these sets of comparisons, it
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Figure 18. The axis length change of the EO.
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Figure 19. The average GWD for EOT.

can be seen that the sudden change in the shape of the EO
also causes estimation errors in its position, orientation, and
velocity. An in-depth analysis of the curve changes in the
figures shows that the proposed SAC-EOT algorithm consist-
ently maintains superior performance in this dynamic tracking
environment, both at the moment of the abrupt shape change
and during the continuous tracking process after the shape
change. This further demonstrates that SAC-EOT is superior
to other conventional algorithms in its ability to adapt to such
dynamic changes.

The EOT technology is crucial in practical engineering
applications, especially in tracking objects such as aircraft,
ships, and vehicles. For example, in traffic monitoring on
urban road, vehicles as EOs, the accurate tracking of their
shapes and kinematic states is crucial for accident warning
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Figure 20. The RMSE of the EO position.
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Figure 21. The RMSE of the EO orientation angle.

and other aspects. The SAC-EOT algorithm proposed in this
paper shows great potential in this field. Aiming at the dif-
ferences in size and shape of different types of vehicles (e.g.
cars, trucks, etc), SAC-EOT is able to accurately estimate
the shape of a vehicle and achieve stable tracking by effect-
ively processing sensor measurements. Especially in complex
traffic environment, such as trajectory changes due to road
curves and MN due to disturbances in the surrounding environ-
ment, SAC-EOT can effectively address these challenges and
maintain high tracking accuracy. This makes the SAC-EOT
algorithm highly feasible for practical engineering applica-
tions, especially for object tracking in dynamic and complex
environment.
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5. Conclusion

This paper proposes a novel adaptive elliptical EOT method
based on DRL to address the challenges in EOT due to the
unknown MNC and the uncertainty of the elliptical shape
parameters. The proposed method exploits the interaction
between the agent and the tracking environment and allows
the algorithm to continuously adjust parameters based on
the rewards received from the environment. This adaptive
approach improves the accuracy and adaptability of EOT in
complex environments. In order to verify the effectiveness
of the proposed SAC-EOT method, three simulation scen-
arios are designed, compared, and analyzed with existing
EOT algorithms. In the experiments, the proposed method is
compared with the classical algorithms such as MN-MEM-
EKF-EOT, MN-SOEKF-EOT, MN-EKF-EOT, and MN-EM-
EOT, and RMSE is used to measure the accuracy of pos-
ition, velocity, and direction angle estimation of the EO,
and GWD evaluates the overall estimation error of the EO.
Experimental results show that the SAC-EOT algorithm per-
forms better in estimating the centroid and shape of the
EO compared to traditional elliptical EOT algorithms. The
SAC-EOT algorithm achieves higher estimation accuracy and
exhibits greater robustness in the presence of MN and dynamic
environmental changes. Future work will extend this method
to address additional challenges in EOT. Possible research dir-
ections include multi-EO or non-elliptical EO.
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Appendix

A.1 Variational Bayesian approximation

According to Bayes’ theorem

P(Ek

Zﬁl)wf\k> =

where Ek = {xk,ak,Rk}, Rk = Rk + Ivzk and Ak = (§k|k7Ck|k)'
As obtaining an analytical solution for p (E k ‘ziil){,AO dir-
ectly is not feasible, utilize variational approximation to derive
it, yields

logq(n) = Ez,(—n) [IOgP (Zgl/)c \Ek)P(Ek |Ak)} .49

Subsequently, p (zgllz |Z« ) p(Ex|Ax) can be decomposed
as

p (Zgl])c |Ek)p(Ek |Ak) =N (X X1, Prj—1)
X IG (815 k1 - Gt ) P (Zgl;)c,1> N (Z/(ci)§ﬁ1kaxk;Rk>
X N (Z/Ei);mkaxk,kk) .
(50)
Here, the MNC is modeled as a random variable obey-

ing an inverse gamma (IG) distribution, i.e. p (0x |z14—1) =
IG (61; € kg1 » Cife—1 ) » and

Err—1 = P Er—1jk—1 (51)

Chk—1 = P Cr—1]k—1 (52)

where p* is the parameter obtained by DRL training. Let n =
Xk, substituting (53) into (52), can get

logq(xk) ocN(z,Ei);mkaxk,Rk)N(z,(ci);mkaxk,Iv?k)

x N (xk;fck\kaplrdk) .
(33)
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A.2. 2-fold Kronecker product
]T

The 2-fold Kp(®) of a two-dimensional vector z = [z1 2] is
denoted as
1®z=[7 2122 2221 23] - (54)
The pseudo-measurement is given by
2 =rF((4"-2") e (" -4")  ©3)
where
1 0 00O ) 1 0 00O
F=|10 0 0 1 [orF=|0 0 0 1 (56)
01 00 0010

which is used to remove duplicate terms in the 2-fold Kp.
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Abstract

The great leap forward in the development of artificial intelligence technology has brought a new
prospect to optimal filtering technology. Extended object tracking (EOT), a well-known research
hotspot, is optimized using reinforcement learning (RL) in this paper. Generally, in estimating star-
convex extended objects using Gaussian process (GP), the selection of hyperparameters significantly
impacts the estimation outcomes. Typically, a priori or predetermined set of fixed values constitutes
these hyperparameters before the GP of learning commence. However, improper choices in
hyperparameter selection may lead to suboptimal performance in practical shape estimation.
Addressing this concern, this study introduces a hyperparameter optimization approach for GP-based
EOT. This approach incorporates RL via Q-learning (QL) into GP of the extended object model,
guiding the agent towards an adaptive hyperparameter strategy through a well-designed reward
function. Consequently, this method effectively optimizes the selection of hyperparameters,
progressively improving the performance of the multi-feature estimation, such as object trajectory
and shape in EOT. Simulation experiments conducted across multiple tracking scenarios demonstrate
that the proposed algorithm outperforms traditional GP and random hypersurface algorithms in
estimation precision.

1. Introduction

The field of radar object tracking is divided into two primary categories: point object tracking and extended
object tracking (EOT). Traditional point object tracking simplifies objects to single points, typically acquiring
only one measurement per object and overlooks the shape or contour estimation. However, the advent of
modern high-resolution radar sensors has changed this paradigm. Consequently, more than treating objects as
singular points is required. The EOT emerges to address the limitation of the point object hypothesis by utilizing
and fusing multiple object measurements from sensors, enabling a joint estimation of an object’s motion and
extension states. This approach has garnered widespread applications in diverse domains, such as autonomous
driving [1-3], object detection and recognition [4—6], and classification [7-9]. As the urgent demand escalates
for the precise joint estimation of object motion and shape in engineering systems, research into EOT
technology has evolved into a focal point and a significant challenge within object tracking.

In recent years, the landscape of EOT has witnessed the emergence of several methodologies. Predominantly
utilized approaches encompass the random matrix model (RMM) [10], the random hypersurface model (RHM)
[11], and the Gaussian process (GP) [12]. Each method presents distinct characteristics and applicability within
EOT frameworks. The RMM approximates an extended object’s contour as an elliptical and utilizes a random
symmetric positive definite matrix to represent the shape information [10]. Since [10] did not account for the
measurement noise covariance in RMM, Feldmann et al proposed a modified RMM aimed at improving the
applicability of RMM in a more complex and uncertain environment [13]. Additionally, [14] considers the
orientation of the ellipse while estimating its size. [ 15] uses multiple ellipses to estimate the extended object.

© 2025 IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.


https://doi.org/10.1088/1402-4896/ade5d6
https://orcid.org/0000-0001-7298-5599
https://orcid.org/0000-0001-7298-5599
https://orcid.org/0000-0002-1102-9912
https://orcid.org/0000-0002-1102-9912
mailto:ziw@lut.edu.cn
mailto:chenh@lut.edu.cn
mailto:wenxu_zhang@foxmail.com
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ade5d6&domain=pdf&date_stamp=2025-06-30
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ade5d6&domain=pdf&date_stamp=2025-06-30

10P Publishing

Phys. Scr. 100 (2025) 075247 Z Zhaoetal

[16] employs ellipses with time-varying orientation angles within the RMM framework to represent the extent of
the object. However, its adaptability might encounter limitations when dealing with irregular shapes, such as
those resembling star-convex contours. Furthermore, the RHM utilizes a Fourier series expansion to depict the
object contour, modeling the shape of the extended object through expansion coefficients, rendering it more
adept at describing detailed and complex shapes. [17] introduces a universal RHM modeling approach for
tracking maneuvering extended objects, addressing the challenge of modeling complex motion models within
RHM. In [18], anovel logarithmic likelihood formulation is introduced to address the difficulties caused by the
scaling factor of measurement equations in particle weight updates within the RHM particle filter. In[19], a
minimum cosine distance-based RHM method is proposed to address the shape estimation divergence caused
by the potential negative values of radial functions during object maneuvers. However, representing irregular
shapes with limited Fourier series coefficients might yield an inevitably coarse depiction. Within the RHM EOT
framework, this might hinder the ability to delineate the shape of extended objects with higher precision.

GP can also be utilized to describe complex irregular shapes. The GP is a formidable tool in modeling
random processes, representing distributions over sets of continuous random variables [20]. Its strength lies in
adeptly capturing uncertainty and showcasing exceptional performance in flexible data fitting and predictive
capabilities. Compared to the RHM, GP models offer increased flexibility, leading to more comprehensive and
accurate state estimation and prediction. The inherent adaptability of GP to variations in object shape and
dynamics grants them broader applicability across diverse scenarios. This heightened flexibility positions GP as a
potent instrument for addressing the complexities inherent in EOT, particularly in accommodating diverse
shapes and dynamic changes. Recent research has continuously explored the application of the GP method in
various diverse scenarios. For instance, in [21], GP was applied to high-resolution automotive radar object
tracking, aiming to accurately estimate the shape of vehicles. In [22], a GP-based method for axis-symmetric
EOT is proposed, aiming to simultaneously estimate both the motion state and extension of the object using a
GP model. [23] have employed the GP model to track unknown-shaped objects using three-dimensional point
cloud data and proposed a GP-based EOT method with input uncertainty in polar coordinates. In [24], a cost-
effective GP-probabilistic data association algorithm is introduced to tackle EOT in heavily cluttered
environments. Additionally, there is research exploring the applicability of the GP method in other application
scenarios [25]. However, parameter selection presents a challenge when constructing GP models, especially
concerning hyperparameters like length scale and variance. The choice of hyperparameters significantly impacts
the model’s performance, underscoring the importance of selecting them appropriately to enhance model
effectiveness. Furthermore, hyperparameters govern the model’s complexity and enhance its generalization
ability. Therefore, selecting suitable hyperparameters is essential for developing high-performance GP learning
models. Despite GP’s inherent flexibility and robustness, their estimation accuracy remains susceptible, albeit to
a certain extent, to the nuances embedded within the chosen hyperparameters. The selection of these intricate
parameters necessitates a blend of expertise and prior knowledge, with improper choices potentially
culminating in a deterioration of estimation performance. Notably, within the current landscape, there is no
universally applicable method for adaptively selecting hyperparameters for the GP model.

The emergence and widespread application of reinforcement learning (RL) have provided a new avenue and
method for the adaptive optimization design in GP. This study proposes a Q-learning GP (QL-GP) method to
improve EOT estimation performance. As a classical RL algorithm, the QL trains an agent to make decisions in
unknown environments [26-31]. Its widespread application stems from its simple implementation,
independence from environment models, and capacity to learn optimal strategies across various domains. The
algorithm guides behavior by learning the value of state-action pairs and resolves decision problems by
continuously updating the Q-value table. The interaction between the agent and the environment enables QL to
continually explore and learn, aiming to make decisions that maximize the expected reward for the agent.

Some researchers have employed the RL method for adaptive parameter optimization in object tracking.
Particularly in the navigation domain, some relevant research findings have emerged. For instance, [32]
addressed the inadequacy of estimation in navigation applications due to uncertainty in noise covariance in
extended Kalman filters (EKF), thereby enhancing the accuracy of spacecraft autonomous navigation. It
combined the QL algorithm with the EKF (QL-EKF) and proposed a noise covariance adaptive method based on
the QL algorithm. [33] introduced an improved QL algorithm called the dynamic grid-based QL EKF (DG-QL-
EKF). This algorithm utilizes new e-greedy and DG strategies for exhaustive search, matching more suitable
noise covariance, to overcome the decrease in estimation performance caused by inappropriate heuristics in the
QL-EKF method. Moreover, [34] suggests using the QL algorithm for the autonomous navigation of spacecraft
to adaptively select appropriate objects by observing the orientations of known objects. This method enables the
star tracker to autonomously select objects during the observation cycle, thereby improving the estimation
performance of the EKF. [35] proposes an improved QL-EKF (IQ-EKF) method for accurately estimating the
motion state of spatial objects in autonomous optical navigation. This approach improves the update rules of QL
to enhance learning efficiency and leverages measurement data obtained from star cameras. Combining the
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IQ-EKF algorithm with measurement data achieves higher navigation accuracy. Besides autonomous
navigation, the QL method shows promising prospects in various domains. [36] proposes the QL Kalman filter
(QL-KF) algorithm, which applies QL to adapt the noise process of KF when maneuvering objects that switch
motion modes. Although RL methods have been widely applied in object tracking, most existing approaches
focus on adaptive selection of filter noise covariance in point object tracking, and they have yet to be extensively
applied in EOT. In particular, more research is still needed on utilizing RL for the adaptive selection of
hyperparameters in GP models for EOT. The urgency to address this issue is apparent. Solving this problem will
not only provide more convenience and flexibility in the selection of hyperparameters for GP models but will
also propel further advancements in the field of EOT.

This study proposes a novel method for adaptively selecting hyperparameters in the GP model for star-
convex EOT. The primary contributions are as follows:

(1) Combining the QL algorithm in RL with GP-EOT, a QL-GP algorithm that can interact with the
environment is constructed, which solves the core problem of adjusting hyperparameters dependent on
experience in the traditional GP-EOT model, and realizes the adaptive selection of hyperparameters.

(2) The intersection over union (IoU) measure [37] is adopted as the reward function, providing a clear
quantitative objective for hyperparameter optimisation by maximising cumulative rewards, effectively
enhancing the model’s tracking estimation accuracy.

(3) The hausdorff distance [38] is introduced as an evaluation metric to precisely measure the accuracy of
extended object shape estimation from a shape-matching perspective, offering a more rigorous standard for
algorithm performance validation.

(4) Comparative experiments in challenging tracking scenarios, such as shape change and manoeuvring
motion, demonstrate that the QL-GP algorithm outperforms traditional methods in extended object shape
estimation accuracy, validating its effectiveness and superiority.

Opverall, the QL-GP algorithm, through the RL mechanism, equips the GP model with the ability to
autonomously adapt to dynamic environments, demonstrating advantages in hyperparameter optimisation
efficiency, estimation accuracy, and robustness in complex scenarios. This provides a highly practical solution
for star-convex EOT, overcoming the limitations of manual hyperparameter tuning and advancing the practical
application of the GP in complex object tracking.

2.Background

This section initiates by defining the motion model for extended object, serving as a foundational framework.
Subsequently, it introduces and elucidates the fundamental concepts underlying star-convex extended object,
along with an associated measurement model.

2.1. Object motion model
In two-dimensional space, the equation describing the motion of an extended object is expressed as follows

Xer1 = Fxp + wi (1)
wi ~ MO, Qp) (@)

where F represents the transition matrix for the object’s motion, x; denotes the object state, wy signifies the
process noise with a mean of 0, and Qy stands for the covariance matrix. In EOT, augmenting the object’s
extension state into the object state space model yields the augmented extended object state, given by

- T
Xp = [ X0 xf ] 3)
where %! represents the motion state of the object, encompassing the object’s position [xy, Ak
[k 7, 1T, and the direction ¢, x§ denotes the extended state of the object, symbolized as
xf = [f Gk.m)s---»f (Oxar)]T. Within this representation, 6y ,,, signifies the angles of contour points in the local
coordinate system aligned with the object direction, while f (6 ,,) represents the corresponding unknown
radius function for M contour points. Due to the typically unknown nature of the radius function f (6 ), it
becomes necessary to employ a GP model to learn and characterize it.

, velocity

2.2. Object measurement model

In this study, irregularly shaped extended object is represented using a star-convex, exemplified in figure 1(a).

When modeling irregularly shaped extended objects, the concept of star-convex emerges as a more versatile tool.
Additionally, the surface measurement model of the star-convex extended object is described as follows:

Assuming that the measurement values of the extended object originate from within its region, an appropriate

representation of the measurement model emerges as
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Figure 1. (a) Star-convex object contour (b) Radial function r = f (6).

Zkom = x]f + Sk,mp(ek,m)f(ek,m) + €k,m (4)

where x/ and {z , }:_, respectively represent the position of the object at time k and the collection of 775
measurements obtained at that time; {0y ,,,}_, signifies the angles corresponding to 1, measurements;

ex.m ~ N(0, Ry) represents measurement noise following a Gaussian distribution with a mean of 0 and
covariance of R; s, € [0, 1]denotes the scaling factor. For the surface measurement model of the object, the
squared scaling factor follows a uniform distribution, i.e., skz’ » ~ U[0, 1], the mean and covariance of s ,,,
specified as [12]

2
s — E m) — 5
c (Sk,m) 3 )
1
07 = E(s{,) — (E(sem)? = T (6)
and p(6y,,,) indicates a direction vector
a | cos(Ok,m)
UE [sin o ] @)

For each measurement z; ,,,, there exists a corresponding angle HkO,m. This angle can also be described using
the object azimuth state in the local object coordinate system, i.e.
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02,k ) = Z(zim — xP) — o ®)

The corresponding relationship is illustrated in figure 1.
In this way, 92,11 (xf, ¢;) canbe employed within (4) to describe the relationship between the state and the
measurements.

Zim = xF + sk (OF  CE NS OL(F, D)) + erm )
where
O m(x)) = L(zigm — xP) (10)
P
Zkm — X
PO () = 21—k (11)
zt,m — x|

Utilizing the GP state-space description [12], the measurement equation can be written as
Zkm = X} + smp (OF (<))
X [H{ 00 (cf's o) + ef,) + exm
= x + stnb OF PN H (O, (<f, $)x
+ 5k OF WP Nef ) + exm

= hgm(x) + €xm (12)
where
hgm(x) = xf + simpOF )Y HL (02, (L s d)x (13)
Em = SkP OF w P el, + etm (14)
Clom ™~ N0, Rim) (15)
Rigm = p(OF,,(xP)RL,p(OF . (xP ) + Re (16)
R{, = RI(OF,. (<}, d0) (17)

It’s worth noting that the new measurement noise covariance Ry ,,, encompasses the original measurement noise
covariance R;. To address the nonlinearity in the measurement equations, a Cubature Kalman filter (CKF) was
utilized for linearization. The specific implementation details can be found in appendix.

3. Gaussian process model

3.1. Gaussian process

In measurement modeling, GP is frequently employed to represent stochastic functions within models, aiming
to describe the uncertainty in measurements more precisely. Key components include the mean function and
the kernel function. The deterministic nature of these two elements determines the overall structure of the GP.
Specifically, the definitions of the mean function and the kernel function are as follows

c(p) = E[f(w] (18)
k(p, ') = E[(f (1) — c(w) (f () — c(u')T] (19)

where ¢ (1) represents the mean function of the function f (u), k (1, p') signifies the kernel function, and
represents the input, and the GP is defined as f (u) ~ gp(c(u), k(u, i')).
The GP is an extension of multivariate Gaussian distributions. Therefore, for finite-dimensional inputs

41, - -» [in their function values also follow a normal distribution
f(lh)
: ~ M, K) (20)
f(ﬂN)
where
c(1y) kQup p) - k(g )
c= : , K= : : (21)
c(piy) k(pns py) = k(s piy)
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3.2. Q-learning Gaussian process
The QL-GP model learns the distribution of a function using known data and utilizes this distribution for
prediction. Considering the measurement model

zr = f () + ex (22)

where p represents the training inputand e; ~ A(0, R) denotes measurement noise. Then, using a set of input
values and measured values, denoted as 2 Hise- sk Tand z £ [2,...,25] respectively, to learn the function
values f = [f (,u{ )se-oof (u{\] 1T for other inputs 1/ £ [le - -:N{\]]T~ Similarly, the joint distribution of
measurements z and function values fis obtained as

z K, Wlsa + Iv® R K, p1)lsa
[f]w\/ 0, (s Ws,a + In (> 1), (23)
K, 1)lsa Ku!, ph)lsa
where
k(ﬂp le) |s,u k(;up NL) |s,u
Kk pD)lsa = : : 24)
k(pins N{)Is,a o k(s /il{r)ls,a
and sand a respectively denote the state and action of QL; k(-,+) |5 , represents the covariance function
corresponding to different QL state-action pairs, where each state-action pair corresponds to different
hyperparameters, K (-,-)|s,, represents the matrix constructed from k (-,-) s 4-
For the joint Gaussian distribution in (23), its conditional distribution is given by
p(fl 2) = M4z, Y") (25)
where
A =K@, m)saK;! (26)
Z = K(Mf’ Mf) |s,u - K(,uf, ) |s,uKy_lK(,u) ,uf)ls,a (27)
K, = K, )lsa + Ivn ® R (28)
In the EOT, a challenge arises when measurements may not be available in batches. To address this issue,
efficient online inference needs to be implemented recursively. Therefore, by continuously applying Bayes’
theorem, one can obtain
p(fl zn) x pCen | f5 2n—DPp(f] 2.8-1)
o pak | f> 206-0p(fl z21:6-1) - p(f) (29)
xp(flaik)
This leads to the following recursion
p(fl zik) < pQzi | fr 21 X p(f] z1:6-1) (30)
Assuming fis independent of all past measurements, then
pl frax-) =plf) (31
Combining (23), the joint distribution of the measurement and function fis given by
z k(g si+ R K 1)l
[fk]wj\/' 0, (o s, (o 1D 15, (32)
K!, u)lka Kl ph)lsa
where § = s and @ = a;. Similar to (25)-(28), the likelihood and initial prior can be expressed as
pGa| f) = Mz HL f, R]) (33)
p(f) = N, P) (34)
where
HY (1% = K (> 1) s,alK (5 ) 5017 (35)
RE(pR) = kb, 15 + R — K (o 1) |5,
X [K(u!, pH) sl K (! ) ls.a (36)
P()f = K(/’('fy /J/f) |5:so,a:ao (37)
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Utilizing the likelihood function, recursive regression can be computed through Kalman filtering

o =x/ (38)
2z, = Hf(,uk)x,{ + e,{ (39)
x{ ~ N, P)) (40)

where the state is x/ = f= [f(ulf),...f(u{\]f)]T, ekf ~ N0, RS (15)).

4. Q-learning gaussian process extended object model

4.1. Mean function and covariance function
When using the QL-GP model to describe the shape of an extended object, the input y represents the polar angle
0, while the output f (1) = r corresponds to the radius. This relationship is illustrated in figure 1(b).

Then, the unknown radius of the extended object can be represented using the mean function of the GP, as
follows

() ~ gp(r, k0, 0")]s.0) (41)

where r ~ M0, o7, ), integrating over ryields f () ~ gp(0, k(6, 0")|;, + 07} ,,), whose covariance contains
aconstant term af,m, indicating the global effect of the randomness of the mean radius on all angles. Notably,
this term is independent of the measurement noise, which has been modeled in the measurement equation (4)
by ex.m ~ N(0, Ry). The kernel function containing the mean function k; (6, €’)|;,, is a critical component of
the GP, determining the correlation between two points. The most commonly used kernel function is the
squared exponential kernel [20]

2 (10-0']
2sin (T

k(05 O)s—(oulporata = OFae &+ 0k, (42)

where 0y, [, and o, , are referred to as the hyperparameters of the QL-GP under different action.

4.2. Adaptive selection of hyperparameters

Experimental comparisons have revealed that selecting hyperparameters in GP significantly impacts the
estimation of extended object shape. More than appropriate hyperparameter choices can lead to decreased
performance in shape estimation, even resulting in inaccurate estimation. Typically, empirical values are used to
set these hyperparameters, determining the optimal values by comparing the model’s estimation errors under
different parameter settings. Studies across various experimental scenarios have shown that the optimal
selection of hyperparameters varies [12, 22-24, 39, 40]. However, this empirical selection method undoubtedly
increases the workload, necessitating numerous experiments for comparison. Encouragingly, the rise of the RL
in recent years has offered a promising new approach by enabling autonomous exploration and learning. This
avenue holds promise for addressing this issue.

The QL algorithm is employed within the QL-GP method to select hyperparameters autonomously. The QL,
aRL algorithm, is primarily utilized to train agents to make decisions in unknown environments. To date, it
remains widely employed across various research domains. The core of the QL algorithm lies in learning a
method called the Q-value function, which assesses the desirability of taking a specific action in a given state. In
QL, an agent attempts actions in the environment and receives feedback as a reward or a penalty. Subsequently,
the agent updates the Q-values based on this feedback. These Q-values are stored in a table called the Q-table.
Through iterative trial and error, the agent continually refines and updates the Q-table, aiming to converge its
values as closely as possible to the actual Q-values, thereby delineating the optimal strategy.

To specify the RL framework of the hyperparameter optimization problem, the problem is modeled as a
Markov decision process (MDP) defined as a quintuple (S, A, P, R, ), where:

« state space S: the state space consists of discrete hyperparameter configurations organized asa 6 x 6 grid
(shown in figure 2).

+ action space A: represents the transfer of hyperparameters from the current state to neighboring states in the
grid (shown in figure 2).

+ state transition probability P: state transfers are deterministic, defined by the grid structure, and interact with
the environment through a reward function.

+ reward function R: reward is based on IoU, and the larger the reward, the higher the accuracy of the shape
estimation.
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Figure 2. State-action correspondence.

+ discount factor +: it is used to balance immediate rewards with future rewards and to encourage long-term
optimal hyperparameter selection.

Based on this MDP framework, the equation governing the update of Q-values is expressed as follows
QG @) Qs ) + a| & + ymax QL @)~ QG 0| 3)
a

where Q(s, a) denotes the Q-value for the current state-action pair; s’ and a’ represent the next state and action
respectively, Q(s’, a’) is the corresponding Q-value; « signifies the learning rate, y represents the discount
factor, and r, denotes the obtained reward. The goal of QL is to maximize cumulative rewards by selecting
hyperparameter configurations that optimize object shape estimation. Deterministic state transfer simplifies the
exploration process, but ensures the environmental relevance of learning through the dynamic interaction of
IoU rewards with the tracking environment.

According to (25)-(28), using GP to model the Q-value function can obtain the mean and covariance as
follows

Qs a) = K(u!, m)lsaK; 'z (44)

cov(s, a) = k(ft Hi)lsa + R
— K (o 1) 150K, 'K (15 1) s (45)

Then, using the estimated Q s, a) instead of Q(s, a), can obtain
QG @) < Qs ) + o n + ymax Q@) - Q0| (46)

where (44) uses the GP model to predict the initial estimate of the Q-value of the current state-action pair as the
starting point for iterative updating; the core learning mechanism still follows the standard QL, and gradually
optimizes the Q-table through the updating rule in (46) until it converges to the optimal policy.

To forge alink between the QL algorithm and the adaptive selection of GP hyperparameters, delineating sets
of states and actions becomes imperative, representing diverse states and feasible actions. Visualizing all states in
atabular format, wherein each cell embodies a distinct state, becomes plausible. Each state encapsulates diverse
values of GP hyperparameters, correlated with executable actions. This tabulated array of state-action pairs lays
the foundation for the QL algorithm. Denoting S = [Syy,...,Sun]as the set of states, Sy = [o}™, IMN, o] as
the hyperparameters contained in each state,and A = [up, down, left, right] as the set of actions. The
relationship between each state and action is illustrated in figure 2, with arrows indicating the direction of action
transitions for each state.

As depicted in figure 2, the selection of a state corresponds to acquiring specific values for the
hyperparameters. Depending on various actions, the current state progresses to the subsequent state, thereby
generating new hyperparameter values. Each transition from one state to another is coupled with a reward,
assessing the action’s quality. Through the QL algorithm’s iterative learning and exploratory mechanism, as the
Q-table converges towards the optimum, it identifies the state-action pair exhibiting the maximum reward. The
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Figure 3. Algorithm structure diagram.

corresponding action signifies the prevailing optimal set of GP hyperparameters, ultimately amplifying the
performance of GP models in accurately estimating extended object shapes.

The crux of the intelligent decision-making process lies in achieving maximum cumulative rewards,
warranting the definition of a pertinent reward function for effective feedback. In this investigation, which is
focused on extended object shape estimation, an appropriate choice entails employing the [oU measure as a
reward function. The IoU measure, a prevalent evaluation metric in computer vision, primarily assesses object
similarities and is defined as

area(RP"™ N R{|s,a)
area(R,f’””e U R¢ M)

where RO represents the coverage area of the EOT and R{ |, , is the estimated shape coverage area at different
state-action pairs. Typically, a higher IoU value signifies greater object resemblance, while a lower value indicates
the opposite. Thus, leveraging the IoU measure as a feedback mechanism, a larger camulative reward denotes
superior shape estimation performance, signifying the corresponding set of hyperparameter values as the
optimal choice. The structure of the GP extended object model’s adaptive algorithm based on the QL algorithm
is depicted in figure 3. The pseudo-code of the proposed algorithm is shown in algorithm 1.

ToU (R, Rilsa) =

(47)

Algorithm 1. QL-GP

Input: state grid S = {S;y,...,Sun}, actionset A = {up, down, left, right}, learningrate o, discount factor -, exploration rate
Output: optimized Q-table Q(s, a), adaptive hyperparameter strategy 7*(s)

1: Initialization parameters: Q(s, a) = 0,foralls€ S,ac A

2: for each iteration =1 to Tdo

3:  Initialize object state xy, GP model with default hyperparameters s,

4:  foreachtimestep k= 1to Ndo

5 Obtaining measurement Z; from sensors using (4)
6: Choose action gy via e-greedy

7 Estimate object state Xy, using CKF (appendix)
8 Calculate reward ry using (47)

9 Observe current state s;.

10: Execute a;— transition to s ;

11: Update Q-table using (46)

12: Update kernel function using (42)

13: Sk = Sk+1

14:  endfor

15: end for

16: return Q(s, a), 7¥(s) = argmax Q(s, a)

Although the proposed hyperparameter optimisation problem shares similarities with structured multi-
armed bandits in terms of deterministic state transitions and grid structures, it exhibits distinct advantages in the
following aspects: Firstly, by introducing sequential actions such as up and down within the state grid (as shown
in figure 2), the agent can leverage the local coherence of adjacent configurations for efficient exploration.
Secondly, the dynamic reward function based on IoU (equation (47)) closely reflects the time-varying
characteristics of object shapes and motion models, and, combined with QL’s iterative update strategy, enables
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the capture and optimisation of long-term cumulative rewards in sequential decision-making. Lastly, the
inherent scalability of the MDP framework not only supports the incorporation of stochastic state transitions
and high-dimensional state representations but also provides flexibility for integrating additional environmental
uncertainties into a unified optimisation process in future work.

To balance algorithm accuracy and operational efficiency, the proposed method divides the hyperparameter
optimisation process into two phases: offline training and online execution. During the offline training phase,
comprehensive interaction with diverse simulated scenarios (encompassing various object shapes and motion
models) enables the learning of a near-optimal hyperparameter selection strategy. In the online execution phase,
this strategy is directly applied without further environmental interaction, requiring only a table lookup or
lightweight forward computation to obtain the hyperparameter configuration for the current state, thus meeting
real-time requirements. This training-execution architecture relies on a reasonable but necessary assumption:
that the online environment exhibits a degree of consistency with the training environment in terms of object
shape variation patterns, motion models, and measurement noise statistical characteristics.

5. Experiment analysis

A series of simulation experiments were conducted to substantiate the efficacy of the proposed GP
hyperparameter optimization algorithm. These experiments involved comprehensive comparisons with both
the particle swarm optimization of the GP model (PSO-GP), the traditional GP model [12],and RHM [11],
where the PSO-GP is a method that utilizes the traditional PSO algorithm [41] to optimize the hyperparameters
of the GP model. Varied simulation scenarios were defined to depict and compare the experimental outcomes
thoroughly. Given the intrinsic requirement in EOT for concurrent estimation of the object’s position and
shape, distinctive methodologies were employed to assess these two parameters. To evaluate the estimation
accuracy of the object’s centroid position, the root mean square error (RMSE) served as the metric, aligning with
methodologies commonly utilized in analogous studies

Lh e
RMSE (x%, xP) = \/—Z lx& — xf |2 (48)
Nio

where x£* and x/ respectively denote the estimated and true positions at time k. Additionally, the evaluation of
extended object shape estimation is conducted using the hausdorff distance. The hausdorff distance is a metric
used to measure the similarity between two sets of points, describing the distance between two point sets. Its
definition is as follows

H(D, G) = max (h(D, G), h(G, D)) (49)
where D = [d,,...,d;]and G = [gl,...,gj] represent two sets of points.
h(D, G) = maxmin ||d — gl (50)
deD geG
h(G, D) = maxmin ||g — d||, (51)
geG deD

In the definition of the hausdorff distance, H (D, G) is referred to as the two-way hausdorff distance, while
h(D, G)and h(G, D) are termed as one-way hausdorff distance. H (D, G) measures the maximum mismatch
between two sets of points.

Different shapes of extended objects were obtained for the simulation experiments by approximating the
shapes of some natural objects. Specifically, two typical natural objects were chosen, depicted in figure 4,
alongside their corresponding approximated shapes. Figure 5 exhibits the approximated shapes derived from
the natural objects with their respective measurements. Following this, validation is carried out across multiple
simulated scenarios utilizing these distinct extended shapes. The subsequent analysis focused on assessing the
effect of adaptively selecting hyperparameters on EOT performance. This evaluation encompassed an analysis
based on various performance evaluation metrics from 100 Monte Carlo (MC) experiments.

5.1.Simulation scenario 1
In scenario 1, two different shapes are considered. Both shapes of the extended objects follow a nearly constant
velocity (CV) motion model. The object’s motion state transition equation is given by (1), where

F= [%b 1?] (52)
b
Qk=[%k (3} (53)
k
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(b)

Figure 4. Two typical objects along with their shape approximations: (a) approximated pentagon shape (b) approximated cross shape.

L Th -
Fb = , Fe=e ] 4
[02 L ] e (54)
Tn Tp
Q=0 Q=1 — e NHKW, ph) (55)
712 Tz
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Figure 5. Two typical objects along with their shape approximations: (a) approximated pentagon shape (b) approximated cross shape.

where T'= 1srepresents the sampling period, and the experiment spans a total of 50 sampling instances, I is
denotes the identity matrix; 7= 1 x 10~ * denotes the forgetting factor [12]; 0 = 0.1m s~ signifies the standard
deviation of the process noise. The initial state of the object motion is xkb = [—200, 400, —8, 8]T. The number
of measurements generated by each object follows a Poisson distribution with a mean of 20, and the scaling
factor s, ~ N (sk,m, %, %) The standard GP model has parameters set as 0= 0.5, = 27, 0, = 0.2. For the QL-
GP model, a table search method is utilized to explore suitable hyperparameters values. Based on the standard
GP model’s parameter setting, the range for hyperparameters is setas 0.001oy < Jj‘/[N < 100y,

0.0010, < oMM < 100;,0.0011 < 1N < 101 Through experimental evaluation, balancing algorithm complexity
and performance, the search table size depicted in figure 2 is configured as 6 x 6, ensuring an enhanced object
estimation performance while reducing the computational burden. In the QL algorithm, &« =0.1,7= 0.9,

¢ =0.1 are designated parameters, where ¢ is referred to as the exploration coefficient.

Figure 6 delineates specific aspects of the pentagram-shaped EOT under the CV motion model. Figure 6(a)
portrays the object’s trajectory, encapsulating its initiation and termination points. Figure 6(b) is an enlarged
view of partial extended state estimation. The magnified views of the extended object estimation at 35s and 50s,
displayed in figures 6(c)—(d), specifically focus on estimating the extended object’s shape. While all four methods
can outline the contours of the pentagram-shaped extended object, the QL-GP algorithm performs better in
capturing finer details than the other methods. Figures 6(c)—(d) illustrate that the shape estimation algorithm
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Figure 7. RMSE of centroid estimation.

based on QL-GP progressively exhibits more prominent effectiveness over time and algorithm iterations in
estimating the shape of the extended object.

To further scrutinize the distinctions among different algorithms, numerical analyses were utilized to
evaluate the centroid and shape estimation performance of the extended objects, as illustrated in figures 7 and 8.
These graphical depictions present RMSE and hausdorff distance data. The graphical outcomes notably
highlight the superior performance of the QL-GP algorithm in both centroid and shape estimations relative to
PSO-GP, GP, and RHM. Specifically, while GP’s estimation performance trails behind PSO-GP and QL-GP,
RHM demonstrates the least effective performance among these algorithms.

A more complex scenario-transforming a pentagram into a cross shape-is employed to distinguish
differences between algorithms better. Estimating shape variations is more challenging than estimating a single
shape. The initial state of the object is 7 = [0, 0, 20, 8]T. Figure 9 illustrates the details of estimating the
transformation from a pentagram to a cross shape under the CV motion model. Figure 9(b) displays
measurements at the moment of shape transformation, while figures 9(c)—(d) depicts the estimation results of
the shape at that moment. It can be observed that, before the shape transformation, the three algorithms based
on the GP model performed well in shape estimation. However, after the shape transformation, none of the four
algorithms immediately adapted to this change, resulting in suboptimal shape estimation. Importantly, from
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figures 9(e)—(f), it is evident that, with algorithm iterations, the QL-GP method approached the actual shape
more closely during the contour estimation process, followed by the PSO-GP, both outperforming the
traditional GP and RHM algorithms. This result further demonstrates the effectiveness of the QL-GP algorithm
in adapting to scenarios involving changes in the shape of extended object.

Figures 10 and 11 intuitively depict the performance differences among different algorithms using RMSE
and hausdorff distance, respectively. It can be observed from the figures that sudden changes in object shape
pose higher demands on algorithm performance. At the moment of shape change, both centroid RMSE and
hausdorff distance exhibit significant errors. An important observation is that the QL-GP algorithm
demonstrates superior performance, with better estimation capabilities than PSO-GP, GP, and RHM
algorithms. It is noteworthy that after the adaptive parameter adjustment in the QL algorithm, there is a
noticeable performance improvement, emphasizing the crucial role of parameter selection in extended object
shape estimation, with QL-based method outperforming PSO-based method.
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5.2. Simulation scenario 2

In this scenario, the validation of different algorithms still employs the cross and pentagon shapes. However,
these shapes exhibit distinct motion patterns this time, augmenting the complexity and estimation difficulty.
The transition matrix has undergone alterations despite maintaining the same motion equation for the object as
in Scenario 1. For linear motion, the transition matrix remains consistent with Scenario 1, that is, ng = Fb.In

the case of approximate coordinated turn (CT) motion for the pentagram-shaped object’s movement, the

transition matrix is described as

b
FCT_

10 sinwT 1 —coswT
w w
01 1 —coswT sinwT
w w
0 0 coswT —sinwT

0 0 sinwT coswT

where the object follows a CT mode with a turn rate of w = /10 rad /s from 11s to 20s and similarly from 31s to
40s, but with a turn rate of w = — 7/10 rad/s, and in the CV model for the remaining sampling times. The initial
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Figure 13. RMSE of centroid estimation.

state of the object motion is y"c]f’ = [—200, 400, 16, —16]". The settings for other parameters related to the
object’s motion and the parameters for the QL algorithm remain consistent with Scenario 1.

Figures 12(a)—(b) respectively illustrate the motion trajectory of the object and a locally magnified view
during the second turning process of the object. Figures 12(c)—(d) illustrates detailed tracking estimation results,
emphasizing the consistently superior performance of the QL-GP algorithm in extended object shape
estimation. The figures show that whether the object is turning or moving in a straight line, the QL-GP
algorithm provides better estimates of the object shape compared to PSO-GP, GP, and RHM. Additionally,
figure 13 presents the RMSE of the center point estimates, indicating that the center point estimates of QL-GP
are more accurate compared to PSO-GP, GP, and RHM. Figure 14 illustrates the hausdorff distance of shape
estimation, indicating that QL-GP outperforms PSO-GP, GP, and RHM in shape estimation. Although the
PSO-GP algorithm also optimizes GP hyperparameters, the optimization effect of QL-GP is more outstanding.

In the subsequent experiment, a different motion scenario is designed for the cross-shaped object. In
particular, the object follows a CT mode with a turn rate of w = 7/18 rad/s from 11s to 28s and similarly from
41sto 50s. In addition, as the centroid of the extended object moves with a certain turning rate, the expansion
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Figure 15. The tracking results of a single MC experiment for the cross-shaped object (a) displays the object’s motion trajectory, (b)
extension estimates, (c) measurements, (d) extension estimates at 25s, (€) extension estimates at 35s, (f) extension estimates at 50s.

state of the object also undergoes rotation at the same turning object, posing a greater challenge for the
estimation of EOT.
Figure 15 illustrates the details of the cross-shaped object tracking estimation. Figures 15(b)—(c) is local
enlargements and measurement generation during the object turning process. Figures 15(d)—(f) depicts the
effects of different algorithms on shape estimation during both the turning and straight-line motion of the
object. It can be observed that the performance of PSO-GP is improved compared to GP, but there is still a gap
compared to QL-GP. QL-GP exhibits the best estimation performance, particularly in delineating the details of
the extended object shape.
In figures 16 and 17, the RMSE of extended object centroid estimation and the hausdorff distance for shape
evaluation are presented. A detailed examination of the figures reveals whether QL-GP consistently
demonstrates more minor errors in centroid or shape estimation, which establishes its superior performance
compared to PSO-GP, GP, and RHM. Notably, during the initial rotation of the object, both centroid RMSE and
hausdorff distance exhibit an increasing trend, suggesting an impact of the object’s rotation on the estimation.
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Figure 17. Hausdorff distance for shape estimation.

However, all four algorithms converge swiftly, delivering precise estimates of the object’s centroid and extended
state. QL-GP, in particular, maintains superior performance, underscoring its robust adaptability across diverse
environments.

The heatmap depicted in figure 18 showcases the action-state selection heatmap of the QL-GP algorithm
under the scenario of an extended object following a CV model within a pentagon-shaped trajectory. Each
heatmap component denotes the reward value associated with selecting a particular action within a specific state,
with distinct reward values represented by varying colors. Shades of red correspond to higher reward values,
while shades of purple indicate lower reward values. Analyzing the heatmap makes it apparent which states and
actions result in the highest rewards, thereby identifying the optimal set of GP hyperparameters for achieving
superior performance in EOT.

Subsequently, two experiments are conducted using the CV motion model: (1) an ablation study was
performed against a background of the cross to assess the impact of different hyperparameters on the estimation
of extended object shapes; (2) an investigation into the effect of different measurement quantities on the shape
estimation of QL-GP, PSO-GP and GP models is conducted against a background of pentagrams. First, the
impact of hyperparameters on shape estimation was evaluated, as shown in figure 19.

Figure 19 illustrates the consequences of fixing one hyperparameter while adapting the other two using the
QL-GP algorithm, offering insights into the individual effects of hyperparameters on shape estimation. In the
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figure, the two dashed lines, top to bottom, represent the numerical values of means and medians of QL-GP
algorithm. It’s evident from the graph that fixing o, = 0.2 or fixing o= 0.5 while adapting the other parameter
using the QL algorithm significantly affects the shape estimation. Compared to the standard GP model,
performance appears to be superior when o, = 0.2, indicated by the substantial decrease in both median and
mean values. However, while oy = 0.5 shows the smallest median, its mean value for hausdorff distance is the
largest. Fixing [ = 27 and adapting o, and o using the QL algorithm barely affects the results of shape estimation,
closely resembling the standard GP model. This underscores the substantial impact of  on extended object shape
estimation. However, to achieve the best estimation performance, it remains crucial to simultaneously optimize
all three hyperparameters, as seen in both PSO-GP and QL-GP. Notably, QL-GP exhibits superior performance
compared to PSO-GP, highlighting the effectiveness of the proposed algorithm.

Finally, a comparative analysis is conducted between the QL-GP, PSO-GP, and GP models to estimate the
shape of the extended object with varying measurement numbers. Figure 20 showcases the mean of hausdorff
distance in shape estimation for QL-GP, PSO-GP, and GP models under different measurement numbers.
Observing the data in the graph reveals that, with fewer measurements, QL-GP, PSO-GP, and GP models exhibit
significant errors in estimating the shape of the extended object. However, as the number of measurements
increases, the performance of all three models improves. Particularly noteworthy is that the performance of the
PSO-GP model consistently outperforms the GP model, displaying smaller hausdorff distances, while QL-GP
shows superior estimation, with the smallest mean hausdorff distance. This highlights the advantage of the
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Table 1. Performance of different algorithms in different scenarios.

hausdorff

Extended distance

Scenario shape algorithm RMSE(m) (m)
1 pentagram QL-GP 0.4714 1.1311
PSO-GP 0.4868 1.1468
GP 0.5072 1.1551
RHM 0.5276 1.2354
pentagram QL-GP 0.5113 1.178

to cross

PSO-GP 0.5255 1.1965
GP 0.5502 1.2064
RHM 0.6112 1.3152
2 pentagram QL-GP 0.5038 1.1349
PSO-GP 0.5241 1.1586
GP 0.5412 1.1972
RHM 0.5675 1.2456
cross QL-GP 0.4877 1.0909
PSO-GP 0.5012 1.1099
GP 0.5167 1.1191
RHM 0.5433 1.2069

proposed QL-GP algorithm, which enhances the capability of estimating the shape of extended objects by
adaptively optimizing GP model hyperparameters through RL methods.

Table 1 presents the average RMSE and hausdorff distance for the four algorithms across different tracking
scenarios. The table shows that QL-GP and PSO-GP, optimized for hyperparameters, show better estimation
performance compared to GP and RHM. Moreover, QL-GP exhibits superior optimization performance
compared to PSO-GP, further confirming the effectiveness of the proposed algorithm.

Table 2 summarises the single execution time for each algorithm in tracking a cross-shaped extended object
in Scenario 2, conducted on a unified experimental platform (3.9 GHz Intel Core i3 7100, Python 3.11.5). The
results reveal that, although RHM and traditional GP methods incur lower computational costs, their lack of
adaptability to complex scenarios (e.g., dynamic object deformation or unknown parameters) significantly
constrains their tracking and estimation accuracy in such environment. While QL-GP exhibits a higher runtime
than RHM and traditional GP, it achieves hyperparameter optimisation with only a modest additional
computational cost, striking an effective balance between tracking accuracy and computational efficiency.
Furthermore, its average computational load is lower than that of PSO-GP, which relies on global search.
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Table 2. Compute load comparison.

Algorithms Single execution time (s)
QL-GP 0.2562
PSO-GP 0.2794
GP 0.1827
RHM 0.0948

Consequently, QL-GP ensures performance improvement while maintaining real-time capability and resource
efficiency, offering a highly practical solution for EOT in engineering applications.

6. Conclusion

The proposed QL-GP algorithm is designed to bolster the GP model’s proficiency in estimating the contour of
extended object by dynamically optimizing its hyperparameters. This novel approach seamlessly incorporates
QL into the GP framework, empowering it to learn the requisite hyperparameters autonomously, circumventing
the conventional reliance on predefined empirical values. Embracing a RL paradigm, QL-GP adapts its
hyperparameters through environmental interactions, surpassing the performance of the conventional GP
model. Simulation results affirm the remarkable capabilities of the QL-GP algorithm in accurately estimating
both the centroid and contour of extended object. It should be noted that the training-execution separation
strategy relies on the statistical consistency between the online environment and the training environment.
When real-world scenarios deviate from the training data distribution, such as encountering new object
deformation patterns or significant changes in measurement noise, the fixed policy may struggle to adapt,
leading to reduced estimation accuracy (e.g., increased hausdorff distance and RMSE). To enhance the method’s
adaptability in unknown environments, future work could incorporate lightweight online incremental
adjustment mechanisms, enabling the policy to fine-tune Q-values during execution based on environmental
feedback. Alternatively, a periodic policy retraining framework could be employed, using data collected online
to update the offline policy, thereby maintaining long-term model stability. Furthermore, incorporating domain
randomisation strategies during the training phase, by expanding the diversity of object and sensor conditions in
simulated environments, could improve the policy’s generalisation and robustness when facing novel scenarios.
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Appendix

For the state-space models (1) and (12), prediction and update are performed using the CKF algorithm.
(1) predict step

Xkjk—1 = FX_1)5-1 (57)

Pijk—1 = FPi 1k 1F" + Qi (58)

where % x—;and Py_q|x_1 represent the initial state and covariance.
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(2) update step
i) generate basic cubature points

n; )
£ = \/; (1, (59)

where w; = ni, i=1,2,...,n,andn,is the total number of cubature points, n, = 2#, (1, represents the

t
dimensionality of the state).
i) compute cubature points

Sklk=1 = /Prjk—1 (60)

X;dk,l = Xijk—1 + Skjk—1§; (61)

iil) propagate cubature points through the observation equation

Zijkr = hXpp ) bs=spa=ay (62)
iv) compute the predicted observation
1 &
Zi—1= —)_ Zijp (63)
mi—
v) calculate the covariance matrix
Rim = pOF wGPNRL  l=spa=a, PO ()T + Re (64)
1M . .
P11 = EZ Zik 1 D" = zkje—1(@kge-0)" + Rim (65)
i=1
Xz _ _1_ - i Zzi T _ = T
Pl = mz Xijk—1 k-1 — Xejk—1(2k1k-1) (66)
i=1
vi) compute the gain
Wi = P 1 (P! (67)
vii) calculate the estimated value
ik = Fijk—1 + Wiz — zik—1) (68)
Pijk = Pijk—1 — WiP{f (W)t (69)

Given that the CKF offers higher filtering accuracy and stability compared to the EKF, the CKF is chosen for
nonlinear filtering.
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Abstract: Aiming at the uncertainty of target motion and observation models in multi-maneuvering
target tracking (MMTT), this study presents an innovative data-driven approach based on a Gaussian
process (GP). Traditional multi-model (MM) methods rely on a predefined set of motion models to
describe target maneuvering. However, these methods are limited by the finite number of available
models, making them unsuitable for handling highly complex and dynamic real-world scenarios,
which, in turn, restricts the adaptability and flexibility of the filter. In addition, traditional methods
often assume that observation models follow ideal linear or simple nonlinear relationships. However,
these assumptions may be biased in actual application and so lead to degradation in tracking per-
formance. To overcome these limitations, this study presents a learning-based algorithm-leveraging
GP. This non-parametric GP approach enables learning an unlimited range of target motion and
observation models, effectively mitigating the problems of model overload and mismatch. This
improves the algorithm’s adaptability in complex environments. When the motion and observation
models of multiple targets are unknown, the learned models are incorporated into the cubature
Kalman probability hypothesis density (PHD) filter to achieve an accurate MMTT estimate. Our
simulation results show that the presented approach delivers high-precision tracking of complex

multi-maneuvering target scenarios, validating its effectiveness in addressing model uncertainty.

Keywords: data-driven; multi-maneuvering target tracking; Gaussian process; model-free tracking

1. Introduction

Maneuvering target tracking (MTT) involves monitoring the velocity, acceleration,
position, and other state information of a moving target by using sensors that predict and
track the target’s trajectory using algorithms. This technology has extensive applications in
video surveillance, robotic vision, and military operations [1-6]. MTT remains challenging
due to external environment and disturbance effects, where the target motion may exhibit
irregular and highly dynamic characteristics [7].

Traditional MTT methods, which are model-driven (MD), describe the dynamic char-
acteristics of the target through reasonable assumptions and modeling of target motion.
These methods utilize recursive filtering techniques to process sensor measurements and
system noise. The interactive multiple model (IMM) algorithm is a typical representative
of this category. It employs multiple motion models simultaneously to describe different
target motion models. It dynamically adjusts the weights of each model during filtering
to achieve optimal state estimation of the target [8-13]. To further improve the flexibility
and adaptability of MTT, ref. [14] proposed the variable-structure IMM algorithm, which
handles changes in target motion models more effectively. However, these methods are
primarily designed for single-target tracking problems. With an increasing number of
targets in the surveillance area, the applicability of these methods decreases significantly.

The multi-model (MM) approach is an effective solution for multi-maneuvering target
tracking (MMTT), which is widely applied to solving multi-target tracking problems with
various motion patterns. Several MMTT filtering algorithms have been developed, based
on this approach. For example, refs. [15,16] introduced the MM probability hypothesis
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density (PHD) filter; ref. [17] proposed an MM cardinalized PHD filter, to address the
problem of inaccurate target cardinality estimation in MMTT; ref. [18] proposed a variable-
structure MM-PHD (VSMM-PHD) filter to improve the efficiency and accuracy of MMTT.
Unlike the traditional MM-PHD filter, VSMM-PHD uses a different set of models for
each target at different times, better adapting to changes in target motion. In addition,
refs. [19-21] developed various MM MeMBer filters to meet the needs of different tracking
scenarios. However, as the uncertainty of target trajectories increases and the diversity of
target motion patterns increases, model-based methods become increasingly inadequate
for handling such complex variations. These methods are subject to certain limitations
in practical application. Firstly, model-based methods rely heavily on initial conditions.
Inaccurate initial settings can adversely affect estimation performance. Secondly, although
increasing the number of models can improve tracking accuracy, an excessive number of
models significantly increases the computational cost and complexity.

To overcome the limitations of the traditional methods, the data-driven (DD) approach,
which is mainly based on a Gaussian process (GP) [22], provides promising alternatives.
By contrast, GP-based techniques can learn the underlying models and model parameters
from training data through non-parametric regression, thus eliminating the dependence on
motion models in the classic MTT approach. The advantage of this strategy is its ability to
adapt to different target motion models and produce more reliable state estimates. In recent
years, GP-based target-tracking methods have increasingly become a popular research
area, and they provide a substitute for traditional methods. A GP is a non-parametric
machine learning regression method based on Bayesian inference. The distribution of
output variables is modeled through a GP, which updates this distribution, using obser-
vational data. As a flexible model, a GP can adapt to various input and output data in
multi-dimensional spaces and perform adaptive optimization based on the data. Moreover,
a GP can seamlessly integrate state space models and Bayesian filtering. For instance,
refs. [23,24] demonstrates using the GP to learn prediction and observation models from
training data; ref. [25] combines Kalman filtering (KF) with a GP to create an efficient GP
estimator for a spatiotemporal dynamic GP. Furthermore, ref. [26] modeled unknown per-
turbations as the GP and proposed an adaptive KF to improve the estimation performance.

Recent studies have applied the GP to MTT to address issues related to unknown
target motion models or mismatches between motion models and actual target motion.
For example, ref. [27] proposed a model-free MTT method that leverages the flexibility
of the GP to enable switching between a large number of models and state estimates.
Another study [28] introduced a DD method for MTT and smoothing, which showed
significant performance improvements compared to traditional MD methods; ref. [29]
presented a new GP-based approach to learning motion models and applied it within
particle filtering to track targets in different surveillance regions. Furthermore, ref. [30]
used a GP to approximate the transition density of the Bayesian optimal Bernoulli filter
and proposed a particle implementation of the Bernoulli filter to handle unknown target
motion model transitions, while [31] proposed a hybrid strategy that combines DD and
MD approaches and effectively improves the tracking performance of strong maneuverable
targets by integrating the advantages of both methods. Despite the success of these GP-
based approaches in a variety of application scenarios, research for model-free MMTT in
the context of random finite set (RFS) theory [32] has not yet been implemented. Further
exploration of this area is essential to advance the development of MMTT technology.

To this end, this study proposes a novel MMTT algorithm to improve tracking accuracy
in complex environments. The main contributions of this paper are as follows:

(1) A data-driven MMTT state estimation method is proposed by combining a GP and
the PHD filter. The method models the MMTT motion and observation models as
nonlinear functions over time. It uses a GP to learn the unknown characteristics of the
target motion and observation models from training data.

(2) Based on the GP model learning, a cubature Kalman filter (CKF) [33] is utilized
to propagate the uncertainty of the system to achieve accurate estimation. The GP
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possess provide model-learning capability, while the CKF efficiently handles nonlinear
system through the ‘cubature sampling’ technique. This innovative design allows the
GP-PHD filter to achieve excellent tracking accuracy and stability in uncertain and
complex environments.

(3) To verify the effectiveness of the proposed algorithm, two groups of simulation
experiments with different scenarios are designed. The results demonstrate that,
compared to the traditional MD method, the GP-based method offers significant
advantages in an environment with unpredictable and highly dynamic target motion.

Furthermore, the existing GP-based MTT algorithms are limited to scenarios involving
a single target. However, the proposed algorithm overcomes this limitation, enabling simul-
taneous tracking of multi-maneuvering targets. This capability is particularly important in
scenarios with numerous targets and frequent dynamic changes. The proposed method
imposes no restrictions on the number of targets. It can effectively handle target generation,
disappearance and maneuvering behavior, demonstrating its applicability and flexibility in
complex MMTT scenarios.

The remainder of the paper is organized as follows. Section 2 introduces the problem
definition and background, and Section 3 introduces the Gaussian process. A detailed
implementation of the proposed algorithm is given in Section 4. Simulation results are
provided in Section 5, and Section 6 concludes the paper.

2. Problem Definition and Background
2.1. System Model

Consider a discrete-time dynamic model with a transfer dynamics equation and
observation equation as

xpr1 = f(xt) + Pt 1)
zt = g(xt) + ¢t (2)

where x; = [{}, C t, @1, ¢t]' represents the state for a target in two-dimensional space at time
t, (@ t g t) represents the position along the x- and y-axis, (¢¢, ¢;) denotes the corresponding
velocity; z; denotes sensor measurement. The f and g are nonlinear process transfer
functions and observation functions; ¢; and ¢; are the zero mean, white additive Gaussian
process and measurement noise, respectively.

}T

2.2. Multi-Target Bayesian Filtering

Based on the RFES theory [32], the state and measurement sets for multiple targets
are represented as RFS X; = {x¢1,..., X1, } and Zy = {z;1,..., 21, }, respectively; ny
and 1, specify the number for targets and measurements, respectively. According to the
Chapman—-Kolmogorov Equation [34], the multi-target prediction equation at time ¢ can be
derived as

frp—1 (Xe|Z1p1) = /ft\H (Xt’Xt\H )ft—l (Xt\m |Z1:t—1>5xt\t71 ©)

where fy; 1 and f;—4 (Xt“_l |Z1.41 ) denote a multi-target state transfer function and state

at time t — 1, respectively. According to Bayes’ rule, after a new set Z; of measurements is
received at time ¢, the multi-target update equation is given by

Ly (Zt\t ‘Xt|t )ft\tq (Xt|t |Z1:t71>
J Ly (Zt\t ‘th )ft\t—l (Xt|t |let71)‘5Xt|t

fre (Xt\t |let) =

2.3. PHD Filter

Suppose v; and vy;_; denote the intensity functions corresponding to multi-target
posterior density p; alongside predicted density p;; 1, respectively. The multi-target
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intensity function at time t — 1 is given by the 14, and its prediction equation of the PHD
filter can be expressed as

vy (%) = /ps,t(x’)ft“_l (x| x" v (x")dx’ +//5t|t_1 (x|x")ve—q (x")dx" +yi(x)  (5)

where p; (") denotes the probability of surviving, f;;_; (x[x") represents the transition
probability density of a single target. At time t, B;;_1 (x|x") and 7¢(x) represent the
intensity of the spawned and birth targets, respectively. Given the set of measurements Z;
at time ¢, the update Equation for the PHD filter is

_ Pa ()8t (z|x vy 1 (%)
Vit (x)=(1- Pd,t(x))vtlt—l (x) +z§t Ke(z) + | Pd,t(x/)gt(z|x,)1/t\t—1 (x')dx’

(6)

where p, ;(x) denotes detection probability, g¢(z|x ) represents the measurement likelihood
of a single target, and «;(z) signifies the intensity for clutter.

3. Gaussian Process

Using a training dataset, the GP is a complex non-parametric learning algorithm
primarily used to learn unknown functions. The dataset contains input-output pairs, and
the GP provides a mapping between them. The critical aspect that comprises GP involves
the flexibility of modeling as it facilitates simulating the behavior of a system in the face
of uncertainty.

3.1. Basic Gaussian Process Model

The GP represents a distribution of the function based on the training data. Suppose
there is a set of training data T; = (X, y), where d-dimensional input vector x; are arranged
in the matrix X = [x1,x2,..., %], where n denotes the number of training points, and
Y = [Y1,Y2,...,Yn] is the vector containing the scalar training output. Assume that the
measurement values are derived from the noise process

yi =h(x;) +e¢ 7)

where ¢ is additive Gaussian white noise with zero mean and variance is 2. The Gaussian
predictive distribution on the output y, for training data T; = (X, y) and test inputs x., the
mean and variance are specified by the GP, i.e.,

GPu(xs, Tg) = kLK 'y (8)

GPy(xs, Ty) = k(x4, x:) — kLK K, )

In this case, k. is a vector formed by the kernel values between the test input x, and
the training input X, where k indicates the kernel function for the GP, and the training
input values are represented by the n x n dimensional kernel matrix K, which means
that, k. [i] = k(xs,x;) and K[i,j] = k(x;, x;). It should be emphasized that process noise,
both the correlation between the test input and the training data, influence the prediction
uncertainty as reflected by variance GP,.

The exact application scenario determines the kernel function to be utilized, with the
squared exponential or the Gaussian kernel with additive noise being the most popular

k(x,x') = ofe HT MG 4 g2 (10)

and the signal variance is given by a}, thus regulating the degree of prediction uncertainty
in the area of low training data density. The length scale of the process is contained in
the diagonal matrix A, for example, A = diag([1/a?,1/a3,...,1/43]). In different input
dimensions, the length scale reacts to how smooth the operation is overall. o7 is the final
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GP parameter, which controls the noise of the whole process. Figure 1 illustrates a one-
dimensional GP example. In the figure, the red x denotes the training point, the blue curve
represents the prediction result, and the blue shading represents uncertainty. It can be seen
from the figure that the uncertainty is lower near the training points and increases in areas
away from the training points.

1.5 -
Train
Predict
1.0 - Uncertainty
0.5
= i
< 0.0
—0.5
—1.0
_15 T T T T T T T T T T T T T T
0 2 4 6 8 10 12 14

Figure 1. One-dimensional GP.

3.2. Hyperparameter Learning

The hyperparameters of the GP are represented by 6 = {A, oy, 0’,1} . By maximizing
the log marginal likelihood of the training output for a given input, they can be trained

Omax = arg max{log(p(y|X,0))} (11)
0
It is possible to express the logarithmic component in (11) as
1 T 2 -1 1 2 n
log(p(y|X,6)) = —3y (K(X,X) +an1> y— E1og]1<(X,X) +a3l| — Slog2n (12)

Numerical optimization methods such as conjugate gradient ascent can be employed to
solve this optimization problem [21]. To perform this optimization, it is essential to use the
partial derivatives of the log-likelihood, as given below

"ok } (13)

aigtIOg(P(y‘X'g)) = ;tr[(Kly) (K*ly) 20;

Each element of al;—gt’ﬂ in (13) represents a partial derivative of a kernel function in regard

to its hyperparameters

ak(xi, X])

— 20 H () Al
30 20pe 2 j j (14)

ak(xi, x])

pr— 1
a0, 20,0 (15)
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ok (x;, x; 1, .. N2 2 1k VA(xi—x;)T
W) - Ll — ) Ae) 16)

Due to the non-convex nature of this optimization problem, finding the global optimal
solution cannot be guaranteed. However, in practical applications, such optimization
problems often yield satisfactory results.

3.3. Learning Prediction and Observation Models Using Gaussian Process

The GP is possibly employed straight to the Bayesian filter in (3), and it has been
shown to satisfy the conditions for learning predictive and observational models. In the
context of the application in this work, the model needs to provide both expected mean
and predicted uncertainty or noise. The GP inherently satisfies both objectives in its
unique manner.

The training data are obtained by dynamically sampling and observing the system.
They are expected to be representative of the system, i.e., they can span the state space
encountered during normal operation. A set of input-output relations forms the training
data for each GP. In the predictive model, state and control variables (xt,ut) are mapped to
state transitions Ax; = x;11 — x;. Then, the previous state is added to the state transition
to determine the subsequent state. The state x; is mapped into observation z; using the
observation model. Consequently, the training dataset for prediction and observation
should have the following form

T, = ((X,u),X') (17)

To = <Xr Z> (18)

where the matrix containing the real states is indicated by X, and the matrix created when
these states experience a transfer of control in application u is X' = [Axy, Axy, ..., Axy].
The observation matrix for the corresponding state X is denoted by Z. The prediction and
observation models for the GP are subsequently obtained as

p(xe|xe—1,up—1) = N(GPu ([x,—1,11-1), Tp), GPo ([xr—1, u1-1], Tp) ) (19)

p(ze]xt) = N(GPy(xt, To), GPy(x¢, Tp)) (20)

It is important to note that the mean and variance of these models, for both input
and training data, are nonlinear functions, even though they correspond to a Gaussian
distribution. Moreover, due to their local Gaussian character, these models are seamlessly
integrated into Bayesian filters.

The GP is typically defined in the case of scalar outputs. However, the GP Bayesian
filter is represented for the vector output model by learning a distinct GP for each output
dimension. Since the output dimensions are no longer interdependent, the resulting noise
covariance matrix of the GP becomes diagonal.

4. Gaussian Process Bayesian Filter

In the following phase, a GP model will be introduced into the Bayesian filter to
address the uncertainty in the motion and observation models of MMTT.

4.1. Gaussian Process for System Model

Some existing MD methods represent the motion and observation states of a target
through one or more defined equations of motion and observations. However, GP-based
approaches eliminate the need for precise equations of motion and observation. This
reduces the reliance on the target motion and observation models by encoding the target
state through the learned GP state and observation models.
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The GP state model GP/ and observation model GP" can be used to express the state
and measurement equations as shown below

xi =GPl ([xe—1,u-1), Typ) + dr 1 (21)
Zp = pr,i(xt, To) + ¢t (22)
where
911~ N(0,GPl ([xi-1,u1),Ty) ) (23)
i~ N(o, GP!(x,, To)) (24)

4.2. GP-CK-PHD Gaussian Mixture Implementation

Based on the Gaussian mixture (GM) recursive construction of the standard PHD
filter, the posterior intensity of the multi-target state is expressed as a weighted sum of
multiple non-Gaussian functions, derived through the recursive propagation in (5) and (6).
Gaussian functions can approximate each non-Gaussian component, and similar to the CKF
method, the ‘cubature sampling’ approach can be used to calculate the GM approximating
components of the posterior intensity at subsequent time steps while approximating the
weight of each component.

Therefore, this study proposes a nonlinear GM implementation based on the GP-PHD
filter to address the challenges posed by uncertain motion and observation models in
MMTT. This method leverages the GP learning approach and employs cubature sampling
for propagation, making it an effective solution for tackling the problems of uncertain
motion and observation models under nonlinear conditions in MMTT.

Considering the properties of nonlinear systems, it is impossible to represent the
posterior intensity explicitly in GM form, so it is necessary to approximate the non-Gaussian
component of the posterior intensity using an appropriate Gaussian distribution. The GM
form for the birth RFS intensity is

Jy b

7i(x) = 3wl N (xim P ) (25)
a=1

where [y 4, w,‘;lt, m‘,’%t, Pﬁ,t, a=1,...,]J,are the model parameter given to determine the
birth intensity. The particular procedure is described below:
(1) Consider the following as an approximation of the posterior intensity at time ¢ — 1

can be approximated by

Ji—1
vp_1(x) ~ Z wi_N(x;m{_y, Pf_;) (26)
a=1

Then, at the time ¢, the predicted intensity is

Vi —1(x) = Vg gp—1(x) + 7¢(x) (27)
where
J-1 . j j
Vs tt—1(X) = psgt Z; w]t_lN(x; M -1 ’Ps,t|t71) (28)
]:

According to the Cubature rule, 2n weighted Cubature sampling points [xi‘t_l , wi‘ -1
are selected, and the quantity of sampling pointsis I =0, 1, ...,2n. Then, the model of the

unknown system is linearized, where

X1p—1 = Xi—1 £ /P14y (29)
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xi‘|t71 = GPu([x16-1, 4 1], Tp) (30)
Qr = GPy([x¢—1,u1-1], Tp) (31)
]. 1 2n
Mopi-1 = 5, Z XHe-1 (32)
j 1S5 (o j I j T
Py =15, IZ(;) (xt\tfl - ms,t\t—1> (xtltfl - ms,t|t_1> +Q (33)

(2) Suppose that a Gaussian mixture can be used to roughly represent the predicted
intensity at time ¢, i.e.,

Jye-1
j
Vi1 ( Z wt\t 1 ( t\t 1’Pt\t 1) (34)

Then the posterior intensity at time ¢ is likewise in the structure of a GM, denoted as

vi(x) = (1= pa)vip (¥) + ) vae(x;2) (35)
ZEZt
where
Jeje—1 ; . )
var(x;2) Z w)( ( ;m]t“(z);Pt]'t) (36)
j j
' P, Wy 9:(2)
wl(z) = = (37)
te—1

ORI w),_14(2)

w{f\tfl = pst0}_y (38)
j(z) — Nz s/ (39)
qt Myjp—17°t
j — j j
mt|t <Z) - ms,t|t71 + Kt (Z - 77”1}71) (40)
I |
Xyjp = Moy g+ \/Pst|t 1% (41)
Zi|t—1 =GPy (x£|t/ To>/ I=0,...,2n (42)
_ j
R =GPy (m), ;,T) (43)
j 1
Me—1 = 3, lzozt\t—l (44)
. 1 2n . . T
i _ I j ! j
St o E lg() (Zt‘t*1 - 17f|t—1) (Zt|t71 - rlt\t—l) + Ry (45)
, 1 2n . T . T
j I j ! j
Py = m 1;) (xt|t71 - ms,t\H) (Zt\tfl - Ut\tfl) (46)
; 1
K{‘ xz t (S]) (47)
L -1
j j joi (1
Py =Py — K5 (Kt) (48)
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Given the GM intensity vy;_; and v, the appropriate weights can be summed jointly
to yield the associated expected number of targets 71;; 1 and 7.
According to the prediction step, the mean value of the predicted number of targets is

Jypt
fypy = A1pse+ Y W, (49)
=1

According to the update step, the mean value of the updated target number is

Jyge-1
At =ty (T—pag)+ Y. Y. wi(z) (50)

267 j=1

(3) Pruning & Merging

The GP-PHD filter encounters the same computational challenges as the standard
GM-PHD filter, especially the growth of the Gaussian components over time. To address
this issue, an efficient pruning strategy is employed to reduce the number of Gaussian
components passed to subsequent time steps [15]. The specific steps of the GP-PHD
algorithm are described in Algorithm 1.

Algorithm 1 The GP-PHD algorithm

Input: {w?fl,m?fl,Pt“fl}i:i, Zi, Ty, T
1: Predict

: (1) predict newborn targets

a=20

cforj=1:],:do

a=a+l o .

Wy g = oW My 1 = .y, Piia = P

end for

: (2) predict existing targets

: forj =1: ]t,1 do

a=a+1

use (29)—(33) calculate the predictive parameters m

targets

12: end for

13: Jypq =1

14: Update

15: forj =1: ]t|t—1 do

16 wf=(1- pd,t)wf“fl, mf = mf“fl, P} = Pt”‘tfl

17: end for

18: q = 0

19: forb = 1: length(Z;) do

20 g=gqg+1

21: fOI‘j =1: ]t\tfl do

2wl = py), )
23: use (36), (38)—(48) calculate the update parameters m]t| , and P

£t
24:  end for
25:  use (37) calculate the update parameters w
26: end for
27 Je = qJye-1 + Jye—1
Output: {wi,mi, Pt’}l]’:1

—
e

and Pj

s Ht—1 for the birth

—_
—_

]
stt—1

J
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5. Simulation Experiments
5.1. Performance Evaluation
To evaluate the effectiveness of the proposed GP-PHD filtering algorithm in this part,

employ the Generalized Optimal Subpattern Assignment (GOSPA) distance [35], which is
defined as

. P 1
ay ™ (X, Y) 2 [min( 35 d(xi,y)" + - (X]+ Y] = aly])]? (51)
(if)e

The parameters are assigned toc =50, p =2, & = 2.

5.2. Simulation Results

(1) Scenario 1: For a two-dimensional surveillance region [—800, 800] x [—800,800] m
contains clutter and an unknown number of targets which evolve over time. Each target
moves autonomously according to its motion model

xt = FeyserXe—1+ ¢t (52)
1 A0 O
01 0O
fv=10 01 a (53)
0 0 0 1
1 (5129) 0o — (1—(;)05 6)
0 cos@ 0 —sinf
Fer = 0 (1—cos6) 1 (sin6) (54)
N U
0 sinf O cos 0
with ¢y ~ N(0, Q;)
A4 A)2 0 0
3 2
Q= o? N/2 A 0 0 (55)

0 0 AY/4 A2
0 0 A3/2 A3)2
where ¢ = 0.1, A = 1 s represents the sampling interval. Model 1 is a CV model (M1);
Model 2 has a turn rate of § = —9 °/s and represents a left-turning model (M2); Model
3 is a right-turn model and the turn rate is § = 6 °/s (M3). For each target, the survival
probability and detection probability are ps; = 0.97 and p;; = 0.95, respectively. The
observation consists of the orientation and distance

Oy

arctan| ==

z = - <CX2) + gt (56)
0z T4y

where¢; ~ N(0,R;), Ry = diag([ag,arz] T),O'g =2 x (7t/180) rad/s, 0; = 10 m. The clutter

model is modeled using a uniform Poisson model with a clutter rate A, = 10. Additionally,
a GM of the form is also utilized as the birth model of the target

Ye(x) =

e

1 wpN (x;m}, P}) (57)

where wé = 0.1 and

[50 0 250 0], m2=[—-250 0 —250 0],
[—250 0 250 0], mé=[250 0 —250 0],
[0 0 150 0], P} = diag([200,100,200,100]" ).

1
my
3
my
5
ny



Sensors 2024, 24,7270

11 of 23

The length of the training data L; = 1000, and the length of testing data
Ly = 100. The real trajectories used for training and testing are distinct, i.e., the train-
ing and testing data are from different datasets but follow the same motion model. For the
targets’ motion process, the testing target moves in M2 at 20 ~ 40 s, M3 at 60 ~ 80 s, and
M1 at other moments. Figure 2 displays the trajectory of the test targets. Furthermore, the
efficacy of the proposed approach is evaluated by averaging 500 independent Monte Carlo
(MC) experiments.

800

targetl
target2
600 target3
target4
targetS
400 <> Intial targets position
i (O Final targets position
200
~
E o]
e
—200
~400 -
—600
—800 T

T T T T T T T T T T T T T T
—-800 —-600 —400 —200 0 200 400 600 800
X (m)

Figure 2. True trajectory of maneuvering targets .

Figures 3 and 4 illustrate the cardinality estimation and cardinality estimation error
with detection probability p; = 0.95, respectively. The results in Figure 3 indicate that both
the GP-PHD, VSMM-PHD, and MM-PHD filters outperform the single-model PHD filter
in terms of performance and stability of cardinality estimation. When there is a significant
model mismatch, the cardinality estimate error of the single model PHD filter increases
observably and, therefore, cannot accurately estimate the actual number of targets in the
environment. In contrast, the GP-PHD, VSMM-PHD, and MM-PHD filters show similar
performance in MMTT cardinality estimation. A closer analysis reveals that the GP-PHD
filter outperforms the others in target cardinality estimation. The histogram with error
bars for cardinality estimation errors of several algorithms is shown in Figure 4, which
is intended to visually and accurately present the mean value of cardinality estimation
errors and their fluctuations of each algorithm so as to provide strong support for the
comparison of different algorithms in terms of cardinality estimation accuracy. In this
figure, the height of the histogram represents the mean value of the cardinality estimation
error, while the error bars serve as a quantitative indicator of the fluctuation or uncertainty
of the data, and the longer the error bars are, the greater the fluctuation or uncertainty
of the data. After careful analysis, it can be clearly observed that the proposed GP-PHD
algorithm performs the best in terms of the mean value of cardinality estimation error with
the smallest mean value, which fully proves the excellent performance of the algorithm in
the task of multi-maneuvering target cardinality estimation. Meanwhile, the VSMM-PHD
and MM-PHD filters exhibit similar performance in cardinality estimation, but the VSMM-
PHD filter shows a slight advantage in the mean value of cardinality estimation error. In
contrast, the other single-model algorithms perform poorly in terms of both the mean
cardinality estimation error and the range of fluctuation, which are large and fluctuate
significantly, demonstrating significant shortcomings in cardinality estimation performance.
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This phenomenon further underscores the accuracy and stability of the GP-PHD algorithm
for cardinality estimation of multi-maneuvering targets in complex environments.

Cardinality

1—— MM-PHD

|—— GP-PHD

GM-PHD-M1
GM-PHD-M2
GM-PHD-M3

VSMM-PHD

— True

40 60 80 100

time (s)

Figure 3. Cardinality estimation comparison under p; = 0.95.
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Figure 4. Cardinality estimation error comparison under p; = 0.95.

Figures 5 and 6 show the GOSPA distance with detection probability p; = 0.95, under

various clutter conditions. Figure 5 demonstrates that the GP-PHD filter has an advantage
over the VSMM-PHD, MM-PHD, and other single-model filters. By better adapting to
changes in maneuvering target kinematics, the GP-PHD filter results in a smaller GOSPA
distance. This is due to the GP’s ability to model the target’s dynamic properties flexibly,
automatically learn the target’s motion models, adapt to different motion trajectories, and
thus reduce the position estimation error. In addition, the precise modeling of the target



Sensors 2024, 24,7270

13 of 23

motion can also effectively cope with the uncertainty of the target potential, thus reducing
the occurrence of missed targets and false detections. This property plays a crucial role in
reducing the GOSPA distance. Therefore, the GP-PHD filter outperforms other algorithms
in terms of GOSPA distance. For instance, during the 40-60 s and 60-80 s, when the motion
model of the maneuvering target changes, the GP-PHD filter maintains stable estimation
performance with minimal degradation in accuracy. In contrast, the VSMM-PHD and
MM-PHD filters do not perform as well as the GP-PHD filter because the multi-model
approach generally suffers from model assumption limitations and model switching lags.
These issues lead to increased errors in target location and cardinality estimation, thereby
adversely affecting the GOSPA distance. Furthermore, when a single-model PHD filter is
used for estimation, significant estimation errors are often observed due to the mismatch
between the model and the actual target motion. Figure 6 illustrates the average GOSPA
distance under varying clutter conditions. The average GOSPA distance for all algorithms
tends to increase as the clutter density increases. However, the average GOSPA distance of
the GP-PHD filter is less sensitive to the clutter density, maintaining the best estimation
performance across all conditions. This further highlights the advantages of the GP-PHD
filter in MMTT and its strong adaptability to complex environments.

140
GM-PHD-M1
GM-PHD-M2
120 4 GM-PHD-M3
|—+—MM-PHD
VSMM-PHD
100 4—s— GP-PHD
B
~ 804
<
&
o 60
@)
40
20 +
O T T T T
20 40 60 80 100
time (s)

Figure 5. GOSPA distance under p; = 0.95.

To thoroughly assess the performance of the proposed algorithm in a low-signal-to-
noise ratio (SNR) environment, Figure 7 demonstrates the average GOSPA distance of the
algorithm under different settings of the measurement noise covariance. An increase in
the measurement noise covariance matrix Ry, a key parameter affecting the SNR, leads to a
reduction in SNR. It can be observed through Figure 7 that the GP-PHD filter exhibits the
smallest GOSPA distance in each noise level test, highlighting its significant advantage in
target tracking accuracy and robustness to noise interference. This advantage stems from
the GP filter’s non-parametric modeling capability, which not only effectively learns the
features of the target model but also adapts to the unknown characteristics of the noise
covariance. Meanwhile, the VSMM-PHD and MM-PHD filters perform acceptably under
initial low-noise conditions. Still, the GOSPA distance of these two filters increases rapidly
with the growth in the measurement noise covariance, indicating a significant deficiency in
their adaptability in high-noise environments. The performance degradation of the other
single-model PHD filters is more significant in the presence of increased noise, underscoring
the limitations of the single-model algorithm in terms of flexibility and estimation accuracy.
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Figure 6. Average GOSPA distance under different clutter number under p; = 0.95.
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Figure 7. Average GOSPA distance under different R; under p; = 0.95.

Figures 8-10 evaluate the tracking performance of different algorithms with a detec-
tion probability of 0.7. Figures 8 and 9 show that a lower detection probability significantly
affects the cardinality estimation of multi-maneuvering targets, with all algorithms ex-
hibiting some bias. However, the cardinality estimation of the GP-PHD filter remains
closer to the actual situation. In contrast, the VSMM-PHD and MM-PHD filters show more
significant deviations, while the other single-model methods deviate even more. Figure 9
further illustrates this phenomenon using cardinality estimation error statistics. Despite
the impact of low detection probability, the GP-PHD filter maintains better robustness in
cardinality estimation and outperforms traditional MD algorithms. Figure 10 compares the
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GOSPA distance and shows that the proposed GP-PHD filter outperforms both MM-PHD
and single-model PHD filters. This also highlights that the GP-PHD filter is beneficial in
MMTT estimate. The GP-PHD filter demonstrates superior performance by maintaining a
lower GOSPA distance even under challenging conditions with low detection probability.

GM-PHD-M1
GM-PHD-M2
74 GM-PHD-M3
1= True

6 -—&—MM-PHD
VSMM-PHD
—o— GP-PHD

Cardinality
N

i/ M

20 40 60 80 100
time (s)

Figure 8. Cardinality estimation comparison under p; = 0.7.
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Figure 9. Cardinality estimation error comparison under p; = 0.7.
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Figure 10. GOSPA distance under p; = 0.7.

Table 1 presents the average GOSPA distance of various filtering algorithms for
500 MC experiments at a detection probability of 0.7 under different clutter conditions.
As the amount of clutter increases, the average GOSPA distance for all filters increases
accordingly. However, the proposed GP-PHD filter exhibits a low average statistical error
in these scenarios, highlighting its superiority in estimating multi-maneuvering target
motion states when facing uncertain motion and observation models. In contrast, the MD
MM-PHD filter performs slightly worse than the GP-PHD filter algorithm, while the other
three single-model PHD filters perform poorly in low detection probability scenarios due
to mismatched motion models. This difference shows that the GP-PHD filter maintains
robust performance even under challenging conditions with low detection probability and
high clutter rates.

Table 1. Average GOSPA distance statistics in different A..

Ac =10 Ac =20 Ac =30 Ac =40
GP-PHD 18.81 28.82 39.19 53.52
VSMM-PHD 24.26 36.43 47.57 64.93
MM-PHD 27.03 38.68 50.13 67.65
GM-PHD-M1 39.46 49.49 62.61 74.69
GM-PHD-M2 39.85 52.84 64.05 77.04
GM-PHD-M3 45.07 54.24 68.35 79.02

(2) Scenario 2: A more complex MMTT environment is designed to further validate
the effectiveness of the proposed approach. In this experimental setup, the maneuverabil-
ity of the targets is significantly increased, imposing higher demands on the estimation
performance of the MTT algorithms. The targets’ motion models still include M1, M2, and
M3, but the turning rates of M2 and M3 have significantly changed with § = —12°/s and
6 = 12 °/s. This complex environment makes the trajectories of targets more diverse and
uncertain, which poses greater challenges to the adaptability and robustness of tracking
algorithms. Through this setup, the performance of the GP-PHD filter in highly dynamic
and complex environments can be comprehensively evaluated and compared with other
traditional MD algorithms. In addition, a GM of the form is employed, as well as the target
birth model
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5 . . .
Yi(x) =) w’bN(x; mj, P,;) (58)
i—1

with wz = 0.1 and

ml=[50 0 250 0]",m2=[-25 0 —250 0],
md=1[ 250 0 250 0], mi=[250 0 —250 0],
mi=1[—-100 0 —100 0],

The remaining of the multi-target motion and tracking environment parameters are set
as in Scenario 1. The testing targets move in M2 during 10 ~ 30 s and 41 ~ 60 s, M3 during
31 ~ 40 s and 61 ~ 90 s, and M1 during the other intervals. The efficacy of the proposed
approach is further validated through the aggregating 500 independent MC experiments.
In Scenario 2, the actual trajectory used for testing is shown in Figure 11. As can be seen in
the figure, the maneuverability of the targets has significantly increased due to changes in
their turning rates. The intense maneuver introduces more significant uncertainty, which
poses a more substantial challenge for tracking moving targets.

Figure 12 compares the cardinality estimation for MMTT in a highly dynamic scenario.
It is observed that the high maneuverability of the target movements significantly influences
the cardinality estimation of multiple targets. The GP-PHD, VSMM-PHD, and MM-PHD
filters exhibit varying degrees of deviation in their cardinality estimation. However, the GP-
PHD filter, with its ability to learn motion models, better adapts to different maneuvering
variations and outperforms both the VSMM-PHD and MM-PHD in multi-target cardinality
estimation. Other single-model approaches generally fail to account for such maneuvering
variations and, in most cases, do not accurately estimate the cardinality of multiple targets.

800 Target]
] Target2
600 Target3
] Target4
Target5
400 <{> Intial targets position
E O Final targets position
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—_ ]
EN
> ]
—200
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T T T T T T T T T T T T T T
=800 —-600 —400 —200 0 200 400 600 800
X (m)
Figure 11. True trajectory of maneuvering targets.

Figure 13 further elucidates the differences between the algorithms using the cardinal-
ity estimation error statistics. The results indicate that although the cardinality estimation
error statistics of the GP-PHD, VSMM-PHD, and MM-PHD filters exhibit similar per-
formance, notable differences still exist. Compared to the VSMM-PHD and MM-PHD
filters, the GP-PHD filter demonstrates smaller mean and median of the error statistics
of cardinality estimation, highlighting its higher stability and accuracy in multi-target
cardinality estimation. For the VSMM-PHD and MM-PHD filters, it is observed that
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there is no significant difference between the two in terms of cardinality estimation error,
with the VSMM-PHD filter exhibiting a slight advantage. Other single-model filters ex-
hibit issues such as scattered data, high variability, and numerous outliers, which render
them inadequate for such a highly dynamic environment. The performance illustrated in
Figures 12 and 13 underscores the robustness and adaptability of the GP-PHD filter in
tracking highly maneuverable targets. The GP-PHD filter’s ability to learn and adapt to
different motion models ensures a more accurate and reliable cardinality estimate, even in

challenging scenarios with significant target maneuverability.
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Figure 12. Cardinality estimation comparison under p; = 0.95.
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Figure 13. Cardinality estimateion error comparison under p; = 0.95.
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Figures 14 and 15 present the GOSPA distance and the average GOSPA distance for
MMTT. Figure 14 shows that the GP-PHD, VSMM-PHD, and MM-PHD filters exhibit
smaller GOSPA distance than other single-model filters, indicating higher accuracy in
estimating target positions, missed detections, and false alarms. Variations in target states
lead to fluctuations in GOSPA distance, as observed in periods such as 40 ~ 50 s and
50 ~ 70 s, where changes in target motion states and increased target counts result in
significant increases in GOSPA distance. Notably, the GP-PHD filter shows a more sta-

ble GOSPA distance variation and is less sensitive to environmental changes than the
other filters.

o /

;
GP-PHD % }
VSMM-PHD \
MM-PHD \
GM-PHD-M1 4 ‘
GM-PHD-M2| .~ l
GM-PHD-M3

60 - AN
40- J,J/fw-u/\ /MUA AA“““J\/"’A** /

GOSPA (m)

v v ’ 1
20 40 60 80 100
t(s)

Figure 14. GOSPA distance under p; = 0.95.
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Figure 15. Average GOSPA distance under p; = 0.95 .

Figure 15 displays the average GOSPA distance, with the GP-PHD filter exhibiting
the smallest average GOSPA distance, further confirming its superiority in MMTT. These
results highlight the robustness and adaptability of the GP-PHD filter in complex scenarios.
Compared to traditional methods, the GP-PHD filter can estimate MMTT states more
accurately and achieve a smaller GOSPA distance, thereby underscoring its effectiveness.
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Overall, the GP-PHD filter maintains a smaller GOSPA distance even under significant
changes in target motion, demonstrating its superiority in handling dynamic and complex
environments. It can adapt to various target motion models while ensuring precise tracking,
greatly enhancing the potential application of the GP-PHD filter.

Table 2 presents the average GOSPA distance for different detection probability condi-
tions. The table shows that as detection probability decreases, the estimated performance
of both GP-PHD and other filters shows a declining trend. However, the performance of
the GP-PHD filter consistently outperforms that of VSMM-PHD, MM-PHD, and single-
model PHD filters. This advantage is particularly important in real-world applications,
where environmental factors can cause fluctuations in detection probability, making it
essential to reliably and accurately track targets under diverse and challenging conditions.
The GP-PHD filter maintains higher tracking accuracy even at low detection probabil-
ities, indicating its adaptability and robustness in highly uncertain environments. In
contrast, VSMM-PHD, MM-PHD, and single-model PHD filters exhibit noticeable per-
formance degradation under low detection probability conditions and struggle to track
multiple maneuvering targets reliably. This further underscores the advantage of the GP-
PHD filter in MMTT applications, especially in dynamic and uncertain target motion and
observation models.

Table 2. Average GOSPA distance statistics in different p;.

pa = 0.95 pa = 0.85 pa =038 pa = 0.75 pa =07
GP-PHD 22.03 23.87 25.63 27.72 30.64
VSMM-PHD 23.15 24.04 26.49 28.93 32.75
MM-PHD 23.62 25.31 27.92 30.22 34.93
GM-PHD-M1 42.51 44.86 47.14 49.81 52.39
GM-PHD-M2 33.81 35.63 36.74 39.23 41.98
GM-PHD-M3 37.88 40.62 4417 46.31 49.46

Pruning plays a crucial role in the proposed algorithm, and it largely determines
the computational efficiency of the algorithm. Figure 16 deeply analyzes the impact of
pruning on the performance of the algorithm in practical applications by analyzing the
execution time. Both cases are implemented in the MATLAB (2021b) environment on a
computer equipped with a 3.9 GHz CPU (Inter Core i3-7100) (Santa Clara, CA, USA). From
the comparison of the data in the figure, it is obvious that the algorithm with pruning
algorithm maintains a stable and efficient performance at all time points. In contrast, the
running time of the unpruned algorithm increases sharply with the increase in the number
of Gaussian components. This trend significantly reduces the applicability of the algorithm
in practical scenarios. Therefore, introducing the pruning step is of great significance in
ensuring the real-time and practicality of the algorithm.

(3) Summary: Through a series of simulation experiments in different scenarios, the
proposed GP-PHD filter demonstrates superior robustness when compared to the tradi-
tional tracking methods, and it effectively adapts to the complexity and uncertainty of
the target motion in the tracking scenarios more effectively. This advantage is primarily
reflected in the following aspects: (1) The GP-PHD filter can adaptively capture the dy-
namic behavior of the target without reliance on specific model assumptions, due to the
modeling flexibility of GP. This characteristic makes the method particularly suitable for
handling complex and variable target motion scenarios and can effectively address sudden
maneuvers and nonlinear motion trajectories of the target. (2) The GP model has the ability
to deal with similarities and differences in target motion, which makes the GP-PHD filter
able to accurately distinguish and track the trajectories of different targets in complex
scenarios when facing multi-target interactions. (3) The GP model can effectively deal
with the uncertainty and noise in the observation, and the filter can still maintain excellent
tracking performance even under conditions of low detection probability or serious clutter
interference. Therefore, the GP-PHD filter shows its unique advantages and wide applica-
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bility in dealing with the challenges in the field of MMTT and offers an effective solution to
the MMTT problem in complex environments.

—@— Unpruning
1404 o Pruning
0.30
1209 5]
100 ] % 0.20 1
n é 0.15 1
< 1%
% 80 4 & 0.10
g 0.05
> 604 000 . : T -
= 1 2 3 4 5 6
40 - time (s)
20

time (s)
Figure 16. Runtime comparison.

6. Conclusions

This study proposes a model-free GP-PHD filter to effectively address the challenges
of target motion and observation model uncertainty in MMTT. The filter leverages the GP
to learn the unknown maneuvering targets” motion and observation models and employs
the “cubature sampling’ method to create GM approximation of the posterior intensity for
the next time step. Additionally, the study provides a concrete implementation of this
filter utilizing the GM method. The experiments compare the performance of the GP-PHD
filter with the VSMM-PHD, MM-PHD, and single-model GM-PHD filters. The results
demonstrate that the GP-PHD filter exhibits robust adaptability in learning uncertain
target motion and observation models, outperforming the VSMM, MM, and single-model
methods. These advantages make the GP-PHD filter a preferred solution for MMTT. Its
ability to learn and adapt to various target motion models ensures more accurate and
reliable tracking in complex scenarios with highly maneuverable targets. In future research,
applying the GP-PHD filter in multi-extended target tracking will be further explored for
more challenging tracking tasks.
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Abstract: Aiming at the complex uncertainty multi-target tracking where both the motion process and observation
process are disturbed by anomalous noise, this paper innovatively proposes a Student’s t mixture Poisson multi-Bernoulli
mixture filter. First, the anomalous noise characteristics of the wide-area distribution are directly modeled as the Student’s
t distribution. Subsequently, the probability density parameters of the Poisson point process (PPP) and the multi-Bernoulli
mixture (MBM) of the Poisson multi-Bernoulli mixture filter are reasonably approximated by the Student’s t mixture
form. Moreover, based on the Student’s t mixture model which approximates the multi-target probability density, the
Student’s t mixture conjugate prior form of Poisson multi-Bernoulli mixture filter is derived in detail and a closed-form
recursive framework of Student’s t mixture Poisson multi-Bernoulli mixture is established. Finally, the effectiveness of the
proposed filtering algorithm is verified by complex multi-target tracking simulation experiments under the joint interference
of process noise and measurement noise with significant trailing distribution characteristics.
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X (k) Bk IFZIHFRHPIRES, N (k) FoRkR ZI) H br
M H, ARRREZ0E. BREz, v = [T,
x) JTREN By M . Topp (X Xgje-1)
E A= iy 2 AN
Lk 2R A RS Z, 5, AR
TR, B 2P 22 B AR BB 7R
(X | Z1a) =
Li(Zy | Xo) frpp—1 (X | Zig—1)
[ Lu(Zi | X0 fupr (X | Zin )0 X0

Horb & BRI Zy= {2, 2" W) cz, 20
SRR BRI, M (k) ok 2R 5, 2
RARME. L(Z, | X0 )% B AR TR, 1

AR N L (20 X ) 2 20 () = 20

(Z]1X))z0 57— A R 2 kR N
UZX)=e> 5 O [ Zi).

ZeW 2z Zn=2
AR AE MR REET ST, SN
[ F(x)5x =

S o[

n=0 n! Jx

(2)

7wn})dm1 Tt dmnv

ATETFR, B f( Xy | Zoa ) TGN fr(X).
2.2 BB FIRESHENLAE R
58 SULRISE SL243 4y T AR fry AR R 7E
o[y BRI S, T LA B 58 4 ) FR AR TRA 241
SRR A BEHL G R,
EM 1 TERI LR MR B R H AR
SCRAAEN ) H AR, e X0
EX 2 T HEN, TR T LR
U3 BR, AT B S R 57— A2 B R 5 ()
FAREE Ze k. % RIS 1] RS A7 TE B AAEAE, ATHK
B ATEER T E AR, 18 X0
% HARRAS BN BREE X, 58 SUNTE B SR
Zy SR, AL PR A X X 0 S M 22 R4,
B, XPuXd = X HXP N XY = o. Bk, M2
ARSI A5 WAL A IR A2 10 J5 56 2% T DL o o PR 4
GRS BRI SR
H(X)= X RYO™X -Y), 3
YCX
Hor fP () R—AARAERE, 52 SN
FR(X) = e Jm@de ), (X, )
Hor gy, () AR RS W F— AR E A X AE
B f(x), [f(x)* = ngf(w), HIf())? = 1. Bk 4t
fmbm () B AN ZASFRA B E, 5 UK
XYY Y [Jwh (X,

JEI Xy W W X=X i=1
&)

Horr: oGRS WBIRT S, wi F f74( X ) 58 SURBIRAL
EANEE j> 2 R R h S MA SR E B, f1(X) €

1-— T‘j’i, Xi = @,
X)) = it fri(z), Xy ={z}, (6
0, Fifth,

Horp pl RORAFEM R, I FREE AR, 7 ()
FONIREBE L. T LLE Y, s 28 FIR A LA
PREE R Z 2SI 2 H bR B H — AU,
SEMRR N0 v fU @)} g ey AR TRZ
BRI R E (W e /B S). R, 4
RE— 2R, R I| = 18, 2/A5%FRABEL
A IREIR A Z A0SR BEAT BRAE

(X)) > [Twh fH(X5). ()

X 4 1 X=X i=1

23 HERZATEHIRGIHHE
231 TE

€ FIHET T VEAR 240 S5 FTR 5 i I 2 10 TR
ABRIB 1Z e BRI YAHA ST FE (Poisson point pro-
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cess, PPP) )5 (4) 1 FIUI 478 b AR 2 A1 150 5% 5 1) i
NP, H H LS 2 BHFR2A%5F] (multiple target mu-
1ti-Bernoulli, MeMBer) i #% 55 35 11 77 2k S Tl 22
(AR (ARG BRI, A 2
s B R AE AR I AN 2 2SS A AR A 9 19,
EE1 BE k- 1% )5 56 45 7 20 a0 5
(3)—(6)FITa. FB4 kBt 2 Fie 3 A1 A7 A8 [F] R T 2K
At () = AP (@) +
[ frpr @ |2 ) @)Xy (@)dal, (8)
Nklk—1 = Mk—1|k—1 hi;\k_l = hi;-l“g-lv’i’ &)
w;-c’ﬁcz—l = w;‘e’izl\k—lvz.vai? (10)
7’2’&:1 = 7";551\1@71 <flii111|k71 , P°) Vi, a’, (11
[ frpr (@) P @) £y (@)
<flif;|k717ps>
Horr: AP (@) R R WA SO FE BT AR SR BE, frj—i (2]2)
Fon B M55 B R 2, P3 () R BARIAATS
R, NGy (27) Fon B — I ZA R fUd R
nk|k71ﬁ%?ﬁ?ﬂﬂiﬂiﬂi_ﬁﬁiﬁ H, hzlk_li%ﬁ??ﬂ_ﬂi )
HARMB 1) ?51 H, w,i’(i_ﬁ%ﬂ?f%ﬁﬁﬂﬁ, r,i"‘}:_li%ﬂ?ﬁ
TR, foi_ (z) ForMEse s B gL
232 EWNEHD
SEPL 2 HESH TR 2 A SRR A I8 2% 1) 2
T IR YRS SRR R R I S R s (13) A
TN, 3K -5 AN R I PR 2R AR 18 35 BT A ] 1 190
B2 BT A s (8)—(12) iR,
MAEF A ESRMNESZ, = {2}, , 2"}
FOEDA M FE X, o PA(x) o H Aw A Ak
R, BRI E ng = nige— + mu,
)‘};\k(a") = {1 - Pd(m)} AE\H (x,). (13)
T MNGERIFFEEAF ARSI (e {1, ngp—1 })
— M, e S e mr MR RS+,
A RE SR IR, B A A BT 1 B E I e —
ANHEAT ST, DR AR B R H A2 Ny, = h};‘k_l(1+
my,). AT Ge {1, ngp_1}, a’e {1,
Pije—1})
wgﬁi =
Wiy (L= i (Fife 1= P, (14)
7?2|7:—1<f12i|21—17 1de>
L—ry oy +rii (i, 1= P9

Vi,a', (12)

i,a"

Tk =

5)

i,at {1 - Pd(x)} le|Z1—1 (x)
fejp—1 () = ial q :
<fk\k—1 1-P >
T BTSRRI ER (0 € {1, -+, mypren )
ol =t hiy g ai € {1l iy b g e {1
my, }, BUF RN 27 S8 e A icia’)
w/icﬁ; :w/ic7\i—17“2|il_1 <f11|2—1 f(Z)PY,  an
i =1, (18)
(= |9?)Pd(fﬂ)f;i’\i11 (z)
(frir_1 f(= ) PY)
B, ST HIEIE, @ € {ngp_1 + Jj F(RIFTHLLE
MBI 2] FFR)

(16)

fit () =

19)

R = 2, (20)
wiy =1, T =0, @1
wih, = A (2]) + (N1, F(ZLDPY), @2

2 </\‘I$|k717f<zi")Pd> 23)

T, = - j ’
TN (]) + (A (2P

o FERP@N, (@)
fk|k(a7) = " b
OV ACADY

Horpr: RQOFRAPIA AR, Hrp s — MR E
RN AR SRR O L, BRI, B
FAAEREZ N0, IR DR A (@) R 24 B H
P RO FE IR s o' R R 5T 38 4 A H AR AR
f(z |z)For HArE A,
3 FAUREGEH

FEASTT TR, AR SCTE A 5 T R e 7 R 2 e 7 1)
R R M SR A BT S AR e AT (R A 2 3R
RPN, R R R R 0 R ) AR A
Ao A, LU, AR Z, 2 H bR Ug At B2
FERRELS (), | 210 ) FIREIR AN AR OO0 AT 2 )5, VESRHE
SRS IAEZ R =¥ It En N e el e o S AP
31 RGEME

XU RS A AR s (I M EREATL R G

Tpr1 = Frx, + wy, (25)

;@

zp = Hyx), + vy, (26)

Hop: xy, € REFREN ZIFPRE, 2, € REFRRE
D, w i vy 70 990 735 18 =49 4 B AR R P 7 N ) g
LRGN F A H 2 CAE, HAJIRIR o 1
PTGk AT d I R A AT R P AR A A S
L, ABBEI R M 7 A B M M 7 1) B LA TR R 0 A,
IR e R R P R R DGR AU A 2 A e A

p(wy) = St(wy; 0, Qp, v1), 27
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p(vy) = St(vy; 0, Ry, v2), (28) A, B, wy, v, EAER.
Horb: Stz p, X, 0) RARBE - REEHFE A, 3.2 AR

H S HON I 2 AR = LR A QA Ry 7393
RN AR MR 7 A B R X RUBEHE RS vy Aoy 20953
IR A AR IR A5 ) B S BRG]
IR 2 BB 18 & N Z o0, REEFFE AN Pyjo, H
HIEZHONvs A, B

TEFTHEH FISTM-PMBMIE 2% o, R4 55
FE AR A AR R ELAN a5, ZRBTFads 240 %5 F)
TRADEPAR). SR 5 18 I F R A BRI 2 A 43 A1 T
AN ZAABFNR A TERE ZBHE, 7T UL B B
SR M 4 F N STM-PMBM EJY 28 (1 141 30 A

p(x0) = St(20; Tojo, Pojo, v3), (29) 1 Z SRR AR .
RYEM | STM-PMBMuk ik
| T
A 2 1) B A ; | .
X i g PPP
o g Poissonid 2 MBM it 2
e , [ an@@)P@) S @)
VEFE R 9 A N1 (@)=A(@) + P2 _Jw,, St Fad i g () = ST i h
X S48 5MBM _a i P de
i FPE, F +|Qy Uy, 4) St(x;FQ_cj,iT ij’ iFT+Q, v, o)
: 7
L T
3 |
REMEFE E UM ] ¥ v v
= St(w,; 0, Q, vy) | PPPifE AT A
posSttten | ! L T
o M ket pit ey WO THTR@) Wi TSR @)
R T | {1-PY2) A -1 (%) Kk Ve o K
PO = St (00, Ry, v). | - . ‘
* N
\2
IRASFEEL
& 1 STM-PMBM 51
Fig. 1 STM-PMBM filtering algorithm
321 BlY GETCTE )

B %2 HIRAAE M Ps (x) & — N E, k — 18
ZIks RO R IR, ke RO R SR, HARIRAS
Fre IiRE o moAN

Ny
lkli—llk—l (x') = > w,:St(x'; jﬁ,i’ Plii7v4)? (30)
=1
Ny,
AP(x) = > wh St(x; Zh,, P, vs), (31)
=1
Jeje—1 (z|x") = St(z; F', Q, vg), (32)

7P

H Ty, 4

7P P P P H A=
>N E':‘Nu, Nb, wu,i, Pu,i’ Pb,i’ Wy,i» wb7iﬂ5€gmﬁ4]

A BH. K 30(30) -GN (8) AT 75
)‘Z|k—1 (x) =
A () + JSt(w; Fz',Q,vs)P*(x') x

p .
u,i’

Ny
> wySt(x's 2y, Py, vg)da’. (33)
i=1

Juskfg B AR5 B 2, AR Y8 Chapman-Kolm-
ogorov /7 FEHIRoth %% A F) 27 A (AL AR & 1) 7 S A8 460

SIE 1  APMQ¥INIEEHME, WA
f St(m7 Fé? Qv U7)St(£a m, Pv ’US)dé =
St(x; Fm, FPF" + Q,vs). 34)

AR 51 1, K (33) VAR s I 2 T 5 2 7T LASR
N

)‘llé\kfl (x) =

AP(x) + P° x

p .
u,i’

Ny
Z wu,iSt(x; Fzx FP\f,zFT_‘_Qv vp,4)7 (35)
=1

Sty = vg. BBk — LN (SR 4 HO M
RO

)
,a

e (&) = St(x's 250, Pjiyvg).  (36)
HRPE (101 1) IF BME SR 7 2 T R AUE AN AE
(37

i,a" _ o da
Wiip—1 = Wr_1jk—1>
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r;fk L= Pbr;“”k L (38) 1) BOFARA sl PR
¥ X(32)Be) A (12), W4k 51 3 145 2 T 2171 55 Ar () = {1 = PY@) A}, (). (4D
A % 4 ragice
FHEE LR AR 2) ST ITHEA IS F RO,
Fiha () = iat
J |; (ol P i e
klk j x . 1’; 1 x _ wk|k—1 (1- 7"/?\35—1 + 7“2\?5—1 (fzi’\f_l 1= Pd>) =
dx’ v . ,
I i,a" i,a" i,a"
G Wi (L =7y + rk’\k—l (1—-PY)), (42)
P [ St(z; Fa! Q,v6)St( N,Pj,i,ug)dm’ -
f |k x' - rla _ lec7|(;<: 1<f |k: 1 _Pd> o
-1 1 klk = =
1— + 11— pd
St(w;Fﬁsj,i,FPj,iFT+Q,vp,9), (39) Tl + - 1<f K >
S, o —vp. TR, HHEIOLA D T A SO T (1= P f fiji €

STM-PMBM & L2 TR 43 A AR AL
7,*{ 1 /ﬁh ﬁ«zﬁ‘

Table 1 Prediction algorithm

iﬁ;)\ Ng—1)k— 1’(k 1|k— 1awk 1k— 1aPk 1|k— 1)

uz
nj_ 1|k— 1o (N 1k—1> k—l\k—l’Pk 1k— 1)

1}471}5,1)9.
1 Tl 4R
2 Nppg—1 = Np_1jk—1
3 fori=1:ng;_ do
4 WRIEG)-GNIHHEAE] k I 2 FTHLL R T

mﬂé%ﬁ(@&l—l 7i§c\k—1 ; Pé\k_l );
end for
T 24 BT PPPIRSE :
Mhlk—1 = ”271“@71 +n”
fori=1: ”k|k ; do
*E%Eiﬁ(%)ﬁﬁﬁi%ﬂf ZIPPP /)5 I TR 538
()‘klk L k\kfl 7P1:\12 1 )i
10 end for
11 BEHE R A+ 2IPPP:
12 fori=1:7n"do
13 HRER G IHEAE k%S IS PPP S

O 0 3 N W

wyitng_ 1|k—1 u“r”k 1|k—1 uyitng_ 1|k—1
()‘k|k 1 4 k\k 1 ’Pk|k 1 )’
14 end for ‘
. i,a" —i i u
MH: nge_q, (k|k 17mk\k 1 Prje—1) Mgji—1 -
uz u,?
15 ()\k|k 1 k\k 19 k\k 1) Up,4, U5, Up,9.

322 EEHH

3% BRI P () AT E 1, f(2]]) =
St(z; Hz, R, v10), MAFA 53 0 TI000 25 BE (35) mT LA
5H

Z\k—l( ) Z wu ZSt( ;LmPu,i,UpA)a (40)

Hrb: Ny, &, wys MiE/EIMﬁBﬁJ\QQfEE"H‘%ﬂ?
i, B2 ABARE if(jjwk‘k 1o Tijea (@) =St (s
Zji, Pji vp09), T,i"k,l mEENES Z,., STM-PM-
BM &S a3 5B 73 A LA R 43857

ffk.k (

1- Tk|lc 1 +Tk\lc  (

Tllcﬁc (1= P9)

il ; (43)
1- 7"1c|k—1 + e (1 — P9)
- 1— Pi(z)) fie
fi )= L ’“"“dl =
<fk|k 1 1-P >
— PYfhe (x
=i O

ffk\k , (z)d

EPwkUC ’ Tk\k , f ( )7
ﬁﬁﬁ%ﬁ*ﬂﬂﬁif f“ PREL
3) HEHT AT

iy i _ 'fi 'fi j dy
w:c\cllc = w;cﬁcflrrlzcﬁcfl <f |k (= )P =
:74 v7~i d
Wi i P R

ia’ i,a’ d
Wy T P St(z; HZ;

T2 SR A R AU,

f(z]-)dz =
HP;,H"+R,v,,),
(45)
=1, (46)
P2 |2)Pi() £, ()

fiw (&) = <fk|k 1= )PY) —

Pdf(zklw) k\k (@)
P i

St(z; Hx, R, v10)St(x; Z; 4, P, vp0) @
fSt z;Hx, R, v10)St(x; Z;;, Pji,vp9)da

PR B PSSR A RBIE A, I
B,

SIFR 2 A PAIRYIANIEERME, WA
St(z; Hx, R,v11)St(x;m, P, v2) =
q(2)St(x; m, P, 91,), (48)

K2

zk, |- )da
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H41 %

/\l:lj:
q(z) = St(z; Hm, S, v12), (49)
m=m+PH"'S '(z— Hm), (50)
P= 1)12;7AzP(I HTS'H), (51
12

S=HPH" +R, t13=v15+dz, (52)

A2 =(z— Hm)"'S '(z— Hm), (53)
HrhdzoR RGN EIMYERE. w48 51 B IA5] 2, X
(47)RT AT Ny

ial q1(z)St(x;mq, Py, 0
fik @) = g 1(2)St(x; o, Py, U)

z; Hjj’i, H_Pj’iHT + R, Upyg)’

(54)
Hrp:
¢1(z) =St(z; HZ;;,S1,v,9), (55)
m, =%;;+ P, ,;H"'S'(z — HZ;,), (56)
P, = UpngzlP (I -H'S'H), (57
S, = 15{1171915{T + R, (58)
U9 = Vp o + dz, (59)
A2 = (z—Hz;;)"S;'(z— Hz;,). (60)
4) SEHTHTAE R

wih = A=)+ Nt FZL)PY, 61
Hrp:
<)‘}cl\k 17
I)‘k\k 1
Pd f Z 'UJM,,'S}C(CC; CE/%Z‘, Pu,iy ’Up74) X
i=1
St(z; Hz, R, v0)dx =

Zi - )P) =

f(z )P (z)da =

NP'
P 21 w, St(z; HZ, ., HP, , H" + R, v, 4),

I,
(62)
B ODRAK (6D
wifk = A"(z]) + (Akpr—1> f(=zL )P =
N#
)‘fa(zi) + Pd Z w,u,i X
=1
St(z; HZ,;, HP, , H" + R, v, ,), (63)
] AU Jl. Pd
PP 1Y 13 L B
Afe(zy) + <>‘k|k71 [ (2 ) P9)
R ODRANK(64), 17
2 Nepp_1s f(=z0 1) PY)

Tkle = N2 (z]) + Ny f(= 1) PY)

Nl‘
Pd Z w#’ist(z; Hi}# iy HP#’,L'HT + R, Up74)
— 7,2 ?
Wk
(65)
; f(z |2)PY (@)Y, (2)
fip (@) = =2 e (66)

Nijeer F (20 [)PY)
o, KR 222
(zi |2 )Nk (2) =

E’U)# zSt( ,u,zaPp,,ia’UpA)St(z;HxaRa ’()1()) =

i; W,.iq2(2)St(x; My, P, U4), (67)
q;(z) = St(z; HZ,, ;, S2, vp 4), (68)
my==%,,+ P, H'S, (2 — HZ,,), (69)
P, = ”‘"‘;A@P (I — HTS; H), (70)
S,=HP, ,H" + R, (71)
Uy = vp 4 +dz, (72)

Aiz =(z— H:iW)TS;
¥ 67N (66), 15
fi (@) = f(z] Iw)Pd(w)%‘;i\kfl () _
(i1 [z )P

Pd Zwuz‘h( )St(a: m27P277~}4)
P J‘)\k\k 1

Z Wy,142(2)St(a; Ma, Py, 04)

“(z—Hz,,), (73)

zk‘)

Ny :
Z:l w#,iSt(z; Ha_:lm-, HP#’iHT —+ R7 Q}p74)

(74)

4 |- STM-PMBMiEH: 58 (i HE R, (72 Mt
(SOVRIA(72) T LA 1, J5 M 2 1 1 i 2
WO T HERS TERE SR, 3 ELBAE 1 1 2
BB, 34 2B ALIE R4, S R P
F ok B, Jy T B U5 56 RO T O ) L
MERTES PR A AT, A — R ICRERY /7
EIO0-11 s TF 0 B 55 8 B (AT B 7 22
e P, #5535 M2 55 O B MUt (o !, P, ),
i

/

v , v
Pk\k: f
U_

v—2 2

v =v+dz. (76)

NT SRR, FIE2(W2R ) A TS TM-
PMBM i€ 5032 5 508 7 O AR RS,

M, =Mk Py, (75)
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Table 2 Update algorithm

A N|k—1 (Tk|k 11‘”1@\1@ 17Pk|k 1) nlli|k717
1 ()‘k|k 1 k\k—l’PI:\Iz 1), Up,4,V5,Vp,9, L =
(21, 2™*).
BB R
fori=1:ny;_, do
A= e s
R 50 (42)-) T S0 B R I s s
_11 Pz‘l
T T
for j =1:m; do

8 HRAE K (45)-47)(5H—~(60) T 57 15 Bk %1:

1] 2] _7. %,7 .
Weik> Tkjk> k|k Pk\k

9 end for
10 end for
11 FHENTEHAR SRR, NS R R

12 fori=1": ”k\k ; do

(O I VS I ]

~N

13 Sk_HP,j“; JH'+R
14 K= P,‘:llzleT/Sk
15 Pk = P;";_l — KkHP]:‘;z 1

16 end for

17 for j =1:my do

18 i=ngp_1 +J

19 fork=1: "k\k ; do

20 AR S (61)-74) 579 B0k 4wl

12 _z 2 7,2
Tk k\k’Pch
21 end for

22 end for

23 FHRAH bR R
24 ngp = Ng—1

25 fori=1: n};‘k_l do

26 HESR@DSE K BN 20 P
27 end for
_uz a _za
Ltk nk|k /\k|k’ k|k? P| ’"klk wk\k’ Kk Th|k
Pk\k

4 PiHER
4.1 Z HirREtEIEmiats

X T2 H R ERERIE R I PERE T, AN S0 H i
B S 7 AR 73 L (generalized optimal subpat-
tern assignment metric, GOSPA) #1 2 K VP4 A SCHTrie
PEP SR HERE ), GOSPARE XN

d*(X,Y) 2
min( ¥ d(@,y;)" + = (X|+ Y] - 2]4)]7,
Vel ey 2

)
Hrb: MRRFIE AT REM 4B EE RS, el

TR 5, pf R T 685 43T o 5 (A S P
P IE ST BLE H, (d0e2) (-, )2 AT LB SR 3

B ()= > d(xy,y;)" TN iR Z (ocali-

(7'.7‘7.)6"/

2
(Y=

2
R MR 7 (false targets error, FE). 7E A 45 L H,

WHc=8p=1,a=2.
42 hiHEYR

N T BAEA ST EVE A R, B R
()% H b PR I S 56, K STM-PMBM E K 12 5 GM-
PMBM, STM-PHD, GM-PHD i i3 T BRI R
(785 bk, B8 8 [—400,400] m x [—400,400] m [
Z H AR ERER IR XN S A2 5w e s TR H
b, AN B FRTE A DU K 1R o T8 s Z 31T W0 aR 1L,
Al ) AR, H AR BIRES B A7 BRI B 2H A, B,
T = [Pak Dy Vo Uyl » RNz, = (24
Zy | BEAE, BARRYIE SR 50 (25)-(26) . R
SRR R A 5 BN
1T
01

PIEEARKN H AR 5B BANG o () = 1OSt{a:
0,P,v.}, P = diag{[150% 60% 1502 60%] };
HAEREA () = 0.05St {x; 0, P, v, }; BN
SERAIEEN = 10. HFRAETERERE P = 0.99, &
WAL P4 = 0.99. LA AT, = 50 s, i [a]
IE T = 1s, @ HESEIEN 3. 84 BARE B
IS Hh T 2RI AERAS 73 i BB 9 my = [135
10 105 8], m,=[125 —8 85 5], ms = [—140

zation error, LE), ¢2 (-, )

7 (missed targets error, ME), ¢f (-, -) =

F, = L, H=[10®L. (78

—5 —95 —10], m,=[—160 9 100 6]", m;=[210
—11 —200 9.
4.2.1 0 EI S N J5 R e 7

N TR JR MRS AT T 12 HARERERTERE, %5

FE BN 7 57 S i R, B2 H AR O R 2
PR B R DR, 7 Bt b, il FE g s @ AN
Wy ~ N(wk7 07 Qk)s ﬁ\:l:':l
T T?
Qu=aq|p |0k (79)
— T
2
Hpg=0.01. ERENM: A EB Nv,~St(vy; 0, Ry,

vy), B
N(0, Ry,), w.p. 1—pm,
o {N(o, 100Ry), W.p. Pan,
HA: w.p. KR —E PR B I, p, = 01K E
Mg = 2w IR, Ry, = o L3R~ g
T ZHIE, b o =2m. N T WIFA 2Rk

(80)
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41 %

(R RE, HEAT 1100 YO [ 52 45K 7% (Monte Carlo,
MC) S5, 15 kI ZI 14RE i fabroR H g iP5

K22 %2 BAREah B SEE. SN T iE kD4
FhBEMIZE S, 3 5% MC 5286 2 B bRt GO-
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HolE — M TS EH M (x) = Af (x), HPaE
INARAER,  f (x) R H AR T LR A, FINPPP
RIF AR AIRA 43 AT o IRARESKT NI 2 H AR FE N
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Hh, w RBoRdGERIN R, o RGN bR
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Abstract:

Objective Multiple Maneuvering Target Tracking (MMTT) remains a critical yet challenging problem in
radar signal processing and sensor fusion, particularly under complex and uncertain conditions. The primary
difficulty arises from the unpredictable or highly dynamic nature of target motion. Conventional model-based
methods, especially Multiple Model (MM) approaches, rely on predefined motion models to accommodate
varying target behaviors. However, these methods face limitations, including sensitivity to initial parameter
settings, high computational cost due to model switching, and degraded performance when actual target
behavior deviates from the assumed model set. To address these limitations, this study proposes a data-driven
MMTT method that combines Gaussian Process (GP) learning with the Poisson Multi-Bernoulli Mixture
(PMBM) filter to improve robustness and tracking accuracy in dynamic environments without requiring
extensive model assumptions.

Methods The proposed method exploits the data-driven modeling capability of GP, a non-parametric
Bayesian inference approach that learns high-dimensional, nonlinear function mappings from limited historical
data without specifying explicit functional forms. In this study, GP models both the state transition and
observation processes of multi-target systems, reducing the dependence on predefined motion models. During
the offline phase, historical target trajectories and sensor measurements are collected to build a training
dataset. The squared exponential kernel is selected for its smoothness and infinite differentiability, which
effectively captures the continuity and dynamic characteristics of target state evolution. GP hyperparameters,
including length scale, signal variance, and observation noise variance, are jointly optimized by maximizing the
log-marginal likelihood, ensuring generalization and expressiveness in complex environments. In the online
filtering phase, the trained GP models are incorporated into the PMBM filter, forming a recursive GP-PMBM
filtering structure. Within this framework, the PMBM filter employs a Poisson point process to represent
undetected targets and a multi-Bernoulli mixture to characterize the posterior state distribution of detected
targets. During the prediction step, the GP-derived nonlinear state transition model is propagated using the
Cubature Kalman Filter (CKF). In the update step, the GP-learned observation model refines state estimates,
enhancing both tracking accuracy and robustness.

Results and Discussions Extensive simulation experiments under two different MMTT scenarios validate the
effectiveness and performance advantages of the proposed method. In Scenario 1, a moderate 2D surveillance
environment with clutter and a varying number of targets is constructed. The GP-PMBM filter significantly
outperforms existing methods, including LSTM-PMBM, MM-PMBM, MM-GLMB, and MM-PHD filters, based
on the Generalized Optimal Sub-Pattern Assignment (GOSPA) metric (Fig. 3). In addition, the GP-PMBM

filter achieves the lowest standard deviation in cardinality estimation, demonstrating high accuracy and
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stability (Fig. 4). Further experiments under different monitoring conditions confirm the robustness of GP-
PMBM. When clutter rates vary, the GP-PMBM filter consistently achieves the lowest average GOSPA error,
reflecting strong stability under interference (Fig. 5). As detection probability decreases, most algorithms show
significant degradation in accuracy. However, GP-PMBM maintains superior tracking performance, achieving
the lowest GOSPA distance across all detection conditions (Fig. 6). In Scenario 2, target motion becomes more
complex, with increased maneuverability and higher—frequency birth—death dynamics. Despite these challenges,
the GP-PMBM filter maintains superior tracking performance, even under highly maneuverable conditions and
frequent target appearance and disappearance (Fig. 9, Fig. 10).

Conclusions This study proposes a novel GP-PMBM filtering framework for MMTT in complex environments.
By integrating the data-driven learning capability of the GP with the PMBM filter, the proposed method
addresses the limitations of conventional model-based tracking approaches. The GP-PMBM filter automatically
learns unknown motion and observation models from historical data, eliminating the dependence on predefined
model sets and significantly improving adaptability. Simulation results confirm that the GP-PMBM filter
achieves superior tracking accuracy, improved cardinality estimation, and enhanced robustness under varying
clutter levels and detection conditions. These results indicate that the proposed method is well-suited for
environments characterized by frequent maneuvering changes and uncertain target behavior. Future work will
focus on extending the GP-PMBM framework to multi-maneuvering extended target tracking tasks to address
more challenging scenarios.

Key words: Multi-maneuvering target tracking; Data-driven; Gaussian Process (GP); Poisson Multi-Bernoulli
Mixture (PMBM)
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